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62 ' ( ( � .� " ! � � " .� . 4 � � � � �) $ � 4$� - �" .�

• � .� � "� $ . $& � �" ! � - �& � �

� � .� �$� " #$ � � �& & . 4� �� � #$ � � " .� &

� � "& - � � �"� � �" .� �� - �� " #$ � &
• � "& - � � �� � � " ! � - �& �

� ' ( ( � .� " ! � �� � 0� � ! " - ( � . � � � ! ! "� �

�2 / � � � ! � �� � "� � �" .� . 4 �� � ( . ) " - 0
• �� � & " �" � " � 0 . 4 �� � (� � 4. � ! �� -� ! � �& $ � � 32 �2 �2 -.� �� . ) ( � � � ! � �� �& �

� / � � � 3 "& � � ( ( � . � - �

� � "� � ) " � . . � + � �) ) " � � "� + ' �  . "� � + � � � �"� � �) � � ( ( � . � - � � &

� ! � "� 4. � -� ! �� � ) � � �� "� � � ( ( � . � - �
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 �� � � � �� � �� � � 
�� � � � � � ��� � � �� � � �� 
 �� � � � 
 � �

��	 �
 � x(t) ∈ Ω ⊂ IRn 4. ) ) . 3& � � � -.� � � . ) ) � � � 0� � ! " -& �

dx(t)

dt
= f(x(t), u(t)),

3 � � � � u(t) ∈ U "& � � � � �� �
 �� 2

� �	 � �� � � � � � -.� � � . ) u(·) �� � � ! �� " ! " � �& & . ! � (� � 4. � ! �� -� ! � �& $ � � �

J(x, u(·)) =

∫ T

0

γtr(x(t), u(t))dt + γT R(x(T ))

3 � � � � T "& �� � � " � �" ! � 4� . ! �� � � . ! � "� Ω2

� � � �	 � �
 � �� �� � �� V (x) = supu(·) J(x, u(·))& . ) ��& �� �

�	 �� � � ���� �	 � �� �� �
 � � �	 � � #$ � �" .� �

V (x) ln γ + max
u∈U

[
r(x, u) +∇V (x) · f(x, u)

]
= 0, 4. � x ∈ Ω,

3 " � � � . $� � � � 0 -.� � " �" .� & � V (x) ≥ R(x).� ∂Ω2
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�� �� �� � � �� � �� �� � � 	 � � 
 � � 
 ��

�� 	 � 	 �
 � -.� & " �� � � ! "� " ! $ ! � � " � � �" ! � ( � . �) � ! "� 6 � 4� . ! Ω = [−1, 1] +

dx

dt
= u ∈ {−1, 1}.

� � �� � �� "& |V ′(x)| = 1 4. � x ∈]− 1, 1[ + �� � V (−1) = V (1) = 02

−1 1

V(x)

−1 1



 �� �
 � � �

• V "& � . � � "� � � �� � " � �) � � �� � 0 3 � � � � + �� $& �� � � � � � � � . � � �$ ) � �& . ) $ � " .� 2

• � � � � � � � � �� "� � � " � 0 . 4 ��� � � �) " � � �& . ) $ �" .� & �"2 �2 �) ! .& � � �� � 0 3 � � � �

� " � � � �� �" � �) � 
�� � � � � " - � .� � "& � � � � �) $ � 4$� - �" .� �

� � � � 3 � �� 4. � ! $ ) � �" .� � �� � � � � � � � � � �� � � � �� � � � � �� � �) ) � � " .� & + 6 �� � �2
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 � � �� � � � � 
 � �� �� � � �� � ��

� � " �� � �� � H(V, x) = 0, 3 � � � � H "& � � � � �� ���� 	 � � 	 � �)& . - �) ) � �
 � � � � � 	

� �
 ��� � � 
 �

H(V, x) = V (x) ln γ + max
u∈U

[
∇V (x) · f(x, u) + r(x, u)

]
.

�� � $& � ( ( � .� " ! � �� �� � � 1 � 0 � ( � � � ! � �� � " � � � 4$� - �" .� Vα +& � 0 +�2 �2 + 3 " � �

�� � $ � �) � � � 3 . � � � �� � ( � � � ! � �� �& α �� "� � � � � 3 � " � � �& . 4 � � � � � � 3 . � � 
2

� � " � � � $ ( � � �� � � � � � "�� � ��& -�� � .� � � � � � � . � �

E(α) =
1

2

∫
[H(Vα, x)]2dx.

� � � �
 � �� � � � � � 3 � �� � . ! & � � ��& xt �� � (� � 4. � ! �& �. - � �& � " - � � � � "�� �

��& -�� � �

α← α− η∇α[H(Vα, xt)]
2.
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 �� � �� � � � � �	 � 
 � � � � � �

6 � ( � . �) � ! xt ∈ [0, 1] 3 " � � & � � �� � 0� � ! " -& dx
dt = u ∈ {−1, 1}2 � $ � � �� �

� � 3 � � � � r(x) = − ln γ1x∈[0.4,0.6] �� � �� � ! "� �) � � 3 � � � R(0) = 1 + R(1) = 12� � �� V (x) = γx
1x≤0.2 + γ0.4−x

1x∈[0.2,0.4] +1x∈[0.4,0.6] + γx−0.6
1x∈[0.6,0.8] + γ1−x

1x≥0.8.

