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ABSTRACT. We address the problem of alternating simulation refinement for concurrent timed
games (TG). We show that checking timed alternating simulation between TG is EXPTIME-complete,
and provide a logical characterization of this preorder in terms of a meaningful fragment of a new
logic, TAMTL*. TAMTL" is an action-based timed extension of standard alternating-time temporal
logic ATL*, which allows to quantify on strategies where the designated player is not responsible
for blocking time. While for full TAMTL*, model-checking TG is undecidable, we show that for its
fragment TAMTL, corresponding to the timed version of ATL, the problem is instead in EXPTIME.

1 Introduction

Refinement preorders constitute the standard mathematical approach to formalize the rela-
tion between abstract and concrete versions of the same system. Intuitively, an implementa-
tion I refines an abstraction A when each behavior of I is allowed by A. Refinement usually
comes together with a logical setting to formally express the requirements preserved by the
preorder. The goal is to ensure that the properties proved about the abstract description
continue to hold in the refined version (i.e., the implementation). This scenario may arise ei-
ther because the design is being carried out in an incremental fashion, or because the system
is too complex and an abstraction needs to be used to verify its properties.

In the design and analysis of reactive and distributed component-based systems, re-
finement usually refers to a single component, whose behavior depends on assumptions on
its environment (the other components). In this context, traditional refinement preorders,
like simulation [15], are inappropriate because they do not distinguish between the behav-
iors of the component and those of its environment; so that, refinement also restrict the
environment behaviors. Recently, [5, 10, 8] have addressed this problem and succeeded
in an elegant solution for finite-state systems based on the game paradigm: the system is
modeled by a multi-player finite-state concurrent game, where at each step, the next state
is determined by considering the “intersection” between the choices (behavioral options)
made simultaneously and independently by all the players (the components). Thus, one
can keep all assumptions about a component separated from those of its environment. In
this framework, simulation refinement becomes alternating simulation [5], a preorder which
exploits the game setting and is defined according to a designated player (component):* an
implementation I refines an abstraction A of the same component whenever any possible
behavioral option of I is allowed by A, and controvariantly, any possible behavioral option
of the environment of A is allowed by the environment of I. In this way, the refinement re-
stricts the component behaviors without restricting the permissible environment behaviors.

While classical simulation preserves universal fragments of standard branching tempo-
ral logics designed for closed systems such as CTL* [11], alternating simulation for a given

*or, more in general, w.r.t. any subset of players (coalitions)
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player preserves expressive fragments of alternating-time temporal logics designed for open
systems such as ATL* [5, 4]. The latter is a convenient formalism for component-based sys-
tems modeled by finite-state concurrent games, where properties need to be guaranteed by
a player irrespective of the behavior of the other players.

Our contribution. We address the problem of refinement for real-time component-based
systems, agreeing on the crucial role of timed information in practical applications, e.g. in
embedded-system applications. We extend the notion of alternating simulation refinement
for finite-state concurrent games to the setting of (perfect-information) timed concurrent
games (TG) with the element of surprise introduced in [9]. In this setting, at each step,
players choose simultaneously and independently moves consisting of delayed actions: the
move with the smallest delay is carried out and determines the next state (if the small-
est delay is proposed by several players, then the move of one of them is chosen nonde-
terministically). Moreover, we propose the new logic TAMTL" as a language for specify-
ing properties of timed component-based systems modeled by TG. TAMTL* is a real-time
action-based extension of ATL*, in which the temporal operators correspond to those of the
timed linear-time temporal logic MTL [13]. Differently from the known real-time extension
of ATL*, namely TATL* [12], which is based on a dense-time continuous semantic (the system
is observed at any point in time), we adopt a dense-time pointwise semantics (the system is
observed through events) [17]. Furthermore and more importantly, we generalize the class
of atomic formulas of MTL by introducing the notion of (timed) multi-action constraint. Intu-
itively, such constraints express requirements on the “observable” part of single steps along
TG runs, i.e., the delay-action chosen by each player and the player which is selected in the
current step. In this way we can directly express important properties such as the existence
of reasonable strategies, that are strategies where the designated player is not responsible
for blocking time progress. In TATL", this is not directly possible: to express the above re-
quirement we have to artificially extend the infinite labeled transition system (LTS) of the
given TG in order to obtain another LTS that cannot be associated to any TG specification.
Our main results are the following:

1. We show that checking timed alternating simulation between TG for a given player is
EXPTIME-complete. The upper bound is proved by a non-trivial generalization of the
region-abstraction approach used for checking timed simulation/bisimulation [7, 18].
The matching lower bound is shown by an easy and linear-time reduction from the
problem of checking timed simulation, which is known to be EXPTIME-hard [14].

2. We provide a logical characterization of timed alternating simulation for a given player
o in terms of a meaningful fragment, c-TAMTL}, of TAMTL*, where strategy quanti-
fiers are parameterized by ¢ and negation applies only to multi-action constraints. We
show that a TG A is timed o-simulated by a TG B precisely when each o-TAMTL},
formula that holds in A also holds in B. To the best of our knowledge, this is the first
paper that provides a full logical characterization for a timed refinement preorder.

3. While for unrestricted TAMTL*, model checking TG is undecidable (since TAMTL* sub-
sumes MTL over infinite words [16]), we show that for its fragment TAMTL, where
each temporal operator is immediately preceded by a strategy quantifier, the problem
is instead in EXPTIME. To do so, for each player o, we associate to the given TG a
region-abstraction finite-state turn-based game G, and recursively reduce the prob-
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lem to solving the games G, w.r.t. regular objectives. Compared to the TATL model
checking algorithm in [12], our approach is direct and provides more insight on TG.
To simplify the presentation, we restrict our attention to the two-player case, but all
results easily extend to the multi-player setting, where players play in coalitions. Due to
lack of space, some proofs are omitted and can be found in Appendix.

Related work. Refinement of real-time closed systems has been addressed in many pa-
pers (e.g. [3, 1, 18]), where systems are modeled by standard timed automata (TA) [3]. Timed
language containment for TA is undecidable [3], while timed simulation [1, 18] between TA,
which preserves the universal fragment of timed CTL (TCTL) [2], is EXPTIME-complete[18,
14]. For the open system setting, we are only aware of the recent work of Bulychev et al.
[6], who propose timed simulation preorders for two-player timed games where partial ob-
servability is also taken into account. However, the games exploited there are asymmetric,
which prevents a natural extension to the multi-player setting. Moreover, there are some
significant restrictions on the model. For example, a player is enforced to play a discrete
action if the invariant at the current location expires. Furthermore, their notion of preorder
differs from ours in at least one crucial point: there is no interaction between the choices of
opponent players in the underlying simulation game.

2 Preliminaries
2.1 Concurrent Timed Games

Let R>( be the set of non-negative reals and Q¢ be the set of non-negative rational numbers.
Fix a finite set of clock variables X. The set C(X) of clock constraints (over X) is the set of
boolean combinations of formulas of the form x ~ ¢, where x € X, c is a natural number,
and ~€ {<, <}. A (clock) valuation (over X) is a function v : X — R> that maps every clock
to a non-negative real number. Whether a valuation v satisfies a clock constraint ¢ € C(X),
denoted v = g, is defined in a natural way. For f € R, the valuation v + t is defined
as (v+t)(x) = v(x) +tforall x € X. For Y C X, the valuation v[Y := 0] is defined as
(v[]Y :=0])(x) =0if x € Y and (v[Y := 0])(x) = v(x) otherwise.

DEFINITION 1.[3] A timed transition table (TT) isa tuple 7 = (Act, X, Q, A, Inv), where Act
is a finite set of actions, Q is a finite set of locations, A C Q x (ActU{L}) x C(X) x2X x Q
is a finite transition relation, where | ¢ Act is the null action, and Inv : Q — C(X) maps
each location to an invariant. We require that for each q € Q, there is exactly one transition
(q9,L,8Y,q") from q associated with the null action; moreover, ' = q, ¢ = true,and Y = @.

A state of T is a pair (g,v) such that g € Q, v is a valuation, and the invariant at location
q is satisfied by v, i.e. v |= Inv(q). The TT 7 induces an infinite-state labeled transition
system (LTS) [7] = (S, —) over the set of labels R>o x (Act U{L}) x A, where S is the set

of 7 -states, and the set of labeled edges —C S x [R>g x (ActU{L}) x A] x S is defined as:
t,a,0

(q,v) == (¢',V) iff 6 € Aisof the form é = (g,a,¢,Y,q') such thatv +t |= ¢ A Inv(g) and
v = (v+1t)[Y := 0]. Note that if (g, v) LELN (¢q',v"), theng’ =gand v’ = v +t.
DEFINITION 2.[9] A (two-player concurrent) timed game (TG) is a tuple A = (7 ,s°, Acty,
Acty), where T = (Act, X, Q, A, Inv) isa TT, s is a designated initial state of T whose clock
values are in Q>o, and { Acty, Act1 } is a partition of Act with Acty, Act; # @.
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A state of A is a state of [7]. For each ¢ € {0,1}, let Act; = Act, U { L}. Intuitively,
Act} represents the set of actions for player o. The set of moves Mov 4(¢) of player ¢ is given
by R>g x Act}t x A. For a state s, the set of moves available to player o in s, written Mov 4(c, s),

is the set of moves (t,a,5) € Mov (o) such that s 129, &/ for some state s', which is uniquely
determined and is denoted by Next 4(s, (t,a,5)). Observe that Mov 4 (o, s) is not empty since
(L,0,(q, L, true,@,q)) € Mov 4(c,s), where g is the location of s.

