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ELS{ Ey|x{ (y − ŷ(x))2}} = noise(x) + bias2(x) + variance(x)

noise(x) = Ey|x{(y − hB(x))2}
hB (x) = Ey |x { y}

bias2(x) = (hB(x) ! ELS{ŷ(x))2

variance(x) = ELS {(ŷ − ELS {ŷ(x)})2}
öy(x)
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{LS1, LS2, . . . , LST }
ŷLSi LSi

P (x, y)

ŷLS

ŷens (x) =
1
T

T∑

i =1

ŷLS i (x)
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ELS{Err(x)} = Ey|x{(y ! hB(x))2} + (hB(x) ! ELS{ŷ(x)})2 + ELS{(ŷ(x) ! ELS{ŷ(x)})2}

ELS1,...,LSN {ŷens(x)} =
1
T

∑

i

ELSi {ŷLSi (x)}

= ELS{ŷLS(x)}

ELS1 ,...,LSN { (öyens(x) ! ELS1 ,...,LSN { öyens(x)} )2}

=
1
T

ELS{ (öy(x) ! ELS{ öyens(x)} )2}
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P (x, y)

{B1, B2, . . . , BT } LS

öyBi Bi

LS

ŷens(x) =
1
T

T∑

i=1

ŷBi(x)
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LS 

LS1 LS2 LST 

In regression: 

In classification:        = the majority class in 

x 

ŷ1(x) öy2(x) ŷT (x)

öy(x) = 1 /k(öy1(x) + . . . + öyT (x))

ŷ(x) { öy1(x), . . . , öyT (x)}
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Method E Bias Variance 

3 Test regr. Tree 14.8 11.1 3.7 

Bagged (T=25) 11.7 10.7 1.0 

Full regr. Tree 10.2 3.5 6.7 

Bagged (T=25) 5.3 3.8 1.5 

¥  Strong variance reduction without increasing the bias 
(although the model is much more complex than a single 
tree) 
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x 

y 

ŷ1(x) + ŷ2(x)
2 ŷ(x)

öy1(x)

ŷ2(x)
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Method E Bias Variance 

MLP (10-10) 4.6 1.4 3.2 

Average of 10 MLPs 2.0 1.4 0.6 
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Method E Bias Variance 

Full regr. Tree 10.2 3.5 6.7 

Bagging (k=10) 5.3 3.8 1.5 

Random Forests (k=7) 4.8 3.8 1.0 

Random Forests (k=5) 4.9 4.0 0.9 

Random Forests (k=3) 5.6 4.7 0.8 
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{ ŷ1, ŷ2, . . . , ŷT }

ŷens(x) =
1
T
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i

ŷi(x)

1
T

∑

i

Ey|x{(y − öyi(x)) 2} = Ey|x{(y − öyens(x)) 2} +
1
T

∑

i

(yi(x) − öyens(x)) 2

Ey |x {(y − ŷens (x))2} =
1
T

∑

i

Ey |x {(y − ŷi (x))2}− 1
T

∑

i

(yi (x)− ŷens (x))2
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LS 

x 

LS1 LS2 LST 

É

É

öy(x) = ! 1öy1(x) + ! 2öy2(x) + . . . + ! T öyT (x)In regression: 

In classification:         = the majority class in         
according to the weights 

ŷ1(x) öy2(x) ŷT (x)

öy(x) {ŷ1(x), . . . , ŷT (x)}
{ β1, . . . , βT }
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{(x1, y1, w1), (x2, y2, w2), . . . , (xN , yN , wN )}
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{ (xi , yi ) : i = 1 , . . . , N }

wi = 1/N, i = 1, . . . , N

errt =
!

i wi I(yi != ŷt (xi ))!
i wi

! t = log((1 − errt)/ errt))

öyt (x)

wi ← wi exp[! t I(yi "= öyt (xi ))]
∑

i

wi = 1
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(Bishop, p. 660) 
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{ (xi , yi ) : i = 1 , . . . , N }