' � () � -�& 3 � � � � V "& � "� � � �� �" � �) � + " �& . ) ��& �

V (x) ln γ + |V ′(x)|+ r(x) = 0.

0 0.4 0.6 1
0.7

1.4

1

x 0 1
0.7

1.4

1

x

x0 1

0.1

−0.1

� � � � 1 + � � � � � � 3 . � � � ( ( � .� " ! � � " .� � 3 " �� 100� " � ��� $� " �& 
 �� � � � �

� � & " � $ �)2 � � � � � � � "�� � �) � . � " � � ! & $ - -� � �� � "� ! "� " ! "� "� � � � � � �& " � $ �) �
�
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� � 
 � � � � �� � � � � �	 � 
 � � � � � �
0 1

0.7

1.4

1

x 0 0.4 0.6 1
0.7

1.4

1

x0.5

� � � �) � . � " �� ! -.� �� � �� & �. � ��� � � �) "� � �& . ) $ � " .� � " � � � �� � 4� . ! � � � � 1 �

γ
−x

1x≤0.4+[1+(1−γ
0.4)γ−x]1x∈[0.4,0.5] +[1+(1−γ

0.4)γx−1]1x∈[0.5,0.6] +γ
x−1

1x≥0.6�

� � � ( � . �) � ! -. ! �& 4� . ! � .� �$� " #$ �� � & & . 4 ��� � � �) " � � �& . ) $ �" .� & �. � � �

� #$ � �" .� & 2

� � � � � ( � . �) � ! . 4 ! "� " ! "� "� � � �& " � $ �) � � � . � � �& �� "� � � " � 0 . 4 � �� � � �

! "� " ! � �" ) ) � ( .& � � ( � . �) � ! 
2

�� � ��� � 	� 
 �
 � � � � � 	 � � � � � � �	� 
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 � � � � � � �

�� �� � �) � ( ( � . � - � � & �� � �) � �. � � -. �� � $� " #$ �� �& & . 4& . ) $ �" .� �

62 � 	 � �� �� �� �� 	 � � 
 �� �� � 
 � � � �� � � � � �� �� � � 1 "& � � � $� " #%$ � & ! . . � �

& . ) $ � " .� �. � � � 2

�2 � �� �� � � � � �
 � � �� �� �� �� 	 + 3 " � � & . ! � �" ! � & �� ( h > 0 � " ��& � � � /

3 � .& � � 1 V h "& �� � $� " #$ � & . ) $ �" .� �. � � 0� � ! " - ( � . � � � ! ! "� �

� #$ � �" .� V h(x) = T hV h(x) + 3 � � � � T h "& �� � � � ) ) ! �� . (� � � �. �2

�2 	� � � � � �� � � �� �� 	2 � .� �$� " #$ �� �& & . 4� � � "& � $ � �. " �& � .� �) "� � � � " � 02

1 . � � � " ��� ( . ) " - 0 π + �� � ) "� � � � / � ,
W (x) ln γ +∇W (x) · f(x, π(x)) + r(x, π(x)) = 0

� �& � $� " #$ � & . ) $ � " .� V π2 ' ( . ) " - 0 " �� � � �" .� ( � . -� � $ � � � $ " ) �& �

& � #$ �� -� . 4 ( . ) " - "�& πk& � � "& 4 0 "� � "� �) ) x +

πk+1(x) ∈ arg maxu∈U [∇V πk(x) · f(x, u) + r(x, u)
]2

� � �� V πk -.� �� � ��& �. V2
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 � � �� � � �� � � 
 � 	 � � �� � �� �� �� � ��� � � � �� � � � � � � �	 � �

� .� & " �� � � � � �$ ) � � � � " � Xh.� �� � � . ! � "� 2 � � � � �� � #$ � �" .�

� �� �� � ! "� "& �" - - �& � 
 �
V (x) ln γ + max

u∈U

[
r(x, u) +∇V (x) · f(x, u)

]
= 0

"& � "& - � � �"� � � "� �.

V h(x) ln γ +max
u∈U

[
r(x, u)+

d∑

i=1

[∆+
i V h(x)f+

i (x, u)+∆−
i V h(x)f−

i (x, u)]
]

= 0

3 � � � � �� � � � � � "�� � ∇V (x)"& � � () � -� � � 0 � � � � � " �� � "� � � �� -� #%$ . �"�� � �





∆+
i V h(x) = 1

h

[
V (x + hei)− V (x)

]

∆−
i V h(x) = 1

h

[
V (x− hei)− V (x)

]
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 � 	 � � �

� � �� � $ -� �

V h(x) = max
u∈U

[
γτ(x,u)

d∑

i=1

p(xi|x, u)V h(xi) + τ(x, u)r(x, u)
]
,

3 " � �

τ(x, u) =
h

∑d
i=1 |fi(x, u)|

�� � p(xi|x, u) =
|fi(x, u)|

∑d
j=1 |fj(x, u)|

.