The timed game is intuitively played as follows. In each state s, each player ¢ chooses
amove (t,a,0) € Movy(c,s) indicating that the player wants to play the transition ¢ asso-
ciated with the action a after a delay of t time units. The null action L signifies the player’s
intention to remain idle for the specified time delay. The move with the shorter proposed
time delay determines the next state of the game; if both player propose the same delay, then
one of the chosen moves occurs non-deterministically. An outcome of the game corresponds
to an infinite path of [7 ] augmented with additional information. Before formalizing these
notions, we recall that in the standard definition of TG (see e.g. [9]) a move of a player just
consists of a timed delay followed by an action. This because the underlying TT is assumed
to be time-deterministic, i.e. for each (¢t,a) € R>g x Act and state s, there is at most one

" ta,6 . . .
transition & such that s % ¢'. Here, we have removed this restriction. Thus, to uniquely
determine the next state, a player has to specify also the transition to be taken.

For moves (tg,a9,60) € Mov(0,s) and (t1,a1,01) € Mov4(1,s), the joint destination
moove, written ]DM(<t0,{Jl0,50>, <t1, a1,51>), is {<t0,ﬂ0, (50>, <t1,a1,51>} if to = t1, and the sin-
gleton { (t, ax, 0;) } for the unique k € {0,1} such that t; < t;_; otherwise.

A run of A is a finite or infinite sequence 7= = s, (m%,m},c1), s1, (m3, m}, ), s,,... such

that for any k, sp € S, m{ ; € Mova(0,s¢), mp,, € Movy(1,sx), ki1 € {0,1}, m?j:ll €

]DM(m2+1, m,l(H), and sgq = Next (s, mZ’_‘:ll) For each k, we denote by 7t* the suffix-run
of 7t starting from state si, and by 7t]0, k] the prefix-run of 7t leading to state si. The duration
DUR( ) of 7 is the sum of timestamps of the selected moves me:l] along 7. An infinite run
7t is divergent if DUR(7r) = +o0. Let FRuns be the set of finite runs of A. For 7w € FRuns,
we denote by last(7r) the last state of 7. A strategy f, for player o € {0,1} is a mapping
fo : FRuns — Mov 4 (o) assigning to each finite run 71 a move to be proposed by player ¢ at
last(7t) such that f;(7r) € Mov (o, last(7r)). For each state s, the set of outcomes of strategy f,
from s, Outcomes 4(0, s, fr), is the set of all infinite runs s, <m(1), m%, a1), 1, <mg, m%, 02), 82 ..
such that s) = s, and for each k > 0, f(so, (m?,m%,aﬁ, S1, ... k) = my . Letm =
S0, <m(1),m%,01>, s1, (mg, m%,02>, sy ... with mi = (t;« a;(, (SJk) (for each j = 0,1 and k > 1).
The trace of 7, written trace(rt), is ((t9,4?), (,a}), 1), ((£3,49), (t3,43),2), . ..

We are also interested in strategies f, of player o € {0, 1} which are physically mean-
ingful, i.e. such that player ¢ is not responsible for blocking time progress [9]. For each
player o € {0,1}, let Blameless, be the set of infinite runs v = s, (m%,m},01), sy, ... such
that player o is responsible only for finitely many steps, i.e. such that there is k > 1 so that
forall j > k, 0;j = 1 — 0. Note that Blameless, does not distinguish between runs which
have the same trace. A strategy f, for player o is reasonable in a state s iff for all runs 77 in
Outcomes 4(0, s, fo), either 7 is divergent or 7t € Blameless,. Note that our notion of reason-
able strategy is slightly different from that given in [9]. However, it is easy to show that the
two notions are equivalent (for details, see Appendix A).
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2.2 Thelogic TAMTL"

In this subsection, we introduce a real-time action-based extension of the alternating-time
temporal logic ATL* [4], called TAMTL*, based on a dense-time pointwise semantics.

Fix two nonempty and disjoint sets of actions Actg and Act;. A (timed) multi-action over
(Acto, Acty) is a triple 0 = ((to,a0), (t1,a1),0), where (t;,a;) € Rxg X Act;- fori = 0,1,
o € {0,1}, and t, < to, t;. Note that the traces of runs in TG on (Acty, Act;) are sequence of
multi-actions. A (timed) multi-action constraint x is a triple x = ((ay, ~o co), (4}, ~1 ¢1),07),
where 0’ € {0,1} and fori = 0,1, a; € Actf, ~i€ {=,<,<,>,>},and ¢; € Q>¢. The above
multi-action 6 satisfies x, written 6 |= x, iff c = ¢’ and fori = 0,1, 4; = a} and t; ~; ¢;.

The sets of state formulas ¢ and path formulas p of TAMTL* over (Acto, Acty) are defined as:

gi=true|[ =@ |oNg oVl (o)) (o))ret
pe=xlol-vleny [oVy [puny | Uy
where o € {0,1}, ((¢)) and ((0)),. are strategy quantifiers, where, intuitively, ((¢)). is re-
stricted to o-reasonable strategies, x is a multi-action constraint, ¢4; is the constrained strict
until operator, where I is an interval with bounds in Q> U {+0c0}, and {/; is the dual of 4.
The set of state formulas ¢ forms the language TAMTL*. TAMTL* is interpreted over states
of TG. Let Abe a TG over (Acty, Acty), s be a state of A, and 7 be an infinite run of A. For a
state formula ¢ and a path formula ¢, the satisfaction relations (A4, s) = ¢ and (A, ) = ¢,
meaning that ¢ holds at state s and ¢ holds along the run 7 in A, respectively, are defined
by induction as follows (we omit the rules for boolean connectives):
(A,s) E ({(o))p  iff thereis a strategy f of player ¢ such that
for all 7w € Outcomes 4(o,s, f), (A, ) = ¢
(A,s) = ({(0))retp  iff thereis a reasonable strategy f of player ¢ such that for all
1t € Outcomes 4(0,s, f), (A, ) = yif 7 is divergent

(A, ) Ex iff trace(m) = 6y,01,... and 6y = x
(A7) =@ iff m=sp,...and (A s) E ¢
(A, 1) = 1o iff thereisi > 0such that DUR(7[0,i]) € I,

(A, ') |= 92, and (A, 71°) |= ¢y forall 0 < k < i
(A7) ity iff (A7) = = (1) th(~¢2))
We write A = ¢ to mean that (A,s") = ¢ for the initial state s of .A. We use some standard
shortcuts: O ¢ := truelf; P (eventually), O := = O ~¢ (always), and O; ¢ := (—true) Uy ¢
(next). We omit the subscript I when I = R>o. We denote by TAMTL the fragment of
TAMTL* consisting of the formulas in which every temporal operator is immediately pre-
ceded by a strategy quantifier. Moreover, for o € {0,1}, let o-TAMTL}, be the fragment of
TAMTL" (not closed under negation) in which all strategy quantifiers are parameterized by
o, and negation is applied only to multi-action constraints. Intuitively, c-TAMTL}, formulas
describe behaviors that player ¢ can enforce no matter what player 1 — ¢ does. Note that

since TG are not determined [9], the dual a—Tm\'ﬁ_}S of o-TAMTL}, does not correspond to
(1 —0)-TAMTL}. By the equivalence below, it follows that in fact ((¢)) . is a derivate operator
in TAMTL* and also in o-TAMTL},. However, this does not hold for the logic TAMTL.

<<U>>r€lp = <<‘7>> (((D <>[1,00[ true) - 110) A (_'(D <>[1,oo[ tr“e) - wblamelessy))
lpblamelessg ::OD( \/ \/ <(ﬂ0,2 0),(01,20),1—0’>)

aoeActOl aleAct‘lL
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EXAMPLE 3. Let Actg = {a} and Act; = {b}. The 0-TAMTL}, formula ((0)),. O ({(a,> 0),
(b,>0),0) — On1y((a,> 0),(b,> 0),1))) requires that player 0 has a reasonable strategy
ensuring that along every its divergent outcome, every a-event (i.e., the action a is selected
in the current step) is followed one time unit later by a b-event.

3 Timed Alternating Simulation

In this section, we introduce the notion of timed alternating simulation between TG which
generalizes alternating simulation between finite-state concurrent games [5].

Fix two comparable TG A = (’TA, Sh Act()4, ActA> and B = (75,58 S0/ Act?, Act8> i.e. such
that Actg! = Act§ and Act{! = ActB. Let S 4 (resp., Sp) be the set of states of A (resp., B).

DEFINITION 4. For a player ¢ € {0,1}, a relation H C S 4 X Sp is a timed alternating
simulation for player o from A to B iff for all (s 4,s3) € H, the following holds:

- for every move m = (t,a,64) € Mov4(c,s4), there is a matching move mZ = (t,a,65) €
Movg(0,sp) such that for every move md = (t,b,6) € Movg(1 — 0, s5), there is a
matching move mi* . = (¥,b,8'y) € Mov (1 —0,s4) so that foralli = 0,1,

mt € [IDM(mg', m{') implies (Next (s, m?),Nexts(sg,mP)) € H

Note that m? € JDM (mO ,mB). If there is a timed alternating simulation H for player ¢ from
Ato B such that (s, s5) € H, we say that B timed o-simulates A, and we write A =<, B.
Note that <, is a preorder on TG. We can give a game-theoretic interpretation of timed
alternating simulation for a player o € {0,1}. Consider the following two-player turn-based
game whose set of main positions is S4 x Sg. The initial position is (s3!,s5). Each round
consists of five steps as follows. Assume that the current main position is (s 4, sg). Then:
1. The antagonist chooses a move mA = (t,a,6,4) € Mov4(c,s4) of player ¢ in A avail-
able at state s 4, and moves to position p; = (s 4,53, m A).
2. The protagonist, from p;, chooses a matching move mB = (t,a,65) € Movg(c,sg) of
player ¢ in B available at state s3, and moves to position py = (54,55, mz, m5).
3. The antagonist, from p,, chooses amove m¥ = (¥,b,0)) € Movg(1 —0,sp) of player

1 — o in B available at state sg, and moves to position p3 = (54,55, mA, mB, mf_g).
4. The protagonist, from p3, chooses a matching move m{& s = (t',b,0'y) € Mov4(0,54)

of player 1 — ¢ in A available at state s 4, and moves to py = (SA, sp, M ;,4, mff, mf o mf‘ﬂ,).

