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/Outline of the presentation: \

1. Approximation of the value function

e Continuous-time case:
— Non-uniqueness of HJB equations
— Discretization techniques

e Discrete-time case

— Approximate dynamic programming

2. Parameterization of the policy

e Sensitivity of the performance measure w.r.t. control parameters:

— Pathwise approach
— Likelihood, Malliavin, Adjoint, Martingale approaches
— Reinforcement learning approach
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/Optimal control problem (deterministic case)

State: z(t) € Q0 C IR" follows the controlled dynamics:

dx(t)
dt
where u(t) € U is the control .

= flx(t), u(t)),

J (@, u(-)) = / Vo (e(t), u(t))dt + AT R(x(T))

where T is an exit time from the domain ().

The value function V(z) = sup,,(.y J(x,u(-)) solves the
Hamilton-Jacobi-Bellman equation:

Viz)Iny + max r(z,u) + VV(z) - f(z,u)| =0, for z € Q,

\W‘ith boundary conditions: V(x) > R(z) on 0f).

Goal: find the control u(-) that maximizes some performance measure:
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/Solution to HJB, in what sense? \

Example: consider a minimum exit-time problem in 1d from 2 = [—1, 1],
dx
o we 1,1
Then HIB is |V/(z)| =1 for x €] — 1,1], and V(—1) = V(1) = 0.
V(x)
-1 1 -1 1

Problems:
e V/ is not differentiable everywhere, thus there are no regular solution.

e There are an infinity of generalized solutions (i.e. almost everywhere
differentiable)!!! Which one is the value function?

Qeed weak formulation —> Viscosity solutions |Crandall & Lions, 1983]/
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/Approximate solution to HJB \

Write HIB: H(V,x) = 0, where H is the Hamiltonian (also called Bellman

residual):

H(V,z) =V(z)Iny + max [VV(z) - f(z,u) + r(z,u)].

uelU
Let us approximate the VF by a parameterized function V,,, say, e.g., with
a neural network (the parameters a being the weights of the network).

Weight update: gradient descent on the error:

E(a) = % / H(V,, 2)2dz.

Algorithm: draw random states z; and perform a stochastic gradient
descent:

o — 0 = Vo [H (Vs 2)]2.

\_ /




/Illustration of the problem

At places where V is differentiable, it solves:

1d problem z; € [0, 1] with state dynamics %

reward: r(x) = —Inyl,gp0.4,06 and terminal reward R(0) =1, R(1) = 1.
Then v(z) = Y ly<02+ 7" P Llaci0.2,04] + Lacfoa.0.6) 7 %1608+ “la>o.s-

14 14

~

=u € {—1,1}. Current

0.7 ! . x 07
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1

0.1+

V(z)Iny +|V'(x)| +r(x) = 0.

=0.1+

The VF, the network approximation (with 100 hidden units) and the
(esidual. The gradient algorithm succeeded in minimizing the residual!




/Explanation of the problem \

14 14

0.7 0.7

X X

0 1 0 04 05 06 1

The algorithm converges to a generalized solution different from the VF:

Y <04+ 1+ A =0)Y *1gcio.a,05 F 1+ A =0 gcio5,0.6 F7  1a>0.6-
The problem comes from non-uniqueness of generalized solutions to HJB
equations.

—> The problem of minimizing residual error has an infinity of global

minima (ill-posed problem).

See [Munos, Baird and Moore, 1999]. /




/How to go around problem?

Several approaches enable to recover uniqueness of solution:

1. Introduction of stochasticity: then the VF' is the unique smooth
solution to HJB.

2. Temporal discretization, with some time step h > 0 gives a MDP
whose VF V" is the unique solution to a dynamic programming
equation V" (z) = T"V"(x), where T" is the Bellman operator.

3. Policy Iteration. Non-uniqueness of HJB is due to its non-linearity.
For a given policy 7, the linear PDE

W(x)Iny+VW(x) - f(x,n(z)) +r(z,n(x)) =0

has a unique solution V™. A policy iteration procedure builds a
sequence of policies 7, satistying in all x,

Tit1(z) € argmax, ey [VV™ () - f(z,u) + r(z,u)].

