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(discrete)
tem

poralsignals

B
E

S
T

2000,slide
2



�����

�����
�����

�����

�����

�����
�����

�����

(a)N
otenoughcodew
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(b)Too

m
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C
hannelcoding

and
error

control

C
onstructionofgood

channelcodes.

1.W
hy

notrandom
coding

?

M
ain

problem
:

w
e

needto
usevery

long
w

ords(�

very
large)to

ensurethat��� ��

is
sm

all.

S
ince�

increasesexponentially
w

ith

�

,
this

m
eansthatthe

codebookbecom
es

H
U

G
E

,and
“nearestneighbor”decodingbecom

esunfeasible.

�

a
good

channelcode
is

a
code

w
hich

atthe
sam

etim
e

is
good

in
term

s
error

correctionability
and

easyto
decode.

C
oding

theory
aim

s
atbuilding

such
codes,since

1950.

�

theory
is

significant(som
etim

esquite
com

plicated)w
ith

ratherdeceiving
results

in
term

sofcode-rates.
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R
ecentprogressis

very
significant:

-
in

1993,B
errou

etal.discoverthe
T

urbo-codes(low
S

N
R

:w
ireless,space)

-
last20

years,w
ork

on
codesin

E
uclideanspaces(high

S
N

R
noise:

m
odem

).

N
ote

C
odesfor

the
binary

sym
m

etricchannel.

C
odesfor

the
m

odulatedG
aussianchannel.

C
odesfor

othertypesofchannels(fading,bursterrors...)

P
racticalim

pact(�

thereis
stilla

lotw
ork

to
be

done)

R
educeenergy

consum
ption:

w
eight,size,autonom

y(e.g.G
S

M
,satellites...)

W
ork

underhighly
disturbedconditions(e.g.m

agneticstorm
s...)

Increasebandw
idthofexisting

channels(e.g.phonelines).
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M
enu

:
for

ourbriefoverview
ofchannelcodes...

Linearbloc
codes(cf.introduction)

C
onvolutionalcodesand

trellis
representation

V
iterbialgorithm

B
C

JR
algorithm

(justsom
ecom

m
entson

it,andconnectionw
ith

B
ayesiannetworks)

(C
om

binationofcodes(product,concatenation))

T
urbo-codes

B
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C
onvolutionalC

odes

Linearcodes(butnotbloc
codes).

Idea
:

the
signalstream

(sequenceofsourcesym
bols)���

feedsa
linearsystem

(w
ith

m
em

ory)w
hich

generatesan
outputsequence.

S
ystem

=
encoder:

initially
atrest.

O
utputsequenceis

redundantand
partly

lik
e

a
random

string

M
ultiplexer

���� ����

���� �
!�#"
�$ "�&%�$('''�

���� �
)�#"
�$ "�&%�$ '''�

"
�
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D
ecoder

E
xam

ple(sim
ple):

rate
0.5

convolutionalcode

�*,+
-/.
0213

and
m

odulo-2arithm
etic

++

4*

576*98
4* :
4*<;
=

5 =*98
4* :
4*<;6 :
4* ;
=

>�&%�

>�&%�
M

em
ory

:
stateoftw

o
registers- �* ;6

0 �*<;
=3

: ?
=@

A

possiblestates.

Initialstate(e.g.):..

In
the

absenceof
noise,one

can
recover�*

in
the

follo
w

ing
w

ay
:�B @

C 6B ,
and

�6
@
C 66

,�* @
C 6*ED
�*<;
=
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T
rellis

diagram

S
im

ulationofthe
operationofthe

encoderby
using

a
graph:

representsallpossible
sequencesofstatesofthe

encoder,togetherw
ith

the
correspondingoutputs.

States

2
0

1
3

4
5

6
7

8

00100111

outputs

0110

1001

>�GF
H

>�GF
I

J �� J ��

tim
e

(K )

S
tate:L� F

M L �� N L ��O F
M >� %�N >�&%�O

11

11
00

00

S
tateofencoder:

nb.
ofpossiblestatesPRQ

(S
denotesnum

berofm
em

orybits)

F
rom

eachstatethereare
exactly

tw
o

startingtransitions.