5. The antagonist, from position ps, chooses i = 0,1 such that m# € [DM(mg!, m{!), and
moves to the main position (Next (s 4, mi!), Nextg(sg, mF)).
If the game proceeds ad infinitum, then the protagomst wins. Otherwise, the game reaches
a position from which the protagonist cannot choose in steps 2 or 4 above a matching move,
and the antagonist wins. It easily follows that B timed c-simulates A iff the protagonist has
a winning strategy. Note that for each ¢ € {0,1}, we have a different turn-based game.
Intuitively, B timed o-simulates A iff player ¢ is more powerful in game B than in game
A, i.e. each behavior that player ¢ can induce in 4, it can also induce in . The following
lemma, whose proof is in Appendix B, formalizes this intuition. Let H C S 4 x Sg. For arun
7 of A and a run 7’ of B having the same length, we write H(77, 7’) to mean that for each
prefix-run 7t[0, k] of 7, (last(7t[0,k]), last(7T'[0,k])) € H.
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LEMMA 5. Let H be a timed alternating simulation for player ¢ € {0,1} from A to B.
Then, for all (s4,sg) € H and strategy f4 of player ¢ in A, there exists a strategy fp of
player o in B such that for every run g € Outcomesg(c,sp, f), there exists a run w4 €
Outcomes 4(0,5.4, f4) so that H(7t 4, tg) and trace(7t4) = trace(mg).

EXAMPLE 6. The figure depicts two simple TG A and B with Acty = {a} and Act; = {b}.
Lets% = (q4,v) and s% = (qg,v) be the initial states of A and B, where v is any valuation

with v(x) < 1. It easily follows that B timed 0-simulates A and A timed 1-simulates B, but
the vice versa of each of two conditions does

not hold. Moreover, note that there exists no a C b a C b
x < x < x < x <
(standard) timed simulation from A to B and = =3 =2 =2
A

B

vice versa (w.r.t. the given initial states).

3.1 Checking Timed Alternating Simulation

In this subsection, we show that for given comparable TG A and B, and player ¢ € {0,1},
checking whether A <, B is decidable via a suitable region abstraction, and the check can be
done in exponential time. Our approach generalizes those proposed in [7, 18] for checking
timed bisimulation and timed simulation. Fix two comparable TG A = (74, 564, Acty, Acty)
and B = (73, sg, Acty, Acty). Let S 4 (resp., Sp) be the set of states of A (resp., B), and let X 4
(resp., Xp) be the set of clocks of A (resp., B). W.Lo.g. we can assume that X 4 N Xp = @.

Region equivalence [3]: we denote by K,y the largest constant occurring in the clock con-
straints of A and B. Given a clock valuation v 4 over X4 and a clock valuation vg over
Xp, the clock valuation v4|lvg over X4 U Xp is defined in the obvious way (recall that
XaNXp = @). Fort € R>, |t| denotes the integral part of t and fract(t) denotes its
fractional part. The region equivalence relation over S o X Sp, written ~ 45, is defined as fol-
lows: ((9.4,04),(q8,v8)) =5 (424, 94), (45, vp)) iff g4 = 44, g8 = qj3, and for each
x € X 4 U Xp, either both (v 4||vg)(x), (v/4]|v) (%) > Kyax, or the following holds:
o L0Allo)(x)] = L2/ |h) (x)] and Fract((0l[os)(x)) = Oiff fract((o! o) (x)) = O
e foreachy € X 4UXgs.t. (v4||vB)(y) < Kpax, fract((va|vg)(x)) < fract((vallvp)(y))
iff fract((v'y||v)(x)) < fract((v'4]|vg)(v)) (ordering of the fractional parts).
Let Reg 4|5 be the set of equivalence classes of ~ 45, called regions. By [3], Reg 45 is
finite and its size is singly exponential in the sizes of A and B.
Finite Sampling of R>(: let (s4,55) € Sy X Sp and x1,...,x, be the clocks in X4 U Xp
whose values t1,...,t, in (s4,s3) are not greater than Ky;,r. Assume w.l.o.g. that gy < 1o <
. < 1y, where 7; = fract(t;) for1 < i < n. Let 1o = 0, 7,41 = 1, and min(s4,sp) =
min{|t1],..., [tn], Kmax }. We consider the following finite set of real numbers:
Times(s4,sg) = {h — %(Tl +T41) |i=0,...,nand h =1,...,Kyax — min(s4,sg)} U
{h—7|i=1,...,nandh=1,...,Kysx —min(s4,sp)} U{0,...,Kpusx+1—min(s4,sp)}}

Thus, Times(s 4,5g) consists of the integers in {0, ..., Ky + 1 — min(s4,sp)} plus the dis-
tances between the points p and the integers 1,. .., Kyux — min(s4,sg), where p is either a
fractional part Tj or the mid-point of some interval [T, Tip1) with 0 < i < n. Intuitively,
the distance d between a mid-point %(Tl + Ti+1) and aninteger h = 1,. .., Kyyax — min(s 4,5p)



is used as a representative for all timestamps t such that h — 7,41 < t < h — 7; (formally,
(vallvg) +t = 48 (v4llvg) + d, where v 4 and vp are the clock valuations of 5 4 and sp).

Checking if A <, B for o € {0,1}: let H"** be the maximal timed alternating simulation
for player ¢ from A to B." We show that H”%* is a union of regions and ‘corresponds’ to the
greatest fixpoint of a computable monotone operator defined on the powerset of Reg 45

DEFINITION 7.[Goodness] LetI' C Reg 45 be a set of regions and let R € I'. We say that R
is good in T w.r.t. player o € {0, 1} iff there is (s4,55) € R such that:

1. forevery movem; = (t,a,04) € Movy(0,s4) witht € Times(s4,sp), there is a match-
ing move m% = (t,a,6p) € Movg(o,sg) such that for every move mf = (¥,b,6};) €
Movg(1 —0,sp) witht' € Times(s 4,55), there is a matching move m{* , = (¥, b, RS
Mov (1 —0,s4) so that foralli = 0,1 with m# € J]DM(mg', m{'),

(Next 4(s.4,m#),Nexts(sg,mP)) € R; forsomeR; € T

Foro € {0,1}, let O, : 2Regas —, 2Re84I5 be the monotone operator defined as follows:
O,(T) = {R €T | Ris good in I w.r.t. player c}. We show that (), is computable and
H7"™ = Uger,,, R, where I'5, is the greatest fixpoint of (). For this, we need the following
crucial technical result whose proof is in Appendix C.

LEMMA 8. LetI' C Reg 45 be aset of regions and R € I' such that R is good inI' w.r.t. player
o € {0,1}. Then, Condition 1 in Definition 7 holds for each (s 4,s3) € R, and additionally
the constraint that the timestamps have to be chosen in Times(s 4,53) can be relaxed.

Let H C S4 x Sp be a timed alternating simulation for player ¢ € {0,1} from A to B.
We denote by I'y C Reg 45 the set 'y = {R € Regyz | RN H # @}. Evidently, I'y is a
tixpoint of (),. Thus, by Lemma 8, we obtain the following results.

COROLLARY 9. If H C S 4 x Sp is a timed alternating simulation for player o € {0,1} from
A to B, then Ugcr,, R is a timed alternating simulation for player o € {0,1} from A to B.

COROLLARY 10. Let ' C Reg 45 be a set of regions and ¢ € {0,1}. Then, Q,(T') = T iff
Urer R is a timed alternating simulation for player ¢ from A to B.

Fix o € {0,1}. By Corollary 9, H** is a union of regions in Reg 4|3, and by Corollary 10,
H7"™* = Uger,,, R, where I'y;y is the greatest fixpoint of ();. Note that Iy, can be obtained
by iterative applications of ), starting with [y = Reg 4)3. There can be at most |Reg 45|
many iterations. Moreover, by Lemma 8, Condition 1 in Definition 7 is independent on
what representative is chosen for the given class of equivalence. Since |Times(s4,sp)| for
(sa,88) € Sa x Sp and |Reg 45| are singly exponential in the sizes of A and B, if follows
that O, (T') for given I' C Reg 43 can be computed in single exponential time in the sizes
of A and B. Since A =, Biff (s!,s5) € H"*, checking whether A =<, B is in EXPTIME.
We can show that the problem is also EXPTIME-hard by a straightforward and linear reduc-
tion (see Appendix D) from the problem of checking timed simulation between TT without
invariants, which is known to be EXPTIME-hard [14]. Thus, we obtain the following result.

THEOREM 11. Given two comparable TG A and B and player 0 € {0,1}, the problem of
checking whether A <, B is EXPTIME-complete.

tnote that H'* exists since the union of timed alternating simulations is still a timed alternating simulation
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3.2 Logical characterization of timed alternating simulation

In this subsection, we give a logical characterization of timed alternating simulation for a
given player o € {0,1} in terms of the fragment o-TAMTL}, of TAMTL".

THEOREM 12. Let A and B be two TG over (Acty, Act1) and o € {0,1}. Then, A <, B if
and only if for every o-TAMTL}, formula ¢, A = ¢ implies B |= ¢. Hence, A <, B if and

only if for every o-TAMTL}, formula ¢, B |= ¢ implies A |= ¢.