\ Then V™ converges to V.




/Approximation scheme. Ex: Finite-difference method \

Consider a regular grid Xj;, on the domain. The HJB equation

(deterministic case):

V(z)Iny 4+ max |r(z,u) + VV(z) - f(z,u)] =0

uelU
is discretized into
d
Vi(z) ln*y+m€a(>]<: r(z, u) —I—Z[A;"Vh(:v)ff (z,u) + A7V (2)f (=, u)]] =0
“ i=1

where the gradient VV (x) is replaced by the finite difference quotient:

AFTVR(z) =
A;Vh(a:) =

\_ /

[V(m + he;) — V(:v)]
[V(zr; — he;) — V(ZC)]

= e




/N umerical scheme \

We deduce:
d
h L T(x,u) . hi.
Vi (z) = qulea(}]( {7 ;p(xz\w,u)v (i) + T(QJ,U)’I“(ZE,U)},
with
h 7 3
() = and p(rfr,u) = — 110

S fila,w) S ()|

This is a dynamic programming equation for some Markov
Decision Process, whose:

e State space is the set of grid points X},

e Transition probabilities are p(z;|x,u), where x € X, and
r; =+ he; € Xy,

\_ /
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/I\/Iarkov Decision process

state y occurs with probability p(y|r,u). A reward r(x,u) is obtained.

Goal: find controller u(-) that maximizes
J(w,u(-)) =) A'r(e, w)
t=0

Def: a policy = a feed-back controller u(t) = 7 (x¢).
The value function of a policy 7 is V™ (x) = J(z, n(x.)).
The optimal value function V* = max,; V™ solves the dynamic

programming equation:

V*(z) = max [v > p(yle, w)V*(y) + r(z,u)].

uelU

N

State space X, control (or action) space U. Transition from a state x to a

~

/
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/Consistency of the scheme

(06 (xU) .
p(ylxu)
f(x,uy U,
— y
X f(x,u) ’
, U,
Continuous process —>  Markov decision process
dr = f(x,u)dt + o(x,u)dW; —> p(y|z, u)
V solves HJB equation —> V" solves DP equation

Consistency property (Kushner, 1990):

Ely—2] = f(z,u)h+o(h)
loo’|(x,u)h + o(h)

Q
O
=
<
|
B
]

N
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/Convergence of numerical schemes
Convergence of the value function V" "~/ when the scheme is
consistent (|[Kushner, 1990|, [Barles & Souganidis, 1991]).

VP may be computed by value iteration:
Vi, =TV
Then, because of the strong contraction property:
VI =V loo S NV = Vo, with A < 1,

we have

h—0
| VAGRISE:S, VLR V4

N

~
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/Convergence of reinforcement learning algorithms

Si the state dynamics is unknown —> estimation of the probabilities

p(x;|zi,u) from “observation”.

However, if some weak contraction property holds,

[Vier = Voo < (1= ER)|[V;? = V" |o + o(R),

n — oo and h — 0.

PhD work:
e Model-based and model free RL algorithms [Munos, 2000].

e Extension to the stochastic case [Munos & Bourgine, 1997].

\o Comparison with Q-learning |[Munos, 1997].

The strong contraction property does not hold anymore (thus V" V" ).

we have the convergence of perturbed schemes and V* — V occurs when

~

/
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/Variable resolution discretization. “Car on the Hill” \

Bord droit : R= -1 pour vitesse max
R=+1 pour vitesse nulle (Cible)

Goal: reach the top of the

hill in minimum time and stop

Résistance

Bord gauche : R=—1 . L.
there. Avoid exiting from the

Gravitation 1 eft

Walue function

. Welocity
Fosition -1 Position +1
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/Reﬁnement mesh criteria based on local information \

(a) according to the VF

(b) according to the policy

Non-local influence of the VF on the optimal control switching boundaries.