öy0(x) = 1 /N
!

i

yi; ri = yi, i = 1 , . . . , N

ri ← ri − ŷt−1(xi)

{(xi, ri) : i = 1 , . . . , N}

öy(x) = öy0(x) + öy1(x) + . . . + öyT (x)
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öy(x) = ! 1öy1(x) + ! 2öy2(x) + . . . + ! T öyT (x)
N∑

i=1

L (yi, öy(xi))

(βt , ŷt ) = arg min
β, öy ′

!

i

L (yi , ŷ(xi ) + βŷ′(xi ))

ŷ(x) = 0

öy(x) ← öy(x) + ! töyt(x)

L (y, y!) = (y − y!)2

L(y, y!) = exp(! yy!)
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Method E Bias Variance 

Full regr. Tree 10.2 3.5 6.7 

Regr. Tree with 1 test 18.9 17.8 1.1 

+ MART (T=50) 5.0 3.1 1.9 

+ Bagging (T=50) 17.9 17.3 0.6 

Regr. Tree with 5 tests 11.7 8.8 2.9 

+ MART (T=50) 6.4 1.7 4.7 

+ Bagging (T=50) 9.1 8.7 0.4 
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P (y|x, LS) =
!

h! H
P (y|h, LS)P (h|LS)

P (h|LS) ∝ P (h)P (LS|h)

∝ P (h)
!

θ

P (LS|θ, h)P (θ|h)

Prior knowledge about 
models (e.g., simple 
model are more probable) 

Quality of the fit 
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LS = {(xi , yi )|i = 1, . . . , N}

öyt = At(LS)

öyt
i = öyt(xi)

At, t = 0, . . . , T

t = 1, . . . , T

LS 0 = {(x0
i , yi)} x0

i = (yt
i )

T
t=1

ŷ = A0(LS 0)
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Method Error 

1 decision tree 22.2%  (16/72) 

Random forests (k=85,T=500) 9.7%  (7/72) 

Extra-trees (sth=0.5, T=500) 5.5%  (4/72) 

Adaboost (1 test node, T=500) 1.4%  (1/72) 
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¥  E(4%.".%4-3$#$4>'6?'45%'26&%#'-(&'%j*$%(*>'6?'45%'2%456&'-.%'
&$j*)#4'46''".%1%.,%'$?'=%'=-(4'46'.%&)*%',-.$-(*%'
1$/($<*-(4#>B'

¥  L5%.%'-.%'645%.'=->1'46'4-*X#%'45%',-.$-(*%:6,%.<c(/'
".63#%2@'%B/B9'
Ð  A->%1$-('-"".6-*5%1'O.%#-4%&'46'-,%.-/$(/'4%*5($D)%1Q'
Ð  R)""6.4',%*46.'2-*5$(%1'O45%>'2-$(4-$('-'#6=',-.$-(*%'3>'2-F$2$Y$(/'

45%'*#-11$<*-+6('2-./$(Q'

28 



29 

7%-4).%'1%#%*+6('

!   L%*5($D)%1'46'.%&)*%'45%'()23%.'6?'?%-4).%1'
)1%&'3>'45%'#%-.($(/'-#/6.$452'

!   f5>o'
-  !,6$&'6,%.<c(/ '-(&'$2".6,%'26&%#'"%.?6.2-(*%'
- E2".6,%'$(4%.".%4-3$#$4>'

- `.6,$&%'?-14%.'-(&'26.%'*614G%H%*+,%'26&%#1'
- 8%&)*%'6,%.-##'*62")+(/'+2%1'O$?'45%'?%-4).%'

1%#%*+6('4%*5($D)%'$1'?-14Q'



7%-4).%'1%#%*+6(',1'.-(X$(/'

¥  7%-4).%'1%#%*+6(9''
Ð <(&'-'12-##'O6.'45%'12-##%14Q'1)31%4'6?'?%-4).%1'