Sketched proof. For the direct implication (=), it suffices to show that for all path formu-
las 1 and state formulas ¢ of c-TAMTL}, the following holds: if H is a timed alternating
simulation for player ¢ from A to B, then
1. forall (s4,s8) € H, (A,s4) = ¢ implies (B,sp) = ¢.
2. for all infinite runs 7t 4 of A and 7tg of B s.t. H(7t4, 7mg) and trace(rty) = trace(mp),
(A, 7a) [= ¢ implies (B, 7tg) = ¢.
The proof is by induction on the structure of formulas. The non-trivial case is that of state
formulas of the form ((c))y (recall that ((c)). is a derivate operator in c~-TAMTL}). Assume
that (s4,s3) € Hand (A,s4) = ((¢))¢. Thus, there is a strategy f 4 of player ¢ in A such
that for each outcome 714 of f4 from s, (A, m4) = . Since (s4,53) € H, by Lemma 5,
there is a strategy fz of player ¢ in B such that for each outcome 73 of fz from sp, there is
an outcome 774 of f4 from s 4 so that H(7r 4, mp) and trace(74) = trace(ng). By ind. hyp.,
Property 2 holds for the path formula ¢. Hence, evidently, the result follows.
For the converse implication (<) of the theorem, assume that A A, B. Assume that
o0 = 0 (the other case being symmetric). We need to prove that for some 0-TAMTL}, for-
mula ¢, A = ¢ and B [~ ¢. Consider the turn-based 0-simulation game Gy between
the antagonist and the protagonist at the beginning of Section 3. By the results of Sub-
section 3.1 we can assume that the timestamps chosen by the antagonist are in the finite set
Times(s 4,55), where (s4,s3) is the main current position of the game. It follows that Gy
is finitely-branching. Since A 2o B, the antagonist has a winning strategy f starting from
(sg!,s5), where sg! (resp., s5) is the initial state of A (resp., B) whose clock-values are rational.
Hence, the strategy-tree T of f from (sg!,sB) is finite, and (by def. of Times) the timestamps
of the moves along the edges of Ty are rational. We claim that for each node x, of Ty labeled
by a main position p = (s4,s8) € S4 x Sp, there is a 0-TAMTL}, formula ¢, (whose unique
temporal modality is () such that (A,s4) |= ¢, and (B,sg) [~ ¢,. Hence, the result fol-
lows. The proof is by induction on the height of the subtree of T rooted at node x,. By con-
struction, x, has exactly one child, say x;,, and the edge from x, to x;g corresponds to a move
m% = (t,a,0 1) for player 0 in Mov 4(0,s4) with t € Times(s4,sg) C Qo chosen by the an-
tagonist in Step 1 on page 6. Moreover, the edges from x; toits childrenyy, ..., yy, if any, cor-
respond to all and only the matching moves m% = (t,a,63) € Movg(0,sp) of m% for player
0 in B from sg. If n = 0 (base case), there is no such a matching move. In this case, the 0-
TAMTL}, formula ¢, satisfying the claim is ¢, = ((0)) (\/beACt% Vieqony((a,=1t),(b,>0),x)).
Now, assume that n > 1. By construction, for each 1 < i < n, y; has a unique
child y; and the edge from y; to y! is associated with some move (#,b,0;) € Movg(1,sp)
(depending on i) with t' € Times(s4,s5) C Qx>0 chosen by the antagonist in Step 3 on
page 6. Moreover, the edges from y/ to its children z;4,...,z;,, represent all and only the
possible matching moves (t,b,6';) € Mov4(1,s4) (for player 1 in A from s 4) of the move

9
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(t',b,03) € Movg(1,s5). Assume that for each 1 < i < n, m; > 1, i.e. y; is not a leaf (the
other case being simpler). By construction, for each 1 < I < m;, z;; has a unique child Zg,l'
which is labeled by a main position in S 4 x Sp, and the edge from z;, to z;, corresponds to
a choice ¥ = 0,1 of the antagonist in Step 5 on page 6. We distinguish two cases:

e J1 <i<n. V1<I<m;:theedgefromz;; to Zg,l is associated with the choice xk = 1;

e V1 <i<n. 31 <I<m: theedge fromz;; to Z;,l is associated with the choice x = 0.
Here, we focus on the first case. Let m}; = (#,b,6);) € Movg(1,s3) be the move associated
with the edge from y; to i}, where t' € Q>0, and wg = Nextg(sp, m}g) By construction, # <t
and the nodes z,,...,z, are labeled by positions (w}, ws), ..., (w'),ws), respectively,
where wY, ..., w")" are the states of A obtained from s 4 applying all and only the matching
moves (t,b,6,) € Mov(1,54) of mi. By ind. hyp. for each 1 < I < m;, there is a 0-TAMTL},
formula ¢; s.t. (A, w!y) = ¢y and (B, wp) K= ¢;. Let ¢, be the 0-TAMTL} formula given by

OV V (@=0,20,1) A ({@=1),0,=)1) = O V... V ¢u))}
c€Act! k€{0,1}

Evidently, (A,s4) = ¢,. Moreover, (B,s3) [~ ¢y, since for every strategy of player 0 in B

which initially selects from sz a move of the form (¢, 4, ), there is an outcome from sp of the

form 7w = sg, ((t,a,9),(t,b,6p),1), wp, ..., where by hypothesis wp = (¢1 V ... V ¢p,). A

full proof of the converse implication of the theorem can be found in Appendix E.

4 Model checking TG against TAMTL

Fix a TG A;, over (Acty, Act;) and a TAMTL formula ¢. Let X 4, be the set of clocks of Aj,.
By [3], w.lL.o.g. we can assume that the constants occurring in ¢ (i.e., the constants in the
multi-action constraints of ¢ and the finite bounds in the intervals of the constrained tem-
poral operators of ¢) are natural numbers. Moreover, we can assume that .4;, uses a clock
X4iv, Which is reset whenever the constraint x4, > 1 holds. Let x,, be a clock notin X 4, , and
Abe the TG obtained from A;, by simply adding the special clock x, (note that x, is never
used by A). Let Kyx be the largest constant occurring in A and ¢. We denote by Reg ,
(resp., Reg ,) the finite set of equivalences classes of the region equivalence on the set Sy,
(resp., S) of states of A;;, (resp., A) w.r.t. the constant K,y [3], which is defined similarly to
the set Reg 43 in Subsection 3.1. We show that checking whether A;, = ¢ (model-checking
problem) can be reduced to solving finite-state games w.r.t. regular objectives. For this, we
associate to .A two finite-state games which abstract away from precise time information.

Let R € Reg 4. An abstract time-successor of R is a region R’ € Reg 4 such that there is
(q,v) € Rsothat (q,v+1t) € R for some t € R>(, and we write R < R’. By [3], the previous
condition is independent on what representative is chosen in R. Moreover, if R’ and R” are
two abstract time-successors of R, then either R" < R” or R” < R'. For a region R, the set of
abstract moves available to player ¢ in R, written Mov‘jfs (0, R), is the set of triples (R',a,6) €
Regq x Act} x A, suchthat R < R, 6 = (q,a,¢,Y,q), q is the location associated with R/,
and g holds in R'. Given m = (R',a,6) € Mov‘ﬁ’s(a, R) withé = (q,4,8,Y,q'), we denote by
Next**(R, m) the unique region R” such that there is (g,v) € R’ so that (g,v[Y := 0]) € R”.
By [3], the previous condition is independent on what representative is chosen in R’.

Let o € {0,1}. The finite-state turn-based two-player game A% = (P, = PY U P17, E,)
is defined as follows: P = Reg4 x {0,1} is the set of states (or positions) for player o,
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P17 = {(R,m,I) | R € Reg4, m € Mov"*(c,R), and I € {0,1}} is the set of positions for
player 1 — ¢, and E, C (P x P}=7) U (P17 x PY) consists of following edges:
e (R,1) — (R,m,I) forall R € Reg 4, m € Mov"*(c,R),and | € {0,1};
o (R, <R1,E[, 51>,l) - (R/, l,) iff E|<R2, b, 52> S MOU%S(l —0, R) s.t. either I’ = ag, R] S Rz,
and R’ = Nextﬁ’s(R, (Ry,a,61)),0orl’=1—0,Ry < Ry,and R’ = Nextffs(R, (Ry,b,67)).
Note that E, is total in its first argument. A strategy for player ¢ in A% is a function
f:P*-PY — Pl=7 such that for each 7 = 7/, p € P} - P, p — f(m) is an edge of A%*. For
each p € Py, the set Outcomes s (0, p, f) of infinite outcomes of f from p is defined in the usual
way. For a finite set of propositions Prop, a labeling function L : P, — 277, a standard LTL
formula ¢ over Prop, and position p € P,, we say that the strategy f is winning in p w.r.t. L
and the objective ¢ if for each outcome pog, p1,... € Outcomes g (o,p,f), L(po), L(p1),---
satisfies ¢. The following two lemmata (whose proofs are in Appendix) show the connection
between the strategies of player ¢ in A and the strategies of player o in A%*.

LEMMA 13. Let o € {0,1}, f be a strategy of player ¢ in A, Ry € Reg 4, and sy € Ro. Then,
there is a strategy f,,s of player o in A% such that for each path 71,,s = (Ro,0), po, (R1,01), p1,
(Ry,02) ... € OutcomesAgbs(U, (Ro,0), faps), there exists a run 7t € Outcomes 4(c, so, f) of the
form 7t = sg, (m%,m}, 1), s1, (m3, ml, 0n), ... so that foreachh > 1, s, € Ry,.