� � "& "& �� �� 	 �� � 	
 � �
 	 � �� � �
 � �	 � � �� 4. �& . ! � � 	 
 � � �

�
 �� � � �� 

 � �
 � � + 3 � .& � �

• ��	 �
 � 		 �
 "& �� � & � � . 4 � � " � ( . "� �& Xh

•� 
 	 � � � � � �� 	
 �� 	 � � �� � � 
 � � � � p(xi|x, u) + 3 � � � � x ∈ Xh �� �

xi = x + hei ∈ Xh2

6 �
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 � � � 
 � � � �
 


� � �� � 
 � � � � X + �� 	 � �� � �. � � - � " .� 
 
 � � � � U2 � � �� & " �" .� 4� . ! �& � � �� x �. �

& � � �� y. - -$ �& 3 " � � � �� � � � �� �� � p(y|x, u)2 ' � �� � � � r(x, u)"& . � � � "� � �2

� �	 � �� � � -.� �� . ) ) � � u(·) �� � � ! �� " ! " � �&

J(x, u(·)) =
∞∑

t=0

γtr(xt, ut)

� � 4 � � 	 ��� � ��� � 4� � � � � � -� -.� �� . ) ) � � u(t) = π(xt)2

� � � �	 � �
 � �� �� � �� . 4 � ( . ) " - 0 π"& V π(x) = J(x, π(x·)).

� � � � 	 � � �	 � �	 � �
 � �� �� � �� V ∗ = maxπ V π& . ) �� & �� � � �� 	 �� �

	
 � �
 	 � �� � �
 � �	 � � �� �

V ∗(x) = max
u∈U

[
γ

∑

y

p(y|x, u)V ∗(y) + r(x, u)
]
.
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 � � � � � � � �	 � 
 � 	 � � �

f(x,u )2
x

f(x,u )1

[σσ ]’ (x,u )1
p(y|x,u )1

u1

u2

y
x

� .� � "� $ . $& ( � . -�& & � � � � � � . � �� - "& " .� ( � . -�& &

dx = f(x, u)dt + σ(x, u)dWt

� � p(y|x, u)

V& . ) ��& � � � � #$ � � " .� � � V h& . ) ��& � / � #$ � �" .�

� .� & "& ��� - 0 ( � . (� � � 0 ��� $& �� � � + 6 � � � 
 �





E[y − x] = f(x, u)h + o(h)

� . � [y − x] = [σσ′](x, u)h + o(h)

6 �
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 � 	 � � �


� �� �
 
 �
 � �
 . 4 �� � � �) $ � 4$� - � " .� V h h→0−→ V 3 � �� �� � & - � � ! � "&

-.� & "& ��� � � �� $& �� � � + 6 � � � � + �� � � ) �& � � . $ � �� " � "& + 6 � � 6 � 
2

V h! � 0 �� -. ! ( $ �� � � 0 � � �� � �� � � �� �� 	 �

V h
n+1 = T hV h

n .

� � �� + �� - �$& � . 4 �� � � �
 �� � � �� �
 	 �� � �� ( � . (� � � 0 �

||V h
n+1 − V h||∞ ≤ λ||V h

n − V h||∞, 3 " �� λ < 1,

3 � � � ��

V h
n

n→∞−→ V h h→0−→ V.

6 �
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�� � � �� � � � � �� � � �� � �� � � � � � � � � � � � �� � � � � �� � � �	 � 


� " � � � & � � �� � 0� � ! " -& "& $� � � . 3� � � � & � " ! � �" .� . 4 � � � ( � . � � � " ) " �"�&

p(xj |xi, u) 4� . ! �. �& � � � � �" .� �2

� � � & � � .� � -.� �� � - �" .� ( � . (� � � 0 � . �& � . � � . ) � �� 0 ! . � � � � � $& V h
n \→ V h 
2

� . 3 � �� � + " 4& . ! � �
 	 � � �� �
 	 �� � �� ( � . (� � � 0 � . ) �& +

||V h
n+1 − V h||∞ ≤ (1− kh)||V h

n − V h||∞ + o(h),

3 � � � �� �� � -.� �� � ��� -� . 4 (� � �$ � �� �& - � � ! �& �� � V h
n −→ V . - -$ �& 3 � ��

n→∞ �� � h→ 02


� � � �
 � �

• � . �� ) � � �& � � �� � ! . �� ) 4� � � ! � �) � . � " � � ! & � � $� .& + � � � � �2

• ,� ��� & " .� �. � � � & �. - � �& � " - - �& � � � $� .& � � . $ � � "� � + 6 � � � �2
• � . ! ( � � "& .� 3 " �� ��� � � � � 	 � 	 � � � $� .& + 6 � � � �2
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 � �� �� � � � � 
 �� � �� � � �� � � � � � � � � � �	 � � � � ���

Gravitation

Résistance

Force

 :

Bord gauche : R=−1

Bord droit : R= −1 pour vitesse max
R=+1 pour vitesse nulle (Cible)

� . �) � � � � - � �� � �. ( . 4 � � �

� " ) ) "� ! "� " ! $ ! �" ! � �� �& �. (

�� � � �2 ' � . " � � � " � "� � 4� . ! � � �

) � 4 �2
0

−4
Position +1−1

+4

Cible 

V
ite

ss
e
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 	 �� � � �� � � � � 
 � � � � �� � � � � � �� � � � �� � �

��� � �� �� � 	
� ��
� 
� � �� ��� � �� �� � 	 
� �
� 
� � �� �
� �

� .� �) . - �) "� � $ �� -� . 4 �� � � 1 .� � � � . ( �" ! �) -.� �� . ) & 3 " � - � "� � � . $� � � � "�& 2
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��� �	 
��
 