—> How should we set up available resources (i.e. grid points) in order to

maximize the performance of the policies deduced from the corresponding

QFS?

/
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Good approximation of the VF at the switching boundaries of the optimal

control, in order to localize it precisely. Two tools:

ﬁI‘owards a global mesh refinement heuristic

e The influence I(y|x) of a reward r(y) on V(z),

e The variance o?(x) introduced when discretizing the VF.

%

i

=
wn

Standard deviation
=

W
.bk“-.
X

k Faosition /
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/A global mesh refinement heuristic

~

[IMunos & Moore, 2002| Select areas whose uncertainty on the VF has the
highest influence on the switching boundaries of the optimal control.

N

(a) Frontiere de transition de la commande

(b) Influence sur ces états

/
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/Resulting grid

T

li"_‘ I I =
=z,
-

8

sl

: - i ae
- i . - = s = ..........gf;
- - ||_|= - I B i - i -

Performance: global criterion > local criteria > uniform.

—> crucial in high dimensions

Ex. in 4d and 5d: inverted pendulum, space shuttle, Acrobot, airplane
rendez-vous (with Olivier Sigaud for Dassault-Aviation),
Ql 6d: bicycle (combined with random grids).

/

19



/Discrete-time case: \

Approximate Dynamic Programming
Generalization of usual error bounds in L., norm to similar bounds in I
et Lo norms, for:

1. Approximate value iteration

2. Approximate policy iteration

3. Same ideas may be generalized to other algorithms

20



/I\/Iarkov Decision Process \

State space X, action space U, transition probabilities p(y|z,u) and
rewards function r(x, u,y).

Definitions:
e A policy m = mapping X — U,

e Performance measure of a policy 7: the value function V™. Ex. in
the discounted infinite-time horizon case:

Vi(z) = E[ZWt"“(CUt,at,yt) | T = @, up = W(fﬂt)}

t>0
(where 0 < v < 1 is the discount factor),

Optimal control problem: find the optimal policy 7*, i.e.

V™ =max V"
T

\The corresponding value V* is called the optimal value function. /

21



/Dynamic programming equation

Proposition: the optimal value function V* solves the dynamic

programming equation

V*=TV"
where 7 : RN — IRV is the Bellman operator:
TW —maXZp ylz, u) [r(z, u,y) + YW (y)].

Definition: a policy 7 is greedy w.r.t. W if for all state =,

m(x) € argmax > p(yle, u)[r(z, u,y) + W (y)]

Property: an policy greedy w.r.t. V* is optimal.

Value Iteration algorithm:
Vn-l—l — TVna

\converges to V* (since ||Vit1 — V¥loo <AVh — V¥|oo)-

22




/Approximate value iteration

AVTI algorithm:
Vn_|_1 — ATVn,

Error bound in L., norm:

are uniformly bounded

limsup |[|[V* = V™| <

n—oo

\HOI‘HIS.

where 7 is the Bellman operator and A an approximation operator.

HTV% T ATVnHoo S €,

then, the asymptotic loss of using policy m,,, greedy w.r.t. the
approximation V,,, instead of the optimal policy, is bounded by:

27y

T—2"

Proposition 1 |Bertsekas & Tsitsiklis, 1996| If the approxzimation errors

Problem: usually, approximation operators minimize (weighted) Li or Lo

/
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/Example of AVI implementation

Stage n. Approximation V.
1. Select states (z)r—1..x sampled according to some distribution g,
2. Compute the backed-up values vy = TV, (xx),

3. Define a new approximation V.1 € F, by solving the

Lo-minimization problem:

1 K

. 2
V{l/rng ;; [W(wk) — Uk] ~ ||[W — TVnHi

(where ||u||, == [>_, p(x)u(x)?]/? is the Ly-norm weighted by ).
Other examples: non-linear approximation (neural networks, adaptive

wavelets), non-parametric methods (local linear regression, kernel
methods).