LEMMA 14. Leto € {0,1} and fus be a strategy of player o in A%, and Ry € Reg 4. Then,
there is a strategy f of player ¢ in A s.t. for each T = sy, (m(l),m%,ﬁ%sh (mg, m%,@), ... €
Outcomes 4(c, so, f) with sy € R, there is T, € OutcomesAgbs((T, (Ro,0), faps) of the form
Taps = (Ro,0), po, (R1,01), p1, (Ra,02) . .. so that for eachh > 1, s, € Ry,.

THEOREM 15. The set of states s;, of A;, such that (A;,,siy) = ¢ is a union of regions in
Reg 4, , and its (region) representation can be computed in exponential time. Hence, model
checking TG against TAMTL is in EXPTIME.

PROOF.  We prove by induction on the structure of the formulas that the result holds for
each state subformula ¢ of ¢. Here, we illustrate the case in which ¢ = ((7) )r.(¢1 U; ¢2) for
some 0 € {0,1} (the other cases are similar or simpler, and are detailed in Appendix G).
For s € Sy, we denote by Proj(s) the associated state in S 4,,. Let S 4[x, := 0] be the set of
states in S 4 such that the value of clock x, is 0. Note that for each s € S 4, (A, s) |= ¢ iff
(Ajn, Proj(s)) = ¢. By ind. hyp. it follows that for each i = 1,2, the set of states s € S4
such that (A, s) |= ¢; is a union of regions in Reg , whose representation can be computed
in exponential time. Evidently, it suffices to show that the last condition continues to hold
for the set of states s in S 4[x, := 0] such that (A,s) = ((¢))r(¢1Us ¢2). Note that by the
previous observations, for each sy € Sy[xy := 0], (A,50) = ((0))re(P1Us ¢p2) iff there is
a strategy f of player ¢ in A such that for each 7 = so, (m?, ml,01),s1, (m3, ml, 0n),... €
Outcomes 4(c, so, f), the associate sequence Reg(so), 01, Reg(s1), 02, . .., where Reg(s]-) is the
region of s;, satisfies the following: either (1) for infinitely many j > 0, Reg(s;) satisfies the
constraint x4;, > 1, and there is k > 0 such that Reg(sy) satisfies ¢ and the constraint Xy €1,
and Reg(s),) satisfies ¢; for each 0 < h < k, or (2) there is k > 0 such that for each j > k,
o; # 0 and Reg(s;) satisfies x4;, < 1. Let L : Py — {pg,, Py, (Xaio > 1), (xy € I),0,1} be the

labeling of A% defined in the obvious way. Then, by Lemmata 13 and 14, for all regions
Ry € Reg 4 satisfying x, = 0 and sy € Ry, it holds that (A,so) = ((0))re(¢1 Us ¢2) iff there

11
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is a winning strategy f,;s of player ¢ in A% in position (Ro,0) w.r.t. the labeling L and the

LTL objective: [00(xsio = 1) A (P Ulpps A (xp € D] V [0 O(~ (ko = 1) A (1 =)
Since LTL finite-state games for a fixed LTL formula can be solved in polynomial time

[19] and since the size of Af;bs is exponential in the size of A;;,, the result follows. i
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Appendix

A Reasonable strategies

Fix a TG A over (Acty, Act1) and 0 € {0,1}. Recall that Blameless, is the set of infinite
runs 7w = so, (m%,m},01), s1, (m3, mi,0n), sy, ... of A such that there is k > 1 so that for
all j > k, 0; = 1 — 0. Moreover, a strategy f, for player ¢ is reasonable in a state s iff for

all runs 7t € Outcomes 4(0, s, fr), either 7t is divergent or 7t € Blameless,. Let Blameless, be
the set of infinite runs 7 = s, (m?,m%,aﬁ, s1, (mg, mi, o), sz, ... with m§ = (té, a}, (5]1) (for
allj > 1and ! € {0,1}) such that there is k > 1 so that for all j > k, either t}’ > t}"’ or

—_—

Next 4(sj-1, m;’) # s;. Note that Blameless, C Blameless,, but the vice versa in general does
not hold. We say that a strategy f, for player o is strongly reasonable in a state s iff for all runs

7t € Outcomes (0, s, fr), either 7t is divergent or 7t € Blameless,. The notion of reasonable
strategy given in [9] corresponds to that of strongly reasonable strategy given here.

PROPOSITION 16. Let f, be a strategy of player ¢ in A and s be a state of A. Then, f; is
reasonable in s iff f, is strongly reasonable ins.

—_—

PROOF. Since Blameless, C Blameless,, if f, is strongly reasonable in s, then f; is rea-
sonable in s as well. Now, assume that f, is not strongly reasonable in s. We need to
show that f, is not reasonable in s. By hypothesis, there must be a non-divergent run
7t € Outcomes 4(0,s, fy) of the form 7T = s, <m[1),m%,(71>, s1, (mg, ml, ), sz, ... with mé- =
(t},aé,é}) forallj > 1and! € {0,1} s.t. thesetL = {j > 1| t] < t}_” A NextA(s]-,l,m;T) =
sj} is infinite. Let 7r’ obtained from 7t by replacing for each j € L, ¢; with ¢. Evidently, 7/
is still a non-divergent run in Outcomes 4(o, s, f,). Moreover, 7’ ¢ Blameless,. Hence, f,

cannot be reasonable in s.

B Proof of Lemma5

Let C be a TG. For a finite run 7w = so, (m,ml, 01), s1, (m3, m}, 02), so, ..., s of C, the length
of 7t is k. For a strategy f, of player ¢ € {0,1}, state s in C, and k > 0, Outcomesf(a, S, fo)
denotes the set of finite runs 7t of C starting from s of length k such that 7t is the prefix of
some run in Outcomesc (0, s, fr). Now, we prove Lemma 5.

Lemma 5. Let H be a timed alternating simulation for player o € {0,1} from A to BB. Then, for all
(sa,s8) € H and strategy fa of player o in A, there exists a strategy fg of player o in 3 such that
for every run 1t € Outcomesp(0,sg, f), there exists a run 7w 4 € Outcomes o(0,s4, f4) so that
H(7t g, 7t3) and trace(my) = trace(mtp).

PROOF.  Fix (s4,s8) € H and a strategy f 4 of player o in A. We claim the following.

Claim: There exists a strategy fp of player ¢ in B such that there is a sequence (Fy)xen
of functions F; : Outcomes? (0, sg, fg) — Outcomesi*(c, 5.4, f.4) so that for each k > 0, the
following holds:
1. for each 7w € OutcomesP (¢,sp, f5), trace(Fi (7)) = trace(rr) and H(Fy(7), 7). Further-
more, if k > 0 and 7 = 7, (mg, my,1),s, then F(7r) = F_1(7’), (mg, m}, 1), s’ for some
state s’ and moves m(, and m} of A.

13
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First, we show that the lemma follows from the claim, and then we prove the claim. Let
fn be a strategy of player ¢ in B satisfying the claim, and 7tz € Outcomesp(0o,sg, fg). More-
over, let (Fy)ren be as in the statement of the claim, and for each k > 0, 13k be the prefix
of 715 of length k, and 745 = Fi(7tgy). By the claim above, 74, € Outcomesi'(v,54, f4),
trace(rt ) = trace(mpy), H(mak 7ak), and Tari1 = 7Tak, (Mo, my, 1), s for some state s,
I € {0,1}, and moves myg, m; of A. Hence, evidently, (77 4x)ren represents an (infinite) run
in Outcomes 4(0,s 4, f4) satisfying the lemma. Now, we prove the claim above.

Proof of the claim: the strategy fz is defined by induction on the length 7 of the finite runs of
B staring from sg. Let n > 0. Since Outcomes® (o, sp, f) for any strategy f is independent on
the values assumed by f over the finite runs of length equal or greater then 11, we can assume
that the set Outcomes® (¢, s, fz) is already given (note that Outcomesy (0, sg, fg) = {s5})
and there is a function F, : Outcomes’ (,sg, fg) — Outcomes; (0,54, f.4) satisfying Condi-
tion 1 in the claim for k = n (note that since the function F is independent on the specific
strategy, and since (s4,53) € H, for k = 0, Condition 1 in the claim trivially holds). Let
7t € Outcomes® (0, s, fz). Then, f(7) is defined as follows. Let us consider the finite run
F.(7r) € Outcomes;,' (0,54, f4). We have that trace(F, (7)) = trace(rt) and H(F, (), 7). Let
mp = (t,a,6,4) = fa(F,(7)). Since (last(F,(7)),last(rr)) € H and H is an alternating timed
simulation for player o from A to B, there must exist a matching move m? = (t,a,65) €

Movg (0, last(7r)) such that for every move m¥ = (¥,b,0%) € Movg(1 — o, last(7)), there
is a matching move mj* . = (¥,b,8"y) € Mov (1 — o,last(F,(r))) so that for all i = 0,1

with mA € [DM(mgt, m{b),
(NextA(last(Fn(n)),m;‘l),Nextlg(last(rc),m?)) €H

We set f5(71) = mB. At this point, we can assume that also Outcomes? | (, s, f5) is already
given. It remains to show that there is a function F,; satisfying Condition 1 in the Claim
(for k = n + 1). The function F,, 4 is defined as follows. Let 71,1 € Outcomesfﬂ(a, sB, [B)-
Hence, 71,41 = 71, {mg,my,1),s, where 7t € Outcomes5(c, sg, fg), mo = (to,a0,00), my =
(t1,a1,61),1 € {0,1}, and m; € [DM(myg, my). By construction fa(F,(7)) = m), with m), =
(ty, as,08)) for some transition ¢/, of A, and there are two cases:
e t1_, > tyand | = 0. By construction (Next 4(last(F,(m)), m! ), Nextg(last(r), my)) €
H and there is a move m}_, = (hi—¢,41-¢,01_,) € Mov4(1 — o, last(F,(7))) match-
ing the move m;_, in B. Since Nextg(last(r), my) = last(71,11), we obtain that 77), | =
F, (), (mj, my, o), Next g(last(F,(7)), m,) is a finite run in Outcomes,’fﬂ (0,54, fa) with
trace(r,, ;) = trace(m,41) and H(7,_ 4, y41). In this case, we set F,, 1 (7Tp41) = 7T, 4.
e tj_, < trand ! =1 — o. By construction there is a move m}_, = (a1-¢,t1-¢,0]_,) €
Mov 4(1— o0, last(F,(7))) matching the move mq_, of Bs.t. (Next 4(last(F, (7)), m}_,),
Nextp(last(rr),mi_,)) € H. Since Nextg(last(m), mi_y) = last(m,41), it follows that
.1 = Fu(m), (my, m}, 1 — o), Next 4(last(F, (7)), m;_,) is in Outcomes;\ 1 (0,54, f4)
with trace(r,, ;) = trace(rt,41) and H(7), 4, 7, 41). We set Fy 1 (71541) = 71,4