� � �� �� �� � 
� �	 	 �	 � � �� � � �� L∞� �	 � � � � � � � � 
	 � � �� �� �� L1

� � L2� �	 � � � � �	 �

��� � �
 ��� �  !" #  � $" � !" 
  !� �%

& �� � �
 ��� �  !" � ��� � '� ! " 
  !� �%

( � ) 
 � � � �� 
� � 
 * �� +�� �	 
�� 
 � � � � � �, �	 
� + �	 � � , � �
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) � 
� � � � 
� � X � 
� � � �� � � 
� � U � �	 
� � � � � �� �	 � � 
 �� �� � � � � p(y|x, u) 
� �

	 � � 
	 �� � �� � � � �� r(x, u, y)�

	" 
 % � !� �% ��

•
 � ��� � ' π� � 
 � ��� + X → U �

• ��	 � �	 � 
� � � � � 
� �	 � �� 
 � � �� � * π � �, � #  � $" � $ % �!� �% V π� �� � ��

�, � �� � � � �� � � � �� �� � � � �� � � � , �	 �
 �� � 
� � �

V π(x) = E
[ ∑

t≥0

γtr(xt, at, yt) |x0 = x, ut = π(xt)
]

� �, �	 � 0 ≤ γ < 1� � �, � �� � � � �� � � 
 � � �	 � �

� � !� �  � � �% !
 �� �
 �� �" � � �� � �, � � � � � � 
� � � �� � * π∗ �� �� �

V π∗

= max
π

V π

�, � � �	 	 � � � �� ��� +�� 
� �� V ∗� � � 
� � � � � , � � � !� �  � #  � $" � $ % �!� �% �
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�
 � � � �� !� �% � � , � � � � � � 
� � 
� �� � �� � � � �� V ∗� � �� � � � , � � 	�
 �
 ��

��� � �� �
 
 �
 ��� ��� �� � �

V ∗ = T V ∗

�, �	 � T : IRN → IRN� � � , � �" � � �  % � �" 
  ! �
 �

TW (x) := max
u∈U

∑

y

p(y|x, u)
[
r(x, u, y) + γW (y)

]
.

	" 
 % � !� �% � 
 � � �� � * π� � �
 " " � ' � �	 � � � W� � � �	 
 � � � � 
� � x �

π(x) ∈ arg max
u∈U

∑

y

p(y|x, u)
[
r(x, u, y) + γW (y)

]

�
 � �" 
 ! ' � 
� � � �� � * +	 � � � * � �	 � � � V ∗� � � � � � � 
� �

�  � $" �! " 
  !� �%  � � �
 � !� � �

Vn+1 = T Vn,

� �� � �	 +� � � � V ∗ �� �� � � ||Vn+1 − V ∗||∞ ≤ γ||Vn − V ∗||∞ ��
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 �� 
� + �	 � �, � �
Vn+1 = AT Vn,

�, �	 � T� � �, � �� � �
 �
 � �� � �� �� 
� � A 
� � � ��� �� �
 �� � �
 � �� � �� �� �

�
 
 �
 � � $ % �� % L∞% �
 � �

�
 � � � �� !� �% 	 
�� �	 � � � 
 
� � � � � � � � 
 �� � � � � �� ��� � �� � � � �� � � �
 �� � �
 � � � ���

�� � � 
 � � �� 
 � 	�� � � 
 �� �

||T Vn −AT Vn||∞ ≤ ε,

�� � 
 � �� � �� 	 
 � � �� �� � �� � � � �� �
 � � � � �� 	 πn � �� � � � 	�� �� �� � �� �

� � ��� �� �
 �� � �
 Vn � �
 � �� � � � � �� � � � � �
 � � � � � �� 	 � �� � � � 
 �� � � 	��

lim sup
n→∞

||V ∗ − V πn ||∞ ≤
2γ

(1− γ)2
ε.

�
 �� �" � � �� � 
� � * � 
 � �	 �� � � 
 � � �� � ��	 
 � �	 � � �� � � �
 � � �� � +, � � � � L1 �	 L2

� �	 � � �
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� !  �" n� 
 � �	 �� � � 
� � �� Vn�

�� )� � � � � � � 
 � � � (xk)k=1...K� 
 � � � � � 
� � �	 ��� + � � � � � � �� � �	 � � � � � �� µ �

& � � � � � � � � � , � � 
� 
� � � � � � 
� �� � vk = T Vn(xk) �

( � � � �� � 
� � � 
 � �	 �� � � 
 � � �� Vn+1 ∈ F � � * � � �� �� + � , �

L2 � � �� � � � 
 
� � �� �	 � � � � � �
inf

W∈F

1

K

K∑

k=1

[
W (xk)− vk

]2 ' ||W − T Vn||2µ

� �, �	 � ||u||µ := [
∑

x µ(x)u(x)2]1/2� � �, � L2 �� �	 � �� � +, � � � � * µ ��

� !� " 
 " �  � � �" �� � �� ���� � 
	 
 � �	 �� � � 
� � �� �� � �	 
�� � � � �	 
� � 
 � 
 � � � � �

� 
� � � � � � � �� �� � � 
	 
 � � �	 � � � � �, � �� �� � � 
� ��� � 
	 	 � +	 � � � � �� � 
�	 � � �

� � �, � �� ��
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�� � �� � �� � � �� L2 � �� �

�� � µ 
 �� � �	 � � � � � �� �� X� � � �� � � , � �� � ��� �	 � �
 � � ��� � � C � � �� �

� � �� � � � 
 �� � 
 �� � � � � � � ��� � �� � � �� � � � �
 � �� �� � � � µ � � �	 
 � � � � � �� � � � ��

� � �� � � � � π1, π2, . . . � � �	 
� � � � 
� � y �

(1− γ)2
∞∑

m=1

mγm−1Pr
{
xm = y

∣∣x0 ∼ µ, xi ∼ p(·|xi−1, πi(xi−1))
}
≤ Cµ(y).