45-4'2-F$2$Y%1'-**).-*>'

¥  7%-4).%'.-(X$(/9'
Ð 16.4'45%',-.$-3#%'-**6.&$(/'46'45%$.'.%#%,-(*%'-4'

".%&$*+(/'45%'6)4")4'

¥  L5%.%'-.%'4%*5($D)%1'$('3645'?-2$#$%1'
¥  7%-4).%'1%#%*+6('*-('3%'634-$(%&'?.62'-'

?%-4).%'.-(X$(/9'
Ð 0/B@'1%#%*4'45%'46"'X'?%-4).%1'$('-'.-(X$(/'



31 

7%-4).%'1%#%*+6('

!   L5.%%'2-$('-"".6-*5%19'
- Filter:'-'".$6.$'1%#%*+6('6?'45%',-.$-3#%1'O$%@'

$(&%"%(&%(4#>'6?'45%'1)"%.,$1%&'#%-.($(/'
-#/6.$452Q'

- Embedded:'?%-4).%'1%#%*+6('%23%&&%&'$('45%'
#%-.($(/'-#/6.$452'

- Wrapper:')1%'JV'46'<(&'45%'6"+2-#'1%4'6?'
?%-4).%1'?6.'-'/$,%('-#/6.$452'



7$#4%.'4%*5($D)%1'
¥ C-$('$&%-9'

Ð !116*$-4%'-'.%#%,-(*%'1*6.%'46'%-*5'?%-4).%'

Ð 8%26,%'#6=G1*6.$(/'?%-4).%1'

¥  _l%(' )($,-.$-4%'1*6.$(/9'
Ð !(>'1*6.%'2%-1).%1')1%&'$('&%*$1$6('4.%%1'
Ð R4-+1+*-#'4%14'O4G4%14@'*5$G1D)-.%@'%4*BQ'

¥  A)4'2)#+,-.$-4%'-"".6-*5%1'%F$14'O8%#$%?@'
C-.X6,'3#-(X%4'<#4%.@'&%*$1$6('4.%%1@'%4*BQ'

¥  _"+2-#'()23%.'6?'?%-4).%1'*-('3%'
&%4%.2$(%&'3>'*.611G,-#$&-+6('



K($,-.$-4%',1'2)#+,-.$-4%'

¥  0-*5'?%-4).%'$1')1%#%11'-#6(%'O#6=')($,-.$-4%'
1*6.$(/Q'3)4'46/%45%.'45%>'"%.?%*4#>'%F"#-$('
45%'*#-11$<*-+6('



34 

7$#4%.'4%*5($D)%1'

!   !&,-(4-/%19'
- K($,-.$-4%9'?-14'-(&'1*-#-3#%'

- E(&%"%(&%(4'6?'45%'RS'-#/6.$452'

!   N.-=3-*X19'
- E/(6.%'45%'RS'-#/6.$452'
- K($,-.$-4%9'$/(6.%1'?%-4).%'&%"%(&%(*$%1'

- C)#+,-.$-4%9'1#6=%.'45-(')($,-.$-4%'-"".6-*5%1'



35 

023%&&%&'
!   R62%'1)"%.,$1%&'#%-.($(/'2%456&1'%23%&'

?%-4).%'1%#%*+6(B'L5%'1%-.*5'?6.'-('6"+2-#'
1)31%4'6?'?%-4).%1'$1'3)$#4'$(46'45%'#%-.($(/'
-#/6.$452'

!   0F-2"#%19'
!   N%*$1$6('4.%%'(6&%'1"#$c(/'$1'-'?%-4).%'1%#%*+6('

4%*5($D)%'

!   L.%%'%(1%23#%',-.$-3#%'$2"6.4-(*%'2%-1).%1'
!   !316#)4%'=%$/541'$('-'#$(%-.'RVC'26&%#'