Evidently, F, 1 satisfies Condition 1 in the claim. This concludes the proof of the claim. i

C Proof of Lemma 8

Recall that for the two fixed comparable TG A and B over (Acty, Act1), Kyax denotes the
largest constant occurring in the clock constraints of A and B, and for (s 4,sp) € S4 X Sp,
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Times(s4,58) =10,..., Kpax +1—min(sy,sp)} U
{h—7li=1,...,nandh =1,...,Kyax — min(sy,sg)} U
{h— %(Ti—kTiH) |i=0,...,nandh=1,...,Kyax —min(s4,sp)}

where p = 0, 7,41 = 1, m < » < ... < T, denote the fractional parts of the val-
ues ti,...,t, of the clocks in (s4,sg) that are not greater than Ky, and min(s4,sp) =
min{|t1],..., [tn], Kmax }- In the following, for edge of A (resp., B), we mean an edge of the
associated LTS. Moreover, for distinguishing between edges of A and B, we use the sub-
script A (resp., B) on the source and target states of edges of A (resp., B). Thus, for example,

ta,é ta,é
sa =2 u 4 denotes an edge of A and sp 22, upg denotes an edge of B.

Recall that the equivalence relation ~ 45 is defined over S 4 x Sp, and Reg 45 denotes
the set of its equivalence classes. However, ~ 43 can be obviously extended to all the pairs
((ga,v4), (gB,vB)) notin S x Sp such that g 4 (resp., gp) is a location of A (resp., B) and
v 4 (resp., vp) is a valuation of A (resp., B), i.e. pairs in which the valuations may not sat-
isfy the invariants of the associated locations. Note that the regions in Reg 4z continue
to be equivalence classes of this extension. In order to prove Lemma 8, we need two pre-
liminary results. The first one is given by the following proposition, which corresponds to
classical results on timed automata [3], where for t > 0 and ((94,v4), (98,v8)) € Sa X Sz,
((ga,v4), (gB,vB)) + t denotes the pair ((g4,v4 +t),(q8,v5 + t)) (Which may not be in
S A X SB)

PROPOSITION 17. Let (54,58) +t = 45 (s, s3) +t'. Then,
. ta,6 t.a,6
o ifsq 25 uy, thens', LN u'y for someu’y € S 4;

. ta,6 ta,0
o ifsg —2 up, then S RN uy for some uy € Sp;
. t,a,é , tad t,b,0' t'bes ’ ’
o ifsy ~>uy, s’y = u'y, s —— up, and sy ——— uy, then (u 4, up) ~A|IB (u'y,ug).
The second preliminary result is represented by the following lemma.

LEMMA 18. Let (s4,58) ~ |8 (5'4,53). Then, for each t; > 0, there is t; € Times(s'y,s})
such that (s 4,5p) +t1 =45 (s)4,53) + t2 and: for eacht < t; (resp., t > t1), thereist' < t
(resp., t' > tp) such that t' € Times(s'y,sp) and (s4,s8) +t = 45 (8'4,55) +1'.

PROOF.  Let xq,...,x, be the clocks in X4 U Xg whose values ry,...,r, in (s4,5p) are
not greater than Kj,,x. Assume w.l.o.g. that the fractional parts 7,..., 7, of r1,...,7, are
in ascending order, i.e. 731 < T» < ... < T,. Since (s4,5B) ~A|IB (514,5%), it follows that
X1,...,%y are all and only the clocks in X 4 U X5 whose values 7/, ..., r, in (s/y,s}) are not
greater than K,;,. Moreover, |r!] = |r;| for each 1 < i < n, and the fractional parts
T,..., Ty of ...,y satisfy: 7 <1 < ... <1, (7] = 1/, iff 7 = 1;41) and (77 = 0 iff
7; = 0) for any i. Moreover, min(s 4,55) = min(s'y,sp).

Let Times(s4,sp) = {d1,...,dp,dpy1} withdy < dy < ... < dp;1. Note thatd; = 0,
dp = Kypax —min(s4,55),and d, 11 = Kygx — min(s 4,sp) + 1. First, we show the following.

Claim 1: Times(s'y,sp) = {d’,...,d;,d’pJrl
1<i<p+1, (sa,88) +4d; ~A|B (814,5;3) —I—d;.

Claim 2: for each t > 0 such thatd; 1 < t < d; withi < p, there is d € {d;_1,d;} such
that (s4,s5) + ¢t ~A|IB (s4,sB) + d. Moreover, for each ' such thatd; | < t' < d;, (s4,s8) +

~ s (54,58) + 1.

} withdy <dj <... <d,,,. Moreover, for each
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Claim 1 easily follows from def. of Times. Now, we prove Claim 2, Let t > 0 such
thatd;, 1 < t < d; withi < p (hence, d; < Kyax — min(s4,sp)). Let h = |t]|. By def. of
Times(s_4,5p), one of the following two cases occurs, where 1) = 0 and 7,41 = 1:

o thereis0 </ < n+1suchthatd; = (1—5)+handd; = (1— (g +71)) +h
Note that 7; < 7741 (otherwise, d; = d;_1).

o thereis0 < I < n+1suchthatd; ; = (1—-7)+handd; = (1—-1(g+7.1)) +h
Note that 1;_; < 7 (otherwise, d; = d;_1).

In the first case, we set d = d;_1, and in the second case we set d = d;. It easily follows
that for each t' such thatd; 1 < t' < d;, (sa,sp) +t' =45 (s4,58) +d. Hence, Claim 2
follows. Now, by using Claims 1 and 2, we prove the lemma. Fix t; > 0. We distinguish
two cases:

o t1 < Kyax —min(s4,sp) = dp. Assume that t; ¢ Times(s 4,5p) (the other case being
simpler). Then, thereis 0 < i < p such thatd; ; < t; < d;. By Claim 2, for some
d € {di_1,d;}, (sa,58) +t ~y 5 (54,88) +d. Ifd = d; 1, wesetty = d;_;: otherwise,
we set t; = dj. By Claim 1, we obtain (s4,sp) +t1 ~ 45 (5'4,53) + t2. Now, let
t < t; (resp., t > t1). We need to show that there is t' < t; (resp., t' > t) with t’ €
Times(s'y, sp) such that (s 4,8p) +t ~ 45 (8'4,53) +t'. We focus on the case t < t; (the
other case t > t; being similar). Let t < #;. First, assume that d;,_; < t < d;. Then, by
Claim 2, (s4,s8) + ¢ ~ 4B (s4,8B) + t1. Thus, in this case we set t' = t,. Now, assume
thatt < d; ;. Ift = d; for some j < i —1, then we set t = d} (note that t' < t,), and
the result follows from Claim 1. Otherwise, thereis j < i —1such thatd; | <t <d;.
By Claim 2, there is r € {d,;_y,d;} such that (s4,sp) + ¢ ~A|IB (s4,58) + 7. Then, we
sett! =d/_,ifr=d;_j,andr = d;- otherwise. Note that ' < t,. Thus, by Claim 1, the
result follows.

o t1 > Kyax — min(sy,sp). We set t; = d;H = Kyax — min(s,sg) + 1. Evidently,
(s4,88) + t1 ~A|B (s'4,85) + 2. Now, let t < t1 (resp., t > t1). We need to show
that there is t' < t; (resp., t' > t;) with ' € Times(s',sp) such that (s4,sg) + ¢ ~ 4B
(s'4,85) + 1. Assume that t < t; (the other case t > t; being similar). If ¢ < d), then
we proceed as in the previous case. Otherwise, t > Kyox — min(s4,sg). In this case,
we set t' = t5, and the result follows.

This concludes the proof of the lemma. |

Now, we can prove Lemma 8.

Lemma 8. Let I' C Reg 45 e a set of regions and R € T such that R is good in I w.r.t. player
o € {0,1}. Then, the following holds for each (s 4,s3) € R:
o for each move mA = (t,a,84) € Mov4(,54), there is a matching move mB = (t,a,d5) €

Movg (o, sp) such that for every move mf = (¥,b,8);) € Movg(l — o,sp), there is a
matching move mi* . = (¥,b,8"y) € Movs(1— 0,54) so that for all i = 0,1 with m# €

JDM(mgt, mi"), (Next o(s 4, m), Nextg(sg, mP)) € R; for some R; € T.
PROOF. Let R € I such that R is good in I w.r.t. player ¢. Evidently, it suffices to show
the following:
Claim: for each (s4,s5) € R and edge s4 huada, u4 of A from sy witha € Act}, there is a
matching edge s hals, up in B from sp for some ug € S and transition dg of B so that:

1. foreacht > t;and b € Actf_g, if sp LN wpg, then (uy,up) € R with R' € T;
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2. foreacht > 0and b € Act‘1 -~ ifsp LN wpg, then s 4 RN w 4 such that if t < t1, then
(wy,wg) € R" with R” € T.