(after�T ,tw
o

transitionsconverge
tow

ardseachstate.
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T
rellis

decoding

1.It
is

clearthatto
eachinputw

ord
correspondsone

path
throughthe

trellis.

2.C
odeis

uniquelydecodable:
toU @

inputsequencesV
U @

paths.

3.M
essagesent(codew

ord): W
�

(alphabetP @
A);received

m
essage: X

�

(P @
A).

4.F
ind

Y
W
�

suchthat Z[ W �
U @

Y
W
�

\

is
m

inim
al.

5.�

choose Y
W
�

suchthat Z[ Y
W
�

] X �
\_^
Z[ W �
] X �
\ ,` W
�

.

6.Letus
supposethatall W

�
are

a
prioriequiprobable:

m
axim

ize Z[ X �
] W �
\ .

7.C
hannelw

ithoutm
em

ory: Z[ X �
] W �
\ @
a �b �6
Z[ Xb] W
b\

8.M
inim

ize
: c
def Z[ X �
] W �
\ @
�b �6 c

def Z[ Xb] W
b\

9.� c
def Z[ Xb] W
b\

m
esurethe

“costs”ofthe
trellis

arcs(branches)

10.�

find
the

leastcostly
path

oflengthg

throughthe
trellis.

N
B

.S
olution

by
enum

eration: ? �

possiblepaths...(allpossible���

)
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V
iterbi

algorithm

B
asedon

the
follo

w
ing

property(path
=

sequenceofstates=
sequenceofbranches):

Ifh�i
j 6

is
an

optim
alpath

tow
ards

statehi
j 6

,
thenh�i

(prefix)is
an

optim
alpath

tow
ardshi

indeed,otherw
ise...

T
hus:

if
w

e
know

theP Q
optim

alpathsoflengthk

leadingtow
ardseachone

ofthe

P Q

states(nodesin
positionk

)
and

know
also

the
costsofthe

transitionsatstagek

,
w

e
can

easilyfind
the

optim
alpathsoflength kD

1

leadingtow
ardseachone

ofthe

P Q

states(nodesin
positionkD

1
).

P
rinciple

ofthe
algorithm

:

-
one

builds
alloptim

alpathsoflength.
021
02lll0 g

-w
e

keepthe
leastcostpathoflengthg

,andbacktrackto
find

individualtransitions,
codew

ord
and

sourcebits

�
gPRQ
j 6

operations(O
K

ifP

andS

are
notto

big).
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D
iscussion

V
iterbialgorithm

is
applicablein

m
ore

generalsituations:

-
continuousoutputalphabet...

-
non

equiprobablesourcesym
bols

-
w

orks
also

for
linearbloc

codes

V
iterbinotnecessarilyvery

efficient(dependson
the

structureofthe
trellis)

S
im

plified
versions:

-
hill-clim

bing
m

ethod(on-line
algorithm

m
aintainingonly

one
single

path)

-
beam

-search...

M
ain

draw
back:

needto
w

aitfor
the

end
ofm

essagebeforew
e

can
decode

In
practice:

w
e

can
apply

it
to

consecutive
blocsoffixed

length
ofsourcesym

bols,
w

e
can

decodew
ith

a
delayofthe

orderofdem n
S

.
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T
rellis

associatedto
a

linear
bloc

code

E
.g.for

the
H

am
m

ing[po0 A\

code
000

100

001

010

011

110

101

111

0
1

2
3

4
5

6
7

8
9

T
rellis

vs
B

ayesiannetw
ork

T
rellis

providesa
feedforward

structurefor
the

dependencerelationsam
ongsucces-

sive
sourcesym

bolsand
codesym

bols�

can
be

translateddirectly
into

a
B

ayesian
network.

W
e

needto
add

to
the

B
ayesiannetwork

the
m

odelofthe
channel:

if
causaland

no
feedback�

O
K

to
useB

ayesiannetwork.

In
B

ayesiannetworks
w

e
use

a
generalizedversion

of
V

iterbialgorithm
to

find
the

m
ostprobableexplanationofa

certainobservation.
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P
er

source
bit

decodingvs
persource

w
ord

decoding

V
iterbifinds

the
m

ostprobablesource(and
code)w

ord,given
the

observed
channel

outputs�
m

inim
izesw

ord
errorrate.

