o Cours théorique ce vendredi 27 mars

o Pas de répétition ce vendredi 27 mars
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Chapter 6
Conic Programming
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From Linear to Conic Programming

Initial Question : Which class of problems does keep the good properties of linear
programming, namely strong duality ?

Conic Programming

Replace the x > 0 constraint by another type of nonnegativity x > 0.

minc’ x minc’ x
st. Ax=0>b st. Ax=0b
x>0 x =0

Question : which important properties on the ordering > 0 do we need to keep ?
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Properties of the ordering that are carried over

(1) Reflexivity
ara
(2) Antisymmetry
If botha> band b= athena=0>b
(3) Transitivity
Ifa>band b= cthena*>c
(4) Compatibility with linear operations

> If a> bthen Aa> Abforall A >0
> Ifa>bandc>dthena+b>c+d

An ordering that satisfies (1)-(4) keeps the good properties of linear programming.
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Properties of the set K = {x | x > 0}

We now write equivalently
x =0 & xeK

What are the properties of K ?
(1) K is a cone

We must have ae K,A > 0= dae K
(2) K is a convex cone

We must have a,be K=a+be K
(3) K is a pointed cone

acKand —ae K = a=0
Two additional useful properties are

(4) K is closed
This way, if we have a sequence (x;) with x; € K for all i, and if limj— x; = X then
X € K as well.

(5) K has a nonempty interior
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Three useful cones
The following three cones are the ones that are mostly used.
@ The nonnegative orthant
Ki =R} ={xe€R"|x; >0 for all i}.
Optimizing over this cone corresponds to linear programming.
@ The second-order cone
...also called the Lorentz cone or the ice-cream cone.
Ko =1L"= {(x0,X1,--, %) ER"™ | x4+ +x2 < x¢,x0 >0}
@ The semidefinite cone
This cone is defined over the square matrices.

Ks =S| = {X € R™" |X is symmetric and positive semidefinite
i.e. all eigenvalues of X, \;(X) > 0. }

Conic programming

min ¢’ x
st. Ax=5>b
x €K

where K is a closed, convex, pointed cone for example R ,L.", S" .
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Conic duality

Consider the conic program

min ¢’ x
sit. (Ax—b) e K

Question : what combinations of the rows allow us to derive a valid consequence
concerning the objective function ?
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Conic duality

Consider the conic program
min ¢’ x
sit. (Ax—b) e K

Question : what combinations of the rows allow us to derive a valid consequence
concerning the objective function ?

We look for p € R™ such that
for all x € K CR"(x = 0) = p’ x > 0 (in the traditional sense)

If p is of that type then we can obtain the implications Ax > b= p" Ax > p"b.
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Conic duality

Consider the conic program
min ¢’ x
sit. (Ax—b) e K

Question : what combinations of the rows allow us to derive a valid consequence
concerning the objective function ?

We look for p € R™ such that
for all x € K CR"(x = 0) = p’ x > 0 (in the traditional sense)
If p is of that type then we can obtain the implications Ax > b= p" Ax > p"b.
The dual cone
Let K C R" be a closed convex pointed cone, the dual cone is defined by

K.={peR"|p a>0forallacK}.
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Properties of the dual cone

int(K) # 0 = K. is pointed

If K is a closed convex pointed cone then int(K,) #
If K is closed then K. is closed

o If K is closed then (K.). = K
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Deriving conic duality

The primal problem

min ¢’ x
st. (Ax—b) e K
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Deriving conic duality

The primal problem
min ¢’ x
st. (Ax—b) e K
If pe K. and pTA=cT, we have
p' (Ax —b) >0
p Ax>p'b
cTx > pr
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Deriving conic duality

The primal problem
min ¢’ x
st. (Ax—b) e K
If pe K. and pTA=cT, we have
p' (Ax —b) >0
p Ax>p'b
cTx > pr
If we want to obtain the best bound possible, we solve the problem

max pr
T

s.t. pTA =c
p € K
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Deriving conic duality

The primal problem

min ¢’ x
st. (Ax—b) e K
If pe K. and pTA=cT, we have
p' (Ax —b) >0
p Ax>p'b
cTx > pr
If we want to obtain the best bound possible, we solve the problem

max pr
s.t. pTA =c’

p € K

This is the dual conic problem
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The conic duality theorem
Consider the primal-dual pair

c* =minc’x b* =maxp' b
st. (Ax—b) e K st.pf A=c'
p € K.
PRIMAL DUAL
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The conic duality theorem
Consider the primal-dual pair

c* =minc’x b* =maxp' b
st. (Ax—b) e K st.pf A=c’
p € K.
PRIMAL DUAL

Theorem

(i) The value p” b for a feasible solution for the dual is less or equal to the value ¢”x
for a feasible solution of the primal.