Fix (s4,s8) € R and an edge s 4 hiada, u 4 of A from sy witha € Act}. Since Ris good in T

w.rt. player o, there is (s, s) € R (hence, (s4,s8) ~ 4|5 (5'4,53)) such that (s'y, s};) satisfies

Condition 1 in Definition 7 of goodness. By Lemma 18, there is t, € Times(s',sp) such that:

(A) (sa,88)+H ~A|B (s'4,85) + tr and: for each t < t; (resp., t > t;), thereis t' < t; (resp.,
t' > ty) with t' € Times(s'y, sj3) such that (s4,5p) +t = 45 (54, 53) +1'.

Since s 4 LLLEN ugand (s4,sp) +t ~ 45 (84, 53) + t2 (Property A), by Proposition 17,

ta,6 . , - .
s’y 24 !, for some A-state u'. Since t € Times(s'y, ) and (', ;) satisfies Condition 1

4,6 .
in Definition 7 of goodness, there must be a matching edge sj L0, Uy in B from s; so that

the following holds:

(B) foreacht > t, with t € Times(s'y,s};) and b € Acti-
for some R’ € T;

b5

1o, if sp = wy, then (v, up) € R’

(O) for each t € Times(s'y,sp) and b € Act‘1 o if 833 LLLN w', then s’y N w'y such that if

t < tp, then (w'y, w};) € R” for some R” € T.

. a8
Since (s4,88) +t1 =5 (s/4,5p) +t2 and sj3 = LN uz, by Proposition 17, there is a B-state
a,6 A,
ug such that sg hads, up. Now, we show that for the edge sy —— hueds, up (matching the edge

t,a,0 .
SA N 4), Conditions 1 and 2 in the claim are satisfied:

e Condition 1 of the claim: assume that s LN wg for somet > t;and b € Actli_ -
We need to show that (14, up) € R’ for some R’ € T. By Property A, there is t' > t,
such that t' € Times(s'y,s}3) and (s4,88) +t ~ 45 (s/4,53) +t'. By Proposition 17 it

(22N
follows that sj; < w}; for some state w); € Sp. Since ' > t and ' € Times(s'y,sy),
t,a,0 a0
by Property B, (u'y,up) € R’ for some R" € T. Since s4 A g, ' faala, u'y,
/ t2,,05 / t1,4,05

S —— Up, s —— ug, and (s4,s8) + t1 ~A|B (s'4,8%) + t2, by Proposition 17, it
follows that (14, up) = 4 (44, up), hence (u4,up) € R' and the result holds.

eys . b0 . .
e Condition 2 of the claim: assume that sp 1o, wg withb € Actlﬁ »and arbitrary t > 0,

wp € Sp, and transition 6 of B. We need to show that there is a matching edge s 4 LN
w4 in A from s 4 such that (w4, wg) € R” for some R” € Tif t < t;. By Property A,
there is t' € Times(s'y,sy) such that (s4,sp) +t ~yp (s'y,53) +t and t' < ty if

t < t;. By Proposition 17 it follows that s}g LR w); for some state wy; € Sp. Thus, by

Property C, there is a matching edge s/ LI, ', in A from s', such that (w'y, wy) €
"with R” € T if t' < tp. Since (s4,58) +t ~ 45 (s)4,5p) +t', by Proposition 17,

tb,o .
s4 —— wy for some state w 4. Now, we show that (w4, wp) € R" if t+ < t1, hence

the result follows. Assume that t < t;. Then, ' < t; and (w'y, wy) € R”. Since

bb,o , ths ., ., the 1b,o’ N , ,
S~ Wpg, Sy —— Wy, 'y ——— W'y, s4 —— w4, and (sA,sB)—i—tNAHB (sy,85) +1,

by Proposition 17, we obtain that (w4, wg) = 45 (w4, wy), hence (w4, wp) € R” and
the result holds.
|
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D Lower bound for timed alternating simulation

Fori = 1,2, let 7; be a TT over Act with set of states S;. A timed simulation from T; to 7T
is a relation H C S; X Sy such that for each (si,s2) € H, the following holds: for each

edge s1 tak, sy in [71] from s1, there is a matching edge s> tasa, sh in [7] from s; so that
(s1,85) € H. For (s1,52) € S1 X Sy, we say that sy in Ty is timed simulated by s, in 7T, iff there is
a timed simulation H from 77 to 7; such that (s1,s2) € H. The following known result has
been proved in [14].

PROPOSITION 19.[14] Fori = 1,2, let T; be a TT on Act (possibly, without invariants)¥
and s; be a state of T;. Then, checking whether s; in 7y is timed simulated by s, in 7T, is
EXPTIME-hard.

Now, we can prove the desired result.

THEOREM 20. Given two comparable TG A and B and player o € {0,1}, the problem of
checking whether A <, B is EXPTIME-hard.

PROOF. By Proposition 19, it suffices to show that checking timed simulation between
TT without invariants can be reduced in polynomial time to checking timed alternating
simulation between TG. Fix ¢ € {0,1}. Let 71 and 7; be two TT over Act without invariants,
s1 be a state of 77 and s, be a state of 7. We construct in linear time two TG B; and B, such
that sy in 77 is timed simulated by s, in 75 iff 31 <, B,. Hence, the result follows.

Assume that ¢ = 0 (the other case is similar). Then, By = (7/,s1, Act, {b}) and B, =
(7,52, Act, {b}) such that b ¢ Act is the unique non-null action of player 1, and for each
i = 1,2, denoted by g1 a new location whose invariant is true, 7. is obtained from 7; by
adding for each its location ¢, the transition (g, b, true, @, qr). Now, we prove correctness of
the construction.

Claim: s; in 7; is timed simulated by s, in 7; iff B; < Bs.

Proof of the Claim For each i = 1,2, let S; be the set of states of 7;. For a state s; = (g;,v;) of
7;, we denote by s; + t the pair (g;, v; + t) (note that since 7; has no invariants, s; + ¢ is still
a state of 7;). We prove the direct implication (=) of the claim (the converse implication
being simpler). Assume that s in 7; is timed simulated by s; in 7. Thus, there is a timed
simulation H C S1 x S, from 7; to 7 such that (s1,s2) € H. Let H' be obtained from H by
adding all the pairs ((qr,v1), (97, v2)) such that v; (resp., v7) is a clock valuation over the set
of 7;-clocks. Note that by construction, for i = 1,2, (g1, v;) is a state of B;. We show that H’
is a timed alternating simulation for player 0 from B; to B,. Hence, the result follows. First,
we observe that since 7; and 7, have no invariants, if (s},s5) € H, then (s} +t,s,+t) € H
for each t > 0. Let (s],55) € H' and s} Las, s{ be an edge of [7]] witha € ActU {L}.

L . ta,0 .
Assume that a € Act (the other case being similar). By construction, s} 4, s{ is also an

. . 41,0, .
edge of [71] and (s,s,) € H. We need to show that there is a matching edge s, Lada, sy in

[7)] such that

1. for each edge in [7;]] of the form s/, L, 5, with ¢ € {b, L}, there is a matching edge

"ed1 . ) SN .
s1 LN §1 from s} in [7}] so that if ' < ¢, then (51,5,) € H', and if ' > ¢, then

tin the sense that the invariant assigns to each location the true clock constraint
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(sh,5) € H.

Since (s},s5) € H, s} Lok, s{ is an edge of [71], and H is a timed simulation from
Ty to 7, there must be a matching edge s} AN sy in [7,] (that is also an edge of [7,])
such that (s{,s)) € H C H'. By construction, for each t' > 0,i = 1,2, and ¢ € {b, L},

st - res — st 4+t is an edge of [ 7] for some transition J, and if s/ LIS S; is an edge of [7/],

then 5, 5; = si +t'. Since (s} + 1, 52 +t') € H C H’ for each ¢ > 0, it follows that for the

matching edge s} ) b, gn sy fs1 Las, s{, Condition 1 above holds. Hence, the result follows.

E Full proof of the converse implication in Theorem 12

In order to prove the converse implication in Theorem 12, we need additional results. Fix
two comparable TG A and B over (Acty, Act;) with initial states 594 and 5%, respectively. Let
S (resp., Sp) be the set of states of A (resp., B).