�� " �� " � 	 
�� �� �� � & - - � ��� � � � 
 � �� �� ||AT Vn − T Vn||µ ≤ ε � �� � 


lim sup
n→∞

||V ∗ − V πn ||µ ≤
2γ

(1− γ)2

√
C ε.
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 � � � � � �� � � �	 � �� � �	 � � � � � �� µ = ( 1
N . . . 1

N )�

• C� � �  �� � $ � �, � � 
 � �� � � � � � � 
� � � � � � � � � � � �	 � � �	 � � � � � � �� � * � ��


� � � � 
� � � �� �, �	 � � 
 �� �� � * 1� �, �� C = N 
� � �, � L2 � � �� � � � � � �

�� � � �	 � , 
� �, � L∞ �� � �
• C� � �� % � � $ � �, �� 
� � �	 
� � � � � �� �	 � � 
 �� �� � � � � 
	 � �� � � �	 � � �, � �

C = 1�

C ∈ [1, N ]� � �	 � � � � � �, � � � � � �, � � � � �� � , � � �� � � � �� � � � � � � � �	 � � � 
� �

�� � �	 � � � � � �� � �	 � � � � , � �� � � � 
� �� � �	 � � � � � �� µ�

� �" �� 
 �� % ! " � " �! � �� � �� � �� � � �� � � 
� � �	 � � � � � � � � , � � �� � � 
� � C� �

�� �� ��� ��� � �	 � � � , � � � � ��	 �� �� � �	 � � �
 
 � � �� � ��� � � N�

&�



'

&

$

%

� � � � �� � �� � � � � � � � � �� � � �� � �� ��� ��

1 2 3 NN−1

0.10.9

0.9
0.9
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0.1 0.1

0.11.0 1.0

0.9

r=1 r=1


 � �	 �� � � 
� � �� Vn(x) = αn + βn(x) �� �, x ∈ {1 . . . N}�

�� � V0 = (0, . . . , 0)′ � �, �� T V0 = (1, 0, . . . , 0, 1)′�

• L∞� % �� � � V1 = ( 1
2 , . . . , 1

2 )′� �	 	 �	 ||V1 − T V0||∞ = 1
2� � * �� � � � � � �� �

||Vn+1 − T Vn||∞ = 1
2�

• L2� % �� � � V1 = ( 2
N , . . . , 2

N )′� �	 	 �	 ||V1 − T V0||2 =
√

2N−4
N

� � *

�� � � � � � �� � ||Vn+1 − T Vn||2 =
√

2N−4
N �

��	 � C = (1− γ)2
∑

m≥1 mγm−1(1 + 0.9m)� � �� �� ��� ��� � �	 � � N�

�� �� ! % " � � � � ! � " L2� � $ % �� � O(N−1/2) � ! �  ! � � L∞� � $ % �� � O(1)�
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� � �� � � 
 � �	 
 � � � �� � � � � � � � � �	 �� 
 � 
	 ��

	" �� �� �% � �

•� " " � � � 
�� � �� 
� � � � �� � � �� � � � 
� � y ∼ x +� � � (β)

• �" ���  �" � �� � �	 � � � 
� � � �� � � �� � � �� � � � 
� � y ∼� � � (β)�
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) � 
 � � F :=
{

Vn(x) =
∑20

k=1 αk cos(kπ x
xmax

)
}

�

�� � �	 � � � 
 
� � �� �� 
 �� � � �	 � +	 � � �� �, N � ��� � � �

��	 � � � � �	 
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� � � � � � � � � �� � � � � � � �� � � �

L∞ L1 L2

N = 200 12.4 0.367 1.16

N = 2000 12.4 0.0552 0.897

� ��� � � �
 � ��� �� � � �	 � �
 �� � �� � �
 L∞ � L1 �
 � L2
 ��
 ��

�, � � � �	 � � 
 � 	 � �
 � � �
 + � � �� �
 	 �
 � � � � � 	 , � � � � � �� �
 � 	 � � 
 �� � �� L∞� �
 
 � 	

� �� � � �� 	, �
 � �
 �� �� � � �

• L2 � �
 � L1 � �� � �� � � � 
 � � �� � � � 	 � �� ��� � � � 	, � � �� � ��
 �
 � � � �
 ��

�� + �� �	, 
 � � �
 + 	, � � �
 � 
 ��
 � � 	, � �
 � � � � � �
 	, �
 �
 �
 �� �	 � �


��� � �� �
 � �� � ��
 � � � * 	 , � � � ��� �� �
 �	 � �
 � � �� � 	 �� �

� � � � � � �� 
 � � � �
 � 	 � +, 	 
 � � � � � 	, � � � � � � 
 � ��
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 	 � � �	 � � ��
•� � ��� �� �
 ��� � � � �� 	�� � � �� �� � �
 � �� � � � �� � + �� �
 � �� �� * πk � � � � �
 � � 	 �

�
 � � ��� �� �
 �	 � �
 Vk � � 	 , �� �� � � � � 
 � 	 � � 
 V πk�

•� � � �� 	 �
 ��� � �� 
 � 
 � � �� � � � � + �
 �� � 	 � � 
 � � � �� �� * πk+1 +� � � � * � � � � 	 �

Vk�

Vk Vπ kPolicy π
k

Policy Improvement

Approximate Policy Evaluation

approximation of

( &
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%

� � � � � � � � �� � � �� � � � �� � � �� �� �

V *−V πk

k

Asymptotic error

Transitional phase Stationary phase

� � � �� � � $ % �� % L∞ 
�� �� 	 � � 
 � � � � � �	 � � 
� � � � � � �� ��

� � � 
 � � 
 	, �� � � � �
 � �� � �� 
 �
 � � V ∗ − V πk� � � �� 	 �
 + �� �
 � � �
 + � �� �� * πk

�
 �	 � � � � � 	, � � � 	 �
 �� �
 � � � � � � � 
 � 	 � �
 � � 	 , � � � �� � � �
 �� � �
 � � � ���

Vk − V πk�

lim sup
k→∞

||V ∗ − V πk ||∞ ≤
2γ

(1− γ)2
lim sup

k→∞
||Vk − V πk ||∞.

( (
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L2 � � � � � � �� � � �

��� � 
 �� ��� � �� � � �	 µ� � � � � �	 � �� � 	 � �
 � � � � 
 � 	, � �	 � � , � �	 �� 
 �	 � �� � ��

Sn =
(1− γ)2

2
(I − γP π∗

)−1[Pπn+1(I − γP πn+1)−1 + Pπ∗

(I − γP πn)−1],

S̃n =
(1− γ)2

2
(I − γP π∗

)−1[Pπn+1(I − γP πn+1)−1(I + γP πn) + Pπ∗

].

�, �
 µn := µSn �
 � µ̃n := µS̃n �� � � � �	 � �� � 	 � �
 � � �
 � � �, �� �

lim sup
n→∞

||V ∗ − V πn ||2,µ ≤ 2γ

(1− γ)2
lim sup

n→∞
||Vn − TπnVn||2,µn

lim sup
n→∞

||V ∗ − V πn ||2,µ ≤ 2γ

(1− γ)2
lim sup

n→∞
||Vn − V πn ||2,eµn

� �
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� �� � � � � � � � �� �� �� � ��

� � � � � � � � � 
 � 	 � �
 � F = {Vα(x) =
∑K

k=1 αkφk(x)}α∈IRK� �
 � ��� �

� �� �
 �	 �� �� � � � � α ∈ IRK�

��� � 
 �� ��� � �� � �, � � �� � �� 
 �
 � � � �
 �� �� � �� �	 �
 
 � � � � � � � 
 � � � � � �

� � 
 � 	 � �
 � � 	 � � � � ��� � � �
 	 �	 � �
 �� � � � �� � � 	 � � � � ��� �� �
 �	 � �
 �� � � �	 �� 	 �� � �

lim sup
n→∞

||V ∗ − V πn ||∞ ≤
2γ

(1− γ)2
C εF .

� � �� � C � � � � �
 �	 �
 	 �
 � εF � � 	 � � � � � � � � �� ! �! � 	 � �� � 	
 �� 	 � ! � �

� � � � 	� �� �! � 	 � �� �� �! � �!
 � � �

εF := max
πn

� (V πn ,F).

� �
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%

� �� � � �� �� � � � �� � � � � � � � � �� � �� � � � �

� � � � ��� � � � �� �� �� � ! � 	 � 	 � !� � � �� � � � � � � � � �
 ��

inf
Vα∈F

||T Vα − Vα||.

L∞� 	
 � � 
�� �� � � �
 � � � � �� � � � � � � �� 	 � � � �� � ��
 �
 � � � � � � �� �� � πα

�� � � � � � � � � 	 � Vα � � � � � 
 � � � � � 	 � � � �� � 
 �
 � � � � � � �� � � Vα �

||V ∗ − V πα ||∞ ≤
2

1− γ
||T Vα − Vα||∞.

L1 � � � L2� 	
 � � � � � �	 µ� � � � � �	 � �� � 	 � �
 � 	 � �

||V ∗ − V πα ||µ ≤

2

1− γ
||T Vα − Vα||µα

��
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%

�� � � �� �� � � � �� �� � � � �	 �
 �� � � �
 � � �

� � � 	 � �	 � � �� � � � � �� � �

� �
 � � � �� � � �� �
 �	 �� � � � � � �� � � � πα� � � � � � 	 �
 �� � �
 	 � �� ��� � �� �
 � �

� � �� � � � � � � � � �� � � �! � � � 	 � ! �� �� �! � 	 � � � 	� � � � �

� � � �	 �	 � � � 
 �
 � � �
 � � � �� � �	 	 �
 �

dXα
t = f(Xα

t , α)dt + σ(Xα
t , α)dWt.