öy(x) = sgn(
∑

i

wixi + b)



S!RR_'
¥  S$(%-.'26&%#'#%-.(%&'=$45'SP'"%(-#$Y-+6('

min
β

N∑

i =1

(yi ! (β0 +
∑

j

βj xj ))2 + λ
∑

j

|βj |

LASSO RIDGE 

lambda 



023%&&%&'

!   !&,-(4-/%19'
- K1)-##>'*62")4-+6(-##>'%j*$%(4'

-  f%##'$(4%/.-4%&'=$45'45%'#%-.($(/'-#/6.$452'
O63,$6)1#>Q'

- C)#+,-.$-4%'

!   N.-=3-*X19'
- R"%*$<*'46'-'/$,%('#%-.($(/'-#/6.$452'



38 

f.-""%.'2%456&1''

!  L.>'46'<(&'-'1)31%4'6?'?%-4).%1'45-4'2-F$2$Y%'45%'D)-#$4>'6?'
45%'26&%#'$(&)*%&'3>'45%'#%-.($(/'-#/6.$452B'

!  ;)-#$4>'6?'45%'26&%#'%1+2-4%&'3>'*.611G,-#$&-+6('
!  !1'45%'()23%.'6?'1)31%41'6?'p'?%-4).%1'$1'Up@'-##'1)31%41'*-('

)1)-##>'(64'3%'%,-#)-4%&'-(&'5%).$1+*1'-.%'(%*%11-.>'
!  C-(>'-"".6-*5%1'%F$149'
-  76.=-.&'6.'3-*X=-.&'1%#%*+6(9'-&&'O.%26,%Q'45%',-.$-3#%'45-4'

2614'&%*.%-1%'O#%11'$(*.%-1%Q'45%'%..6.'

-  _"+2$Y-+6('3>'/%(%+*'-#/6.$4521'
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8%*).1$,%'?%-4).%'%#$2$(-+6('

!   `6")#-.'=.-""%.'?6.'2$*.6-..->'&-4-'
!   !11)2%'-'#%-.($(/'-#/6.$452'45-4'*-('.-(X'45%'

?%-4).%1'O%B/B@'#$(%-.'RVC@'&%*$1$6('4.%%1Q'

!   E4%.-4%'O?.62'45%'?)##'?%-4).%'1%4Q9'
- #%-.('-'26&%#'?.62'45%'*)..%(4'?%-4).%'1%4'
-  .-(X'45%'?%-4).%1'=$45'45%'26&%#'

-  .%26,%'45%'?%-4).%'=$45'45%'12-##%14'.-(X$(/'

!   d%%"'45%'?%-4).%'1%4'45-4'/$,%1'45%'#6=%14'OJVQ'
%..6.'
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8%*).1$,%'?%-4).%'%#$2$(-+6('

Error 

Optimal feature set # of features 

CV error 



41 

f.-""%.'2%456&1''

!   !&,-(4-/%19'
- J)1462G4-$#6.%&'46'45%'#%-.($(/'-#/6.$452'

-  !3#%'46'<(&'$(4%.-*+6(1'-(&'.%26,%'.%&)(&-(4'
,-.$-3#%1'

!   N.-=3-*X19'
- `.6(%'46'6,%.<c(/ '

!  E4'$1'6l%('%-1>'46'<(&'-'12-##'1)31%4'6?'(6$1>'?%-4).%1'
45-4'&$1*.$2$(-4%1'"%.?%*4#>'45%'*#-11%1'

- 0F"%(1$,%'
!  f%'5-,%'46'3)$#&'-'26&%#'?6.'%-*5'1)31%4'6?',-.$-3#%1'



42 

R%#%*+6('3$-1'

!   f%'6l%('1%%'45$1'%F"%.$2%(49'
- 7.62'45%'&-4-1%4@'1%#%*4'45%'I'46"',-.$-3#%1')1$(/'