S
upposew

e
w

antto
m

inim
ize

bit
errorrate

:
w

e
needto

com
putefor

eachsource
sym

bolZ[ �b @.
] X �
\ ,andchoose�b @.

if
this

num
beris

largerthan0.5
(otherw

ise
w

e
choose�b @1

).

It
turns

outthatthere
is

also
an

efficientalgorithm
(called

forw
ard-backward

algo-
rithm

,orB
C

JR
algorithm

)w
hich

com
putesthesenum

bersin
lineartim

e
forallsource

bits.

A
generalizedversion

of
this

algorithm
is

used
in

B
ayesianbeliefnetwork

w
hen

you
query

the
posteriorprobability

distribution
of

an
unknow

n
variable

given
the

observed
variables.
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A
posterioriprobability

distrib
ution

ofsource
w

ords

S
upposew

e
observe

sequence X �

atthe
outputofthe

channel,and
know

priorprob-
abilities

ofsourcew
ordsand

know
also

the
code.

H
ow

shouldw
e

sum
m

arizethis
inform

ation,if
w

e
w

antto
com

m
unicateit

to
som

e-
body

else,w
ho

doesn’tknow
anything

aboutdecoding?

�

w
e

needto
provideZ[ �q�

] X �
\

(? �

num
bers).

W
e

can
approxim

atethis
by

:Z[ �6
] X �
\ Z[ �=] X �
\srrr
Z[ ��
] X �
\ �

onlyg

num
-

bers(com
putedby

the
B

C
JR

algorithm
in

lineartim
e).

T
he

B
C

JR
algorithm

w
orks

even
if

w
e

drop
som

e
of

the X
b

sym
bols(supposew

e
don’ttransm

itthem
):

w
e

have
m

ore
flexibility

in
term

sofcoderate.

N
ow

you
know

allyou
needto

understand
how

Turbo-C
odesw

ork

B
E

S
T
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Turbo-codes:
B

iterror
rate

ofdifferentchannelcodes
ofrate

R
=

1/2

0
2

4
6

8
10

1e
-5

1e
-4

1e
-3

1e
-2

1e
-1

3e
-1

Shannon limit

Turbo-code

Concatenated code

Convolutional code

Repetition code

P

P
 / N

b

(dB
)
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V
overview

ofthe
encoderofa

Turbo-code
(rate

1/3)

Inter-
leaver

s

xx x   =
 s

s

E
ncoder 1

E
ncoder 2

M
ulti-

plexer
x

p1p2
s

C
om

ponentsofthe
encoder

E
ncoder1

and
2

are
generallyidentical,so-calledrecursive

convolutionalencoders.

Interleaver:
com

putesa
fixed

“random
”perm

utationofthe
sourcesym

bols

�

resultingcodehasgood
propertiesin

term
sofinterw

ord
distancesbutis

difficult
to

decode.
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Iterative
“r

elaxed”decodingalgorithm

Inter-
leaver

Inter-
leaver

D
ecoder

1

Inverse-
Interleaver

D
ecoder

2

L

L

p1p2

12 e

21 e

yyy

s

D
ecoders1

and
2

use
B

C
JR

algorithm
to

com
putethe

posteriorprobability
of

each
sourcebitgiven

the
correspondingparity

bits
and

priorprobabilitiesofsourcebits.

A
t

the
firststage,priorprobabilitiesofsourcebits

are
equalto

the
actualpriorprob-

abilities
(generallyuniform

).

A
fter

one
decoderhascom

putedthe
posteriorshe

handsthis
inform

ation
overto

the
otherdecoderw

ho
usesthesenum

bersto
refreshhis

ow
n

priors
etc.
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W
h

y
doesis

w
ork

?

Linearcode
is

linearsubspace�

decodingis
lik

e
projecting

the
received

w
ord

on
this

subspace.

T
urbo

code:
onevery

big
codew

hich
canbe

view
ed

asthe
intersectionoftw

o
sm

aller
codes(correspondingto

2
subspaces):

C

C

D

D

D

D D

D

1

2

3

4 5

6

1

2

S

R
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C
laude

S
hannon
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