� �
 � � � �� �� 
 �	 � 	 �
 � �� �� � �� �� �
 T�
V πα(x) = E [r(Xα

T )|Xα
0 = x] .

 
 �
 � � � � �� � � �� � � �� 
 �! �
 �
 � � α→ V πα� �	 � � �� � � � �
 	 � � � �
 	


 �	 � � � �

α← α + η∂αV πα .

� � � � 
 � � � 	 � � �� � � � �
 	 ∂αV πα " � �
 � �	 � # �	 � � � 	 � � � �� � ��
 �
 � �
 � � � �� �

� � � � 	 � � �
 	 � �� � �� �
 �	 �� � $�

�%
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� �� � � � �� �� � � �� � � �� �

	 � r � � �
 � � 	 � � �
 
 � � � � 	 	 � � � �� � # �	 � �
 � 
 � �� 	 � � �! � � �	 �	 � �
 � �
 �

� � � � � � 	 � � � �	 �
 �	 �� 
�� �
 ��
 � �� �� �� � � � �� ���

∂αV πα = E
[
∇r(Xα

T )ZT

]
,

� � � � Zt = ∂αXα
t� � � �� ! �! � � � �� � �� ! � � � � � ��  # ��

dZt = (∂αft +∇xft Zt)dt + (∂ασt +∇xσt Zt)dWt.

�!
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%

�� �� ��� �� �� 	
 � � �� � �
 � � � � � � � 	� 	 �

� � � � � �� �� �� � �� � � �� �� � x, v, θ1, ω1, θ2, ω2�

�� �� � � � �� � � � � � � �  � �� �� �� � � � � ��
θ

θ

1

2

x x=0

� �! �� �� � � �� � � � r = −(x2 + v2 + θ2
1 + ω2

1 + θ2
2 + ω2

2) � �� � �  � �� � T = 1�

� � � � � � � � � � � �  �� � � � �� � ���   � � �

� �
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�� 	
 � � �� � � 
 � � � � � � � 	� 	 �

0 100 200 300 400 500 600 700 800 900 1000
−10

−5

0

5

10

15

v 

ω1 

ω2
x 

1 
Fonction Cout 

Etat initial choisi aleatoirement 

θ2

θ1

�� � ���  �

u = −0.65− 13.93 x− 1.81 v + 10.65 θ1 + 12.09 ω1 + 2.30 θ2 − 13.46 ω2�
� �
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%

� �� � � � �� � � 
 � � �� � � � �� �

�� � � # �� � � � � � �� r �� � � � � � � � � � �

� �� � �  �  �� � �� � � � � � E[r′(Xα
T )] �� � � �� � � � E[r(Xα

T )g(t, Xα
T )]� 	� �� �  ��

� � Xα
T �� � � � � � � � � �� � � � � �  �� � � � � � � �� � � � � � � �� � � � �  � �

E[r′(Xα
T )] =

∫
r′(x)ρt(x)dx = −

∫
r(x)

ρ′t(x)

ρt(x)
ρt(x)dx

= E[r(Xα
T )(log ρt)

′(Xα
T )]

	� � � �  �� � � Xα
T �� �� � � � � � � � � � �� σ� � �� � � �� � � �� � � � α� �� �� �

� � �� � � �� � �� � � � �  � � � � � �  � � �� � �� � �� � �� � 
�� �� �
	 � �� � � �� � � � �� ���

∂αV πα = E

[
r(XT )

∫ T

0

[σ−1
t ∂αft]

′dWt

]
.

� �   �� �� �� �
 �� � � ��� � ��� 
 
� �� � � 
 � � � � � � 
��  �� � � � �! % �� 
�� �! � �� � � � �� ��

�� � � � � � � �� σ� � �� � � � �� � � � α �

� �
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%

�� � � � � �� � �� � 	� 	 � � � �
 � � � �

� � �� � �� �� � � � � � � �� � � � � � � �� � � � �  � �� �� � � �� � �� � � �   � � # �� � �  � �  �� �

� � � �� � �� �� � � 
 � � � � �	 � �� � � � � � � � � ��� � � �� � �� � � �� � 	 � � �� �
 ��

�
 
 � � � � � � � � � � � �� 
 
 Xα
T� � � � � �� � � ΓT :=

∫ T

0
DtX

α
T [DtX

α
T ]′dt� ��

� � 
 � � � � � �� � �� � �

∂αV (α) =
1

T
E

[
r(XT )δ

(
Z ′

T Γ−1
T D·X

α
T

)]
.

� � �� � δ �� �� � � �� �� � � � �� � � � � �  �� � D·X
α
T � � � � �   � � # �� � �� � # � � � # ��

� � �� � � � � �  � �� � � � � �   � �� � � � � � � �� � �   � # �� � � � � # � "� � � � � � � � �� � 
 � � � � �

	 � �� � � � � � � � � �� � � � � � � �  � � � � � � �� � � �  �� �  � � �� � � � �� � $�

� �
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%

� � �� �� � � � �
 � � � �

� � � �� �� �� � � � � �� � �� �� �� ��  # �� � � V α� � � �� �� � # � � � �� � �� � ���� � � �

� � � � �  � �

∂αV (α) =

Z T

0

E

"

d
X

i=1

∂αfi,t∂xi
V

α(t, Xα
t ) +

1

2

d
X

i,j=1

∂α[σσ
′]ij,t∂

2
xixj

V
α(t, Xα

t )

#

dt.