The duality gap ¢"x — p’ b > 0 for every primal-dual pair (x, p)-

(ii) If the primal is strictly feasible (Ax — b >k 0) and bounded below then the dual is
feasible and b* = c™.

(iii) If the dual is strictly feasible and bounded above then the primal is feasible and
b* = c*.
(iv) Assume one of the problems is bounded and strictly feasible then (x*, p*) is an
optimal primal-dual pair
if and only if c"x* = (p*)Th
if and only if pT (Ax — b) = 0 (complementarity slackness)

v
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Dual cones of the three main cones

o K' =R}, KI =R}
{xeR"x"y >0forally e R} =R,
o K2=L", KZ=1"
Proof : L" C L}
X0, Yo > 0 and
—x1y1 — - — Xn¥Yn < ||xvnll|ly2:n]] Cauchy-Schwarz inequality
—X1y1 — = XnYn < XoYo

0 < xoyo + x1y1 + -+ - + XaYn.

o K3=81, K}=5"
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Dual cones of the three main cones

o K' =R}, KI =R}

{xeR"x"y >0forally e R} =R,
o K2=L", KI=L"

Proof : L" C L}

X0, Y0 > 0 and
—X1y1 = — XnYn < ||X1:nH||yl:n||
—X1y1 — "+ — Xn¥n < X0Y0

0 < xoy0 + x1y1 + -

o K3=81, K}=5"

The three main cones are self-dual.
But it is not the case in general.

Cauchy-Schwarz inequality

© 4+ XnYn-
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A first application of the second order cone
Location Problem Find the point y that minimizes the sum of the distances to all given
points p;.
b
/
/3
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A first application of the second order cone
Location Problem Find the point y that minimizes the sum of the distances to all given

points p;.
b
/
/3

minn +---+n
stmiz|lly—pill2 i=1...,6
2009 12 /18
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A first application of semidefinite programming

A spring-mass system is explained by the ODE

d’x(t)
e —Ax(t).

M

The main motion is given by

n

x(t) = Z (aj cos(wjt) + bjsin(w;t)) €

j=1
where ¢; are the eigenvalues of (M, A) namely

()\J‘M - A)ej =0 and wj = \/Aj.

For a structure, a typical requirement is that the resonance frequencies cannot be of the
same magnitude as the typical loads of the structure.
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A first application of semidefinite programming

A spring-mass system is explained by the ODE

d’x(t)
e —Ax(t).

M

The main motion is given by

n

x(t) = Z (aj cos(wjt) + bjsin(w;t)) €

j=1
where ¢; are the eigenvalues of (M, A) namely
(AWM —A)eg=0 and  wj=+/\.

For a structure, a typical requirement is that the resonance frequencies cannot be of the
same magnitude as the typical loads of the structure.

Typical Requirement : Amin(A : M) > A,
Type of constraint :

A-XN'M=0
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A first application of semidefinite programming

A spring-mass system is explained by the ODE

d’x(t)
e —Ax(t).

M

The main motion is given by

n

x(t) = Z (aj cos(wjt) + bjsin(w;t)) €

j=1
where ¢; are the eigenvalues of (M, A) namely
(AWM —A)eg=0 and  wj=+/\.

For a structure, a typical requirement is that the resonance frequencies cannot be of the
same magnitude as the typical loads of the structure.

Typical Requirement : Amin(A : M) > A,
Type of constraint :
A— XM =0

Well solved by semidefinite programming
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SQL-representability

Convex programming can be solved in polynomial time theoretically.

In practice, not all convex programs can be solved efficiently.

In practice optimizing over semidefinite (S ), conic quadratic (L") or linear (R ) can be
done efficiently.
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SQL-representability

Convex programming can be solved in polynomial time theoretically.

In practice, not all convex programs can be solved efficiently.

In practice optimizing over semidefinite (S ), conic quadratic (L") or linear (R ) can be
done efficiently.

There are however functions that do not seem to correspond to easy cases that can be
solved using S ,L", R’ by some trick.
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SQL-representability

Convex programming can be solved in polynomial time theoretically.

In practice, not all convex programs can be solved efficiently.

In practice optimizing over semidefinite (S ), conic quadratic (L") or linear (R ) can be
done efficiently.

There are however functions that do not seem to correspond to easy cases that can be
solved using S ,L", R’ by some trick.

Definition

A set S C R" is SQL-representable if S is the projection of a set 5§ C R™™ that is the
feasible domain of a conic program that uses S, L", R".

A function is SQL-representable if its epigraph is SQL-representable.
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Remark about the objective function

Optimizing over a convex function is like optimizing over a linear function over its
epigraph.

Definition
Let f : R” — R be a function. The epigraph of f is

epi(f) i= {(x,t) € R™™ | f(x) < t}.
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Remark about the objective function

Optimizing over a convex function is like optimizing over a linear function over its
epigraph.