N

~

/
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/Error bound in L, norm \

Let 1 a distribution on X. Define the smoothness constant C of the
(discounted) future state distribution w.r.t. to u: for all sequence of
policies 7, s, ... , for all state v,

(L=7)2 Y my™ ' Pri{zm = yloo ~ p, z;i ~ p(|zi1, mi(xi1))} < Cpu(y).

m=1

Theorem 1 |[Munos, 2004| Assume that ||ATV,, — TV, ||, <€, then

2y
limsup ||V* = V™|, < VCe.
o H H,Lb (1 L ,Y)Q

20



/Smoothness of the future state distribution \

Assume uniform distribution p = (&% ... +).

e (' is maximum when a specific state is successor, for some policy, of
all states with probability 1. Then C = N and the Ly bound is not
better than the L., one.

e (' is minimum when all transition probabilities are uniform. Then

C=1.

C' € [1, N| expresses the smoothness of the (discounted) future state
distribution w.r.t. the initial distribution u.

Specific interest: in continuous space problems, the constant C' is
independent from the number of discretization points V.

\_ /
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/Illustration on the “chain walk” MDP

S

~

r=1
Approximation V,(z) = a,, + Bn(z) with z € {1... N}.
Let Vo — (0, “ o ,O)/, then TVO = (1, O, « o ,0, 1)/.
e Lo-norm: Vi = (3,...,32). Error ||V; — TVp||sc = 1. By induction,

Vi1 = TValloo = 3

o Loy-norm: Vi = (Z,...,2). Error ||[V; — TVyl|s = ¥25=2. By
induction, ||V,41 — T V|2 = Y25,

Here C' = (1 — ~)? D m>1 m~y™ (1 + 0.9m) is independent from N.

\Tightness of the L, bound is O(N~'/2), that of L., bound is O(l)./

27



/Optimal replacement problem \

State: accumulated utilization of a durable (ex. odometer of a car).
Decisions:

e Keep: maintenance cost. New state y ~ = + exp(5)

e Replace: fixed replacement cost. New state y ~ exp(J3).

70 70

1 Cout d’entretien | Fonction valeur
607 601
507
507
407
407
307
307
207
o 207
) _usure . C R _C RC R
N A T
Qere, B =0.6, v=0.6. Here we have C' ~ Bx.x = 6. /




/Linear approximation \

Space F := {Vn(a:) = 21240:1 o, cos(km—= )}

xmax

Discretization on a uniform grid with NV points.

First iteration: Vj = 0,

Iterate values {7 Vy(xn) }1<n<n Approximation V; € F of TV /

29



iterations

70

507

407

307

207

o

70
607 . S
i o
507
i o
+
40 o
+
++-+*‘ o
] o
-
++++
307 +++"
] o
++++
20 *+++
+
+*++
10 7++"
0 T T T T T T T T T T T T T T T T T T
0 2 3 4 5 6 7 8 9 10
70
607
507
407
307
207
10 T T T T T
0 1 2
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/Tightness of error bounds

L Ly Lo
N =200 | 124 | 0.367 | 1.16
N = 2000 | 12.4 | 0.0552 | 0.897

Table 1: Approximation errors in L., L1 and Lo norms.

The cost function being discontinuous, the approximation error L., cannot

be lower than some value.

e L5 (and Lq) error bounds allow to express the performance of AVI

N

algorithm using the same norm as the one used in the minimization
problem performed by the approximation operator.
—> usefulness and tightness of these bounds.

/
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/Approximate policy iteration \

Proceeds in two steps:

e Approximate policy evaluation step: for a given policy 7, we compute

an approximation V) of the value function V7.

e Policy improvement step: we generate a new policy 7.1 greedy w.r.t.
Vi.

