Intr oduction to information theory and coding

BEST course2000- Louis WEHENKEL

Channel coding (data transmission)

Intuitive introduction
Discretechannekapacity

Differentialentropy andcontinuouschannekapacity(skipped)

Errordetectingandcorrectingcodes
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. Turbo-codes
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GeometricInter pretation of Channel coding
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Figurel Representation of messages by (discrete) temporal signals
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(a) Not enoughcodevords R < Cy
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(c)Morenoise: R > Cy K Cy
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(b) Too mary codevordsR > C

- -
. ' . )
. ’ 4 ’
,
, 4 ’
4 ’ 4 ,
‘ ’ ‘ d
. .
LI ' -
L= L -
. ' . )
. ’ 4 ’
,
, 4 ’
4 ’ 4 ,
‘ ’ ‘ d
. .
LI ' -

5(2)

(d) Correlatechoise: Cs > Cy
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Channelcodingand error control
Constructiorof goodchannelkodes.

1. Why notrandomcoding?

Main problem: we needto usevery longwords(n very large)to ensurehat A(™) is
small.

Since M increasesxponentially with n, this meansthat the codebookbecomes
HUGE, and“nearesineighbor’decodingoecomesinfeasible.

= a good channelcodeis a codewhich at the sametime is goodin termserror
correctionability andeasyto decode.

Coding theory aims at building such codes, since 1950.

= theoryis significant(sometimegjuite complicated)with ratherdeceving results
In termsof code-rates.
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Recentprogressis very significant :
-1n 1993,Berrouetal. discoverthe Turbo-codeglow SNR: wireless,space)

- last20 yearswork on codesn Euclideanspaceghigh SNRnoise: modem).

Note
Codedor thebinarysymmetricchannel.
Codedor themodulatedGaussiarcthannel.

Codedor othertypesof channelgfading,bursterrors...)

Practical impact (= thereis still alot work to bedone)
Reducesnegy consumption weight,size,autonomy(e.g. GSM, satellites. .)
Work underhighly disturbedconditions(e.g. magneticstorms. .)

Increaséandwidthof existing channelde.g.phonelines).
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Menu : for our brief overview of channekodes...

Linearbloc codedcf. introduction)

Convolutionalcodesandtrellis representation

Viterbi algorithm

BCJRalgorithm(justsomecomment®nit, andconnectiorwith Bayesiametworks)
(Combinationof codegproduct,concatenation))

Turbo-codes
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Convolutional Codes

Linearcodeqbut notbloc codes).

Idea: thesignalstream(sequencef sourcesymbols)s¥ feedsa linearsystem(with

memory)which generatesnoutputsequence.

Systen= encoder. initially atrest.

Outputsequences redundanandpartly like arandomstring

HM — .\.Am\fmleg.

)
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2
D\.w — QAmwvmleu.

)

Multiplexer
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Decoder

Example(simple): rate0.5 convolutionalcode

si € {0, 1} andmodulo-2arithmetic

Sk—2

ST

Si. + Sp_o9

Sk T Sk—1 T Skg—2

Memory: stateof two registers{s;_1, si_a} : 22 = 4 possiblestates.

Initial state(e.qg.): 00

In the absenceof noise,one canrecover s, in the following way : sp = zj, and

S1 = &#. S = &\w + Sk_9
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Trellis diagram

Simulationof the operationof the encodeltby usinga graph: representsll possible
sequencedf statenf theencodertogethemwith the correspondingutputs.
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& State: ex, = (e}, ex) = (Sp_1, Sk_2)
Y — s =0

Stateof encoder. nb. of possiblestates;™ (m denotesiumberof memorybits)
Fromeachstatethereareexactly two startingtransitions.

(afterss, two transitionscornvergetowardseachstate.
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Trellis decoding

1. It is clearthatto eachinputword correspondsnepaththroughthetrellis.

2. Codeis uniquelydecodable to # inputsequences: # paths.

3. Messagesent(codavord): XV (alphabet = 4); recevedmessage Y (¢ = 4).
4

.Find X" suchthat P(X" # X™) is minimal.

ol

.= chooseX? suchthatP(XN|YN) > P(XN|YN), vx ¥V,
6. Let ussupposehatall X~ area priori equiprobable maximizeP (Y V| X%).

7. Channewithoutmemory: P(YN|XN) = [TY, P(V;|X;)

8. Minimize: —log P(YN|XN) = 2V, —log P(Y;| X;)

9. = —log P(Y;|X;) mesurehe“costs” of thetrellis arcs(branches)
10. = find theleastcostly pathof length NV throughthetrellis.