162%'<#4%.'
- 0,-#)-4%'-('-#/6.$452'45-4')1%1'45%1%'I',-.$-3#%1'

-1'$(")41'3>'*.611G,-#$&-+6('O%/B@'S__Q'6('45%'
&-4-1%4'

!   f5-4'$1'=.6(/'=$45'45$1'".646*6#o'
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!('-.+<*$-#'%F"%.$2%(4'

250 objects 

1000 variables 

Each variable randomly drawn 
from a N(0,1) distribution 

The class is selected randomly (with 
P(C1)=P(C2)=0.5) 



44 

!('-.+<*$-#'%F"%.$2%(4'
!   L=6'4.$-#19'
- L.%%'3-//$(/'=$456)4'?%-4).%'1%#%*+6(9''''''PZG?6#&'

JV'%..6.9']U['
- L.%%'3-//$(/'=$45'45%'UZ'46"'?%-4).%1'O4G4%14Q9'PZG

?6#&'JV'%..6.9'W]['

!   _(%'*6)#&'*6(*#)&%'45-49'
- L5%.%'-.%'UZ'$(4%.%1+(/',-.$-3#%1'

- 7.62'45%2@'6(%'*-('*#-11$?>'3%a%.'45-('-4'
.-(&62'

!   A)4@'6('-'(%='1%4'6?'U]Z'1-2"#%1@'45%'%..6.'$1'
]U['



45 

R%#%*+6('3$-1'
!   f%'5-,%'3645'1%#%*4%&'45%',-.$-3#%1'-(&'

4%14%&'45%'26&%#'6('45%'3-1$1'6?'45%'=56#%'
4.-$($(/'1%4'⇒'6,%.<c(/ '

!   J6..%*4'".646*6#9'
- N$,$&%'45%'SR'$(46'PZ'?6#&1'

- 76.'ibP'46'PZ9'
!  .%26,%'45%'i45'?6#&'?.62'45%'SR'

!  1%#%*4'45%'46"'UZ',-.$-3#%1'?.62'45%'.%2-$($(/'63i%*41'
!  #%-.('45%'26&%#')1$(/'45%'UZ',-.$-3#%1'-(&'45%'

.%2-$($(/'63i%*41'

!  4%14'45%'26&%#'6('45%'i45'?6#&'



46 

0F-2"#%'6('M6#)3'%4'-#p1'&-4-'
!   'RVC'-(&'.%*).1$,%'?%-4).%'%#$2$(-+6('

AE = Error on LS 
CV1IE= internal LOO 

CV10E= external 10-fold CV 
TE= Error on an independent test 
sample 
B.632+=another unbiased error 
estimate 

Ambroise and McLachlan, PNAS, 2002 



7).45%.'.%-&$(/'

¥  0(1%23#%'2%456&1'
Ð  T-1+%9''qBn@'qBq@'PZBPG\@'P]'O(64'$('&%4-$#Q'

¥  7%-4).%'1%#%*+6(9'
Ð  T-1+%9'Pq''

Ð  R-%>1'%4'-#B'!'.%,$%='6?'?%-4).%'1%#%*+6('4%*5($D)%1'$('3$6$(?6.2-+*1'

' 5a"9::&FB&6$B6./:PZBPZeW:3$6$(?6.2-+*1:342W\\'



R6l=-.%1'

¥  L.%%'%(1%23#%'26&)#%'$('`0`EL6'
¥  8-(&62'?6.%141'

Ð 5a"9::14-4G===B3%.X%#%>B%&):)1%.1:3.%$2-(:
8-(&6276.%141:'

Ð 8'"-*X-/%'.-(&6276.%14'

¥  A661+(/9'
Ð 5a"9::===B*1%B)*1&B%&):r>?.%)(&:-&-36614:'
Ð 5a"9::i36614B16).*%?6./%B(%4:'
Ð ===B3661+(/B6./'

48 