Approximate Policy Evaluation

SN
N

Policy Improvement

32



/Asymptotic performance of API \

\VASVAL™

}Asymptotic error

Transitional phase  Stationary phase
Error bound in L., |Bertsekas & Tsitsiklis, 1996]:
Bound on the loss in performance V* — V™ resulting from using policy 7
instead of the optimal one, as a function of the approrimation errors
Vi, — V7
: 2y .
limsup ||[V* — V™| < 5 limsup ||V — V™| .

k— o0 ( — ) k— o0

\_ /
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/Lz error bounds

2

2

Then u,, := uS, and ., := ugn are distributions, and we have

[Munos, 2003/ Let p be a distribution. Define the stochastic matrices:

~ 1 —~)2 \ .
S, = U g o qpm ) pren (1 -y P ) (14 AP 4 P,

2
limsup ||V = V7™, < ¥ _77)2 limsup ||V, = TV, ||2.4,,
. * TC 2/7 . T
limsup ||V = V™2, < ( E limsup ||V, — V™| 7,
n— 00 — 7 n— 00

~

_ (1 _7)2 o T N=1IDTnt1 (T Tpt1\—1 ™ T\ —1
Sp = ([ =y P™ ) [P (I =y PT) ™0 4 PT (I =y P™) 77,
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/Linear approximation

Space of functions F = {V,(x) = Zle P () } e px linearly
parameterized by a € IR¥.

[Munos, 2003/ The performance of API algorithm may be bounded as a
function of the representational power of the approximation architecture:

2
limsup [|[V" = V™o < i

n— 00 (_)

208}".

where C' is a constant and ¢ is the representational power of the

approximation architecture:

er :=maxd(V™ F).

Tn

\_ /

~
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/Generalization to other ADP methods

Example: Minimization of the Bellman residual

inf ||TV, — V.||
VaeF

L+ bound |Williams & Baird, 1993|: the performance of a policy 7,
greedy w.r.t. V, is bounded by the Bellman residual of V, :

2
HV* o VWO‘HOO S ||TVoz T Vozchr
L —~

L1 and L, bounds: let u be a distribution, then

* T 2
HV -V a||u < :HTV& _VaHua

N
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/Part I1. Parameterization of the policy

(continuous time case)

Consider a parameterized policy m,. The optimal control problem is
replaced by a parametric optimization problem.

The state dynamics may be written:
dX; = f(X{, a)dt + o( X, a)dW;.
Consider a finite temporal horizon 1"
V7ie(z) = E|r(X7)|Xg = «].

One may search a local maximum of &« — V™« with a gradient ascent
method:
a «— a+nd, V7.

—> we need the gradient 0,V ™ (sensitivity of the performance measure
\W’.I‘.t. control parameters).

~

/
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/Pathwise sensitivity \

If r is smooth, on may put the derivation under the expectation, and
deduce the estimator |[Yang & Kushner, 1991|:

O V7o = E[V’I‘(X%)ZT},
with Z; = 0, X}, the state gradient, that solves

dZt = ((9aft + fot Zt)dt + (ﬁaat + va't Zt)th

38



/Example: double inverted pendulum

Space 6 dimension: state x, v, 01, wy, 02, ws.

Control: force applied to the cart.

6,
6
X x=0
Maximize reward r = —(z° + v* + 0% + w? + 03 + w3) at final time T' = 1.

QN'e search for a linear controller.

/
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/double inverted pendulum \

Etat initial choisi aleatoirement
15

10 -

fl
0 WMM i aid oo iiiiddichiiiiecdailaholhibshinitl 1

Fonction Cout

) v
Y
w2
_5 X
02
_10 | | | | | | | | |
0 100 200 300 400 500 600 700 800 900 1000

Control:
Q: —0.65 — 13932 —1.81 v+ 10.6567 + 12.09w; + 2.3005 — 13.46 wo. /
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/Likelihood ratio method \

However, what if r is not smooth 7

We would like to write E[r'(X$)] in the form E[r(X%)g(t, X%)]. If the law
of X7 is known, it is a usual integration by part formula:

E[r'(X3)] = /fr/(m)pt(m)dx = —/’r(aj) Ziéi; pt(x)dx
= E[r(X7)(log pe)"(X7)]

If the law on X% is unknown, but if o does not depend on «, then a

change in probability yields the estimator [Yang & Kushner, 1991]:

0, V™ =E

T(XT)/O [O'tlﬁaft]/th] .

called the score or likelihood ratio method [Glynn, 1987|, |Baxter, 2001].