NB. Solutionby enumeration 2%V possiblepaths...(all possibles’")
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Viterbi algorithm

Basedonthefollowing property(path= sequencef states= sequencef branches)

If e5+1isan optimal path towards stateex, 1,
then e (prefix) is an optimal path towards e

iIndeed otherwise..

Thus: if we know the¢™ optimalpathsof length K leadingtowardseachoneof the
g stategnodesn position K') andknow alsothe costsof thetransitionsat stagek,
we caneasilyfind theoptimal pathsof length K + 1 leadingtowardseachoneof the
¢ stategnodedn positionK + 1).

Principleof thealgorithm:
- onebuilds all optimalpathsof length0,1,..., N

- we keeptheleastcostpathof lengthV, andbacktracko find individual transitions,
codavord andsourcebits

= Nq¢™*! operationfOK if ¢ andm arenotto big).
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Discussion

Viterbi algorithmis applicablen moregenerakituations

- continuousoutputalphabet..

- nonequiprobablesourcesymbols

- worksalsofor linearbloc codes

Viterbi not necessarilyery efficient (depend®n the structureof thetrellis)
Simplifiedversions

- hill-climbing method(on-linealgorithmmaintainingonly onesinglepath)
- beam-search.

Main dravback: needto wait for theendof messag®eforewe candecode
In practice: we canapplyit to consecutie blocsof fixedlengthof sourcesymbols,

we candecodewith adelayof theorderof de5 x m.
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Trellis associatedo a linear bloc code

E.g.for theHamming(7, 4) code 000

001
010
011

100
101

110

111

Trellis vs Bayesiannetwork

Trellis providesa feedforward structurefor the dependenceelationsamongsucces-

sive sourcesymbolsandcodesymbols=- canbetranslatedlirectly into a Bayesian
network.

We needto addto the Bayesiametwork the modelof the channel if causalandno
feedback=s- OK to useBayesiametwork.

In Bayesiametworks we usea generalizedrersionof Viterbi algorithmto find the
mostprobableexplanationof a certainobsenration.
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Per sourcebit decodingvs per sourceword decoding

Viterbi finds the mostprobablesource(andcode)word, giventhe obsered channel
outputs=- minimizesword errorrate.

Supposene wantto minimize bit errorrate: we needto computefor eachsource
symbolP(s; = 0]Y¥), andchooses; = 0 if thisnumbeiis largerthan0.5 (otherwise
we chooses; = 1).

It turnsout thatthereis alsoan efficient algorithm (called forward-backvard algo-
rithm, or BCJRalgorithm)whichcomputeshesenumbersn lineartimefor all source
bits.

A generalizedversionof this algorithmis usedin Bayesianbelief network when
you query the posteriorprobability distribution of an unknavn variable given the
obsenedvariables.
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A posteriori probability distrib ution of sourcewords

Supposeve obsene sequenc& Y attheoutputof thechannelandknow prior prob-
abilitiesof sourcewordsandknow alsothecode.

How shouldwe summarizehis information,if we wantto communicatet to some-
bodyelse,who doesnt know anything aboutdecoding?

= we needto provide P(sV YY) (2 numbers).

We canapproximatehis by : P(s;|[Y¥)P(s3|YV)--- P(sy|Y"N) = only N num-
bers(computedoy the BCJRalgorithmin lineartime).

The BCJR algorithmworks even if we drop someof the Y; symbols(supposeve
don't transmitthem): we have moreflexibility in termsof coderate.

Now you know all you needto understand how Turbo-Codeswork
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Turbo-codes: Bit error rate of different channel codes of rate R= 1/2
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Voverview of the encoderof a Turbo-code(ratel/3)
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Componentsof the encoder
Encoderl and2 aregenerallyidentical,so-calledrecursve convolutionalencoders.
Interleaver : computesa fixed“random” permutatiorof the sourcesymbols

= resultingcodehasgoodpropertiesn termsof interword distancedut is difficult
to decode.
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lterati ve “r elaxed” decodingalgorithm

Inverse-
Interleaver

21

e
L
”_. - |_|'
yP__| Decoder | 12 | Inter Decoder
s 1 leaver — 2
y -
Inter-
-
leaver
y P2

Decodersl and2 useBCJRalgorithmto computethe posteriorprobability of each
sourcebit giventhe correspondingarity bits andprior probabilitiesof sourcebits.

At thefirst stage prior probabilitiesof sourcebits areequalto the actualprior prob-
abilities(generallyuniform).

After onedecodethascomputedhe posteriordie handshis informationover to the
otherdecodemwho usesthesenumbergo refreshhis own priorsetc.
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Why doesis work ?

Linear codeis linear subspace= decodingis like projectingthe receved word on
this subspace.

Turbocode: oneverybig codewhichcanbeviewedastheintersectiorof two smaller
codeg(correspondingo 2 subspaces)

Co
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