Definition
Let f : R” — R be a function. The epigraph of f is

epi(f) i= {(x,t) € R™™ | f(x) < t}.

Optimizing over a linear function is general

min f(x) min t
st.xe X & stt. f(x) <t
xeX
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Remark about the objective function

Optimizing over a convex function is like optimizing over a linear function over its
epigraph.

Definition
Let f : R” — R be a function. The epigraph of f is

epi(f) i= {(x,t) € R™™ | f(x) < t}.

Optimizing over a linear function is general

min f(x) min t
st.xe X & stt. f(x) <t
xeX

Remark : f is convex iff epi(f) is convex. The second program remains convex !
The same about conic problems!
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CQ-representable functions
We now focus on functions that can be expressed using the the second order cone
(Conic quadratic representable functions)

Analogy with continuity

. 2 . .
Is the function f(x) = €* 3 4+ cosh(x® 4 2*) sin(x) continuous ?
Yes because we know that €*,sin x, x™ are continuous. . .
We know that addition, multiplication, composition preserve continuity.
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CQ-representable functions

We now focus on functions that can be expressed using the the second order cone
(Conic quadratic representable functions)

Analogy with continuity

. 2 . .
Is the function f(x) = €* 3 4+ cosh(x® 4 2*) sin(x) continuous ?
Yes because we know that €*,sin x, x™ are continuous. . .
We know that addition, multiplication, composition preserve continuity.

CQ-representable functions

Q f(x)=a
Q f(x)=a'x+b
Q £(x) = lIxll2 Ixll2 <t
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CQ-representable functions

We now focus on functions that can be expressed using the the second order cone
(Conic quadratic representable functions)

Analogy with continuity

. 2 . .
Is the function f(x) = €* 3 4+ cosh(x® 4 2*) sin(x) continuous ?
Yes because we know that €*,sin x, x™ are continuous. . .
We know that addition, multiplication, composition preserve continuity.

CQ-representable functions

QO f(x)=a
Q f(x)=a'x+b
Q f(x) = x| [xl2 <t
Q f(x)=x"x
Because
XTX§t
o (t=1)2 _ (t+1)?
<
XXE TSy
t+1 t—1 2
< 5 )X, 5 )E]L
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CQ-representable functions
@ The fractional quadratic function

i
glxs)="",  s>0
0 s=0

+ 00 otherwise

Equivalent to (2, x, £52) € L2
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CQ-representable functions

@ The fractional quadratic function

T
glxs)="",  s>0

0 s=0

+ 00 otherwise

Equivalent to (2, x, £52) € L2

@ A branch of hyperbola

{(t,s)6R2 \ tle,tZO}
(t—l—s t—s

,1) c L2

2 72
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CQ-representable functions

@ The fractional quadratic function
T
x ' x
X,8) =——
glx,s) ==,
0
+ o0

Equivalent to (2, x, £52) € L2

@ A branch of hyperbola

s>0
s=0

otherwise

{(t,s)e]R2 \ tle,tZO}

(t—l—s t—

2 )

71) c L2

Elementary operations on cones that preserve CQ-representability

@ Intersection : X1 N XoN---
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CQ-representable functions

@ The fractional quadratic function
T
x ' x
X,8) =——
glx,s) ==,
0
+ o0

Equivalent to (2, x, £52) € L2

@ A branch of hyperbola

s>0
s=0

otherwise

{(t,s)e]R2 \ tszl,tzo}

(t—l—s t—

2 )

71) c L2

Elementary operations on cones that preserve CQ-representability

XinXaN---

@ Direct Product : x3 X Xo X - - -

@ Intersection :
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CQ-representable functions

@ The fractional quadratic function
T
x ' x
X,8) =——
glx,s) ==,
0
+ o0

Equivalent to (2, x, £52) € L2

@ A branch of hyperbola

s>0
s=0

otherwise

{(t,s)e]R2 \ tszl,tzo}

(t—l—s t—

2 )

71) c L2

Elementary operations on cones that preserve CQ-representability

XinXaN---

@ Direct Product : x3 X Xo X - - -

@ Intersection :

o Affine image
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CQ-representable functions

Elementary operations on functions that preserve the CQ-representability :

o Taking maximum : g(x) = maxi=1,...,m gi(x)
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CQ-representable functions

Elementary operations on functions that preserve the CQ-representability :
o Taking maximum : g(x) = maxi=1,...,m gi(x)

@ Summation with nonnegative weights : g(x) = >_7_, cigi(x).
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CQ-representable functions

Elementary operations on functions that preserve the CQ-representability :
o Taking maximum : g(x) = maxi=1,...,m gi(x)
@ Summation with nonnegative weights : g(x) = >_7_, cigi(x).
o Affine substitution of argument :
If g(x) : R" — R is CQ-representable and A € R"™*™ b € R" then
h:R™— R,
h(y) = g(Ay + b) is CQ-representable
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