� � � � �� � �� � �� ∂xi
V α(t, Xα

t ) �� � ∂2
xixj

V α(t, Xα
t ) � � �� � � � � � � 	 
 � � �� �� �� � �

� � �� � �� � � � � � � �� � � � � � � �� � � � �  �� �� � � � � � � � � � � �� � �� � �� �! �  � � � � �

∇xV α(t, Xα
t )Yt =

1

T − t
E

[
r(Xα

t )
( ∫ T

t

[σ−1
s Ys]

′dWs

)′]
.

� �
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%

� � �� �� � � � �
 � � � �

� � � �� � �� �� � � 
 � � � � �	 � �� � � � � � � � � ��� � � �� � σ �� �� 
 � � � � � �� � �� � �

∂αV (α) =
1

T
E

[
r(Xα

T )(Hf
T + Hσ

T )
]
, � � � ��

H
f
T =

Z T

0

dt ∂αft ·
(Y −1

t )′

T − t

Z T

t

[σ−1
s Ys]

′
dWs,

H
σ
T =

Z T

0

dt

d
X

i,j=1

∂α[σσ
′]ij,t

 

2ej

T − t
·
ˆ

(Y −1
t )′

Z T

t+T
2

[σ−1
s Ys]

′
dWs

˜

×
ei

T − t
·
ˆ

(Y −1
t )′

Z t+T
2

t

[σ−1
s Ys]

′
dWs

˜

+
ei

T − t
·

(

∇x

ˆ

(Y −1
t )′

Z t+T
2

t

[σ−1
s Ys]

′
dWs

˜

Y
−1

t ej

)!

� � �� � � � � �  � �� � � � � �   � � � � � � �� �  �� � � �� �� � � � � # �� � � � � ��

� � � �� � � �   � �� � �� �� � �� � � � �� �� � � � � � �� � � � � � � � � � �� � ��  � � � ��

� �
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�
 � �� � �� � � � �
 � � � �

� � � �� �  � � � � � � � � �� � �  � � �� � �� � �� � � � � � �� � �� � �� � [V πα(t, Xα
t )]0≤t≤T

�� � [∇xV πα(t, Xα
t )∂αXα

t ]0≤t≤T�

� � � �� � �� �� � � 
 � � � � �	 � �� � � � � � � � � � � � �� � �� � � σ �� �� 
 � � � � � �� � �� ��

∂αV
πα = E

»

r(XT )

„

1

T

Z T

0

[σ−1
s Zt]

′
dWs

+

Z T

0

dt

(T − t)2

Z T

t

ˆ

σ
−1
s (Zs − YsY

−1
t Zt)

˜′
dWs

«–

� � � �� � � �   � � �� �  ��

� �
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� � ��� � 
 � � � � � � � � �
 � �� � �� �� 
 �� � � ��

	� � � �� � � � �  � �� � �� � � � �� � � � � # � � � �� � �� � �� � � � � �� �� � � � � � �� �� � � � �� ��

�� � � � � � � �� � �� �� � � �� �� � � � � �� �

�� � �� �� �� �
 �� � � � � � � 
 �� � � πα

� � � � �  � � � ∂αf � � �  �� �  �� � � � � � � ��

∂α log πα� � �� � ��  � � ��

�	 �
 � � �� � �� � � �� � ��� �
 �� � � � �� � � � �� �� 
 � � ��� � � � �� � �

� �� �� � � � � � "� � � � �� � � � �� �� � � � � ∆t $ �� � � �� � �� � (Xα
t , Zt) � � (X∆t

t , Z∆t
t )

� � � � � � � �� � � � � � � � � �� �� � � � � �� � t ∈ {j∆t} � �� � ���  ut � � �� � � �� � �� πα

�� � � � � � � �� � � � � �� � ∆t� � � �� �� � � � � �
Z∆t

t+∆t = Z∆t
t + ∂α log πα(ut|X∆t

t )∆X∆t
t

+∇x log πα(ut|X∆t
t )∆X∆t

t Z∆t
t + ∇̂xf(X∆t

t , u)Z∆t
t ∆t,

� � � � �� �� � �� � �� � �� � � � � �� � �  � �� � � 
 � � � �� � � � � �� � �� � �
∇̂xf(X∆t

t , u) = (∆t)−1
(
∆X X ′ −∆X X ′

)(
X X ′ −X X ′

)−1
.

� �
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 � � � � � � � � � � � � � �� �� � � � 


� � � �� � � � � � � �� � � � Z∆t
t � � 
 � �� �� � �  � �� � � � � �  �� � �� � �� � ��  � � � πα �� �

�� � �� � � � � �� � � (X∆t
s )s≤t�

� � � �� � �� �� � � 
 � �� � � � � � � � ��� � � � �� � �� �� � �
 � � � � �
 � 
 � � � � �

(X∆t
t , Z∆t

t )
∆t→0−→ (Xα

t , Zt) � � �� � �
 �� � � �� � � 1,

�� �� � �� � � � �� � �� � � � � � � � �
 � �
 � 
 � � � � � �
lim

∆t→0
∇r(X∆t

T )Z∆t
T = ∂αV (α) � � �� � �
 �� � � �� � � 1.
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