\NOW, what if o does depend on «? /
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/I\/Ialliavin calculus approach \

We use an integration by part formula in the sense of Malliavin calculus.

Proposition 2 |Gobet & Munos, 2004b| Assume that the Malliavin
covariance matriz of X%, defined by I'r 1= fOT D X3 D X&' dt, is

invertible, then

0oV (a) = %E r(X1)0(ZpT 7 D.XE)] .

Where 0 is the Skorohod integral and D. X7 the Malliavin derivative.

This formula is actually computationally very heavy (see the guide |Gobet
& Munos, 2004c| for details of numerical implementation).

\_ /
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/Ad joint approach \

By differentiating the PDE solved by V¢, one derive the Feynman-Kac
formula:

d d
@ @ 1 @ @
Oofi 10z, V (t,Xt)—|—§ E Oalo0]ij 05,4,V (L, X, )] dt.
1

1,7=1

0oV (o) = /OTIE

1=

The processes 9., V“(t, X;*) and 832%% Ve(t, X7) being the adjoint states.

We use integration by part formulas to make those processes explicit:

V.V, XY, = T—_tE[r(Xta)(/t oY) dw,) .

43



/Ad joint approach

Proposition 3 |Gobet & Munos, 2004b| Assume o is invertible, then

1
0.V (a) = fE {T(X%)(H% + H%)} , where
T —1\7/ T
HI = / dt O [ - Yy ) / (o5 'Y, dWs,
0 T —t t
o r & / 263’ —1\/ r -1 /
HT = dt Z 8a[0'0 ]’ij,t T _ ¢ . [(}/; ) . [O'S }/tg] dWS:|
0 i, j=1 3

=
€; —1\7/ — /
ey [ e vyaw]

t

)

X

t

This formula is actually much simpler than the previous one!

Qumerically interesting when the number of parameters is large.

/
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/I\/Iartingale approach \

We simply use martingale property of the processes: [V (¢, X*)|o<i<T
and [vwio‘ (t,Xf)aaXfé]ogtST.

Proposition 4 |Gobet & Munos, 2004| Assume that o s invertible, then

T
VT = E[fr(XT) (% / 021 Z,) dW,
0

Numerically simple.

\_ /
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/Reinforcement learning algorithms?

Is it possible to define sensitivity estimators when the state dynamics is

unknown from the decision maker?

Idea: use stochastic policy w, —> replace 0, f by a likelihood ratio
O log m,, of the policy.

Example: pathwise estimator in the deterministic case:
Discretize (with some time-step At) the process (X, Z;) by (XA, ZAY)
by choosing at each discrete time t € {jAt} a control u; according to 7,
and keep it for a time At. Then compute

Z3N = ZPN 4 0alog o (u| XPH) AXFY
+V, log To (us| XA AXALZAY 4V, F(XAY, u) ZA At

with an estimator computed by least squares regression:

N

V(XA u) = (A) T (AX X —AX X)) (X X' - X X') .

~

/
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/Convergence of the RL estimator \

The computation of ZA! requires only the knowledge of the policy 7, and
the trajectory (X2%),<;.

Proposition 5 [Munos, 2005| The discrete process converges

(XAt ZAH i (X[, Z¢) with probability 1,

thus, the pathwise estimator converges:

Al%m0 Vr(X2HZA = 0,V (o) with probability 1.

—> the use of stochastic policies compensate the lack of knowledge about
the state dynamics.

—> Related to the observation of an “oscillatory behavior” in humans when

learning new motor tasks?

\_ /
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/Example: target problem with a spring \

Space 6 dimension: state xg, Yo, x,y, Uz, Vy.

Control: move direction of the hand. Goal: reach target at time T = 1.

TargetJr
T —
Hand
Iy |
!
Mass
Maximize reward r = —x3 — y5 — (z — 2)? — (y — 2)?. Stochastic policy:
eQa (@) : : : :
o (u|z,t) = SR with @, linear in the state variables.

\_ /
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