LEMMA 21. For each playerc € {0,1}, A <, B iff there is a relation H C S 4 x Sp such that
(sY%,s%) € H and for each (s 4,s5) € H, the following holds:

. foreverymovem = (t,a,04) € Movy(c,s4) witht € szes(sA,slg) there is a match-
B _

ing move m% = (t,a,6p) € Movg(v,sg) such that for every move mf = (,b,6};) €
Movg(1 -0, sB) with t' € Times(s 4,55), there is a matching movem{ = (¥,b, (5A)

Mov (1 —0,s4) so that foralli = 0,1 with m# € J]DM(mg', m{'),

(Nexta(sa, mi'), Next(sg,mf’)) € H

PROOF. Fix ¢ € {0,1}. The direct implication is obvious. Now, let us consider the
converse implication. Assume that there is H C S 4 X Sp satisfying the statement of the
lemma. We need to show that A <, B. Let Yy C Reg 45 be the set of regions R such that
RN H # @. By hypothesis and Definition 7 of goodness in Subsection 3.1, it follows that
for each R € Yy, R is good in Yy w.r.t. player o. Hence, Yy is a fixpoint of the operator
O, defined in Subsection 3.1. By Corollary 10, it follows that H = | reyy R is an alternating

timed simulation for player ¢ from A to B. Since H D Hand (594, S%) € H, we are done. i

Let 0 € {0,1} and consider the following turn-based two-player game, which corre-
sponds to the game between the antagonist and the protagonist at the beginning of Section 3
with the restriction that if (s 4,53) € S4 X Sp is the current main position of the game, then
the timestamps chosen by the antagonist are in the finite set Times(s 4,53). The game pro-
ceeds in rounds as follows. Each round consists of five steps as follows. Assume that the
current main position is (s 4,53). Then:

1. The antagonist chooses t € Times(s4,55) and a move m = (t,a,6,4) € Mov4(c,s4)
of player ¢ in A from s 4 with timestamp ¢, and moves to position p; = (s 4,55, mA).
2. The protagonist from p; chooses a matching move m% = (t,a,65) € Movg(c,sp) of
player o in B from sz and moves to position p» = (s4,55, m;,“, mB).
3. The antagonist from position p, chooses t' € Times(s,sg) and a move m{g_ y =
(t',b,03) € Movp(1 —0,sp) of player 1 — ¢ in BB from s with timestamp ', and moves

to position p3 = <SA,SB; 77134, mf, m{g—ﬁ-
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4. The protagonist from p3 chooses a matching move mj' , = (t,b,0";) € Mov(1 —
o,54) of player 1 — ¢ in A from s 4 and moves to ps = (s 4, 53, {74, ms3, m{g o m{‘ o)

5. The antagonist from position p4 chooses i = 0,1 such that m#* € JDM(mg', m{'), and
moves to position (Next 4(s.4, m#), Nexts(sg, m>)).

If the game proceeds ad 1nf1n1turn then the protagonist wins. Otherwise, the game
reaches a position from which the protagonist cannot choose in steps 2 or 4 above a match-
ing move, and the antagonist wins. By Lemma 21, it easily follows that A <, B iff the pro-
tagonist has a winning strategy starting at the initial position (s§',s¥). Formally the game
between the antagonist and the protagonist, which is a zero sum turn-based two-player
game, is defined as follows. The underlying game-graph G, = (P = Puut U Ppyo, —) is de-
tined as follows. The set P of states (here, called positions) is partitioned into the set P,,;; of
positions available to the antagonist and the set Py, of positions available to the protagonist,

where Py, = Pont UPZ, UP? Ppro = P;m UP3 . and the following holds:

a ant ant’ prot’

= SA X Sp
Paznt = {<SA/SB/ (t,ﬂ,dA), (t,ﬂ,53)> ’ SAESA SBESE tE TimeS(S.A/SB)/
(t,a,64) € Movy(0,s4),and (t,a,6g) € Movg(o,sg)}
4= ({558 (1,8,62), (1,0,08), (F,b,8%), (,b,8,)) | 4 € S, 55 € Sg,
t,t' € Times(s4,s5), (t,a,04) € Movy(c,s4), (t,a,05) € Movg(0,sg)
(t',b,63) € Movg(1l —0,sg),and (¥',b,8"y) € Mov(1 —0,54)}
Ppmt = {(sa,sp,(t,a,04)) | 54 € S, sp € Sp, t € Times(s,s5), and (t,a,64) € Mov(0,54)}
Py = {(sasp (t,a,64), (t,a,ép),(t,b,05)) |sa € Sa, sp € Sp, t,t' € Times(s,55),
(t,a,64) € Mov(c,54),(t,a,68) € Movg(c,sg), and (t,b,05) € Movg(1 —0,s5)}

x PY ) contains all and only the
(labeled) edges of the following form:

(5.4,58) (b (sa,s8,(t,a,64))

(54,58, (£,2,6,4)) B0 (5,58, (,a,60), (1,0,55))

(s.0,5, (t,,6.), (t,0,55)) U (s a5, (1,0,6.0), (1,0,85), (¢, b,55))
(520,56, (,0,6.0), (t,,65), (£,b,85)) 2% (54,55, (1,0,00), (t,0,65), (£, b,8), (£, b,68,))

and for each p051t10n p=(sasB, m{,“, m?, mB m1 s € P? . and for each i = 0,1 such that

1-07
A € IDM(mg!, m{'), the following edge

p 5 (NextA(sA, ) Next(sp, B))

Note that since Times(s_4,sg) is finite for each pair (s4,s3) € S4 X Sp, the number of
successors of each position in G, is finite. A strategy f,,, of the protagonist is a mapping
foro Pyy — P U {F} (F is for undefined) assigning to each sequence m = 7,p €
P* P,[,m leadlng to a position p € Py, an element in P U {} such that (1) if fyr, () #F,
then fp,,(77) is a successor of p in G, and (2) if f,0(7r) =F, then p has no successors in
G- For a position p, the set of outcomes of f,, starting from p is the set of maximal paths
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T = p1,p2,... in G, such that p; = p and for each k < |7|, if py € Py, then pyq =
fpro(p1,-- ., px)- The strategy f,r, is winning for position p € P iff each outcome of f,,, from
p is infinite. A strategy fan: of the antagonist is a mapping faut : P* - Py — P assigning to
each sequence 7 = 17/, p € P* - Py leading to a position p € P,y a position in P such that
fant(77) is a successor of p in G,. Note that the set of successors of each position in P,y is
not empty since for each pair (s4,53) € S4 % Sp, 0 € Times(s 4,5sp). For a position p, the set
of outcomes of f,;; starting from position p is defined similarly to the set of outcomes for
a strategy of the protagonist. The strategy f,,: is winning from position p iff each outcome
of fuut from p is finite. Note that the considered game can be trivially converted into an
“equivalent” infinite finitely-branching turn-based two-player safety game. Since (perfect-
information) turn-based two-player safety games are determined [19], by Lemma 21, we
obtain the following result.

LEMMA 22. If A A, B, then there is a winning strategy of the antagonist from position

(sg!,s5) in the game G,.

Let f,u: be a strategy of the antagonist in the game G, and pg a position in the game.
The strategy-tree T fant, Po) Of fan: starting from py is the finitely-branching tree with nodes
labeled by positions in G, and labeled edges, inductively defined as follows:

e the root is labeled by the initial position py;

o let x, be a node labeled by a position p € Pp,: then, for each successor p’ of p in G,
there is exactly one edge in the tree from x,, to a child x,/ labeled by p'. The label of
this edge coincides with the label of the unique edge of G, from p to p’;

e let x, be anode labeled by a position p € P,s: then, x,, has a unique child v, labeled by
fant(70), where 7T = 7T, p is the sequence of positions labeling the nodes of the partial
path from the root to x;,. The label of the edge from x, to y, coincides with the label
of some edge in G, from p to fuut(77). Note that if p ¢ P2, then there is a unique edge

in G, from p to fane (7). If instead p € P;ntr by construction there may be two edges in
Gy from p to fau:(77), one labeled by 0 and the other one labeled by 1.

Evidently, the maximal paths of T( fant, po) from the root correspond to the outcomes of
fant from position po. Note that for each (s4,53) € Su X Sp, if the clock-values in (s 4, 53)
are rational, then Times(s_4,s3) C Q>¢. Since the clock-values in the initial states of .A and
B are rational, we obtain the following result.

LEMMA 23. Let f,u; be a strategy of the antagonist in the game G,. Then, for the strategy-
tree T(fant, (53,85 )), all the timestamps associated with the edge-labels are in Q.

Now, we can prove the converse implication of Theorem 12.

THEOREM 24. For each player o € {0,1}, if A A, B, then there is a o-TAMTL}, formula ¢
such that A |= ¢ and B |~ ¢.

PROOF. Leto € {0,1} and assume that A A, B. Assume that ¢ = 0 (the other case
being symmetric). By Lemma 22, there is a winning strategy fa.: of the antagonist in the
game Gy starting from position pg = (sg!,s5). It follows that each path in the strategy-tree
T (fant, po) is finite. Since T(fant, po) is finitely-branching, T( faut, po) is also a finite tree. We
claim that for each node x), of T( faut, po) labeled by a position p of the form p = (s4,53) €
S 4 x Sp (note that the root satisfies this condition), there is a 0-TAMTL}, formula ¢, such that
(A,s4) = ¢pand (B,sg) [~ ¢p. Hence, the result follows. The proof is by induction on the
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height h of the subtree of T(fuut, po) rooted at node x, (since T(fant, po) is a finite tree, h is
well- defined) Since x, is labeled by a position p=(sas B) in Pyut, xp has exactly one child,
say x,,, and the label of the edge from x, to x}, is a move mY for player 0 in Mov 4(0,5.4) of

the form m% = (t,a,64). Moreover, by Lemma 23, t € Qxo.

Base Step (1 = 1): in this case x), is a leaf. By construction, there is no matching move for
player 0 in Movp(0,55) of the form (t,a,d5). Let ¢, be the 0-TAMTL}, formula given by

(V V ((a=1),020)x)

bGActJ— k{0, 1}

Evidently, (A,s4) = ¢p and (B,sg) % ¢,. Thus, for the base case, the result holds.

Induction Step (7 > 1): letyy, ..., yn be the children of x), (with n > 1). By construction, the
labels of the edges from x,
Movp(0,s5) of m& = (t,a,0 4) for player 0 in B from sz. Moreover, for each 1 < i < n, let y/;
be the unique child of y; (since y; is labeled by a position in P, this condition is satisfied).

First, assume that for some 1 < i < n, y! is a leaf. By construction the edge from y; to
y! is labeled by a move (t,b,0;) € Movg(1,sg) of player 1 in B from sg, and there is no
matching move (t/,b,0';) in Mov 4(1,s4). By Lemma 23, t' € Qx. Let ¢, be the 0-TAMTL},
formula defined as follows:

corresponds to all and only the matching moves m% = (t,a,05) €

op=(ON{(V V {e=020x)A~(V (@

c€Act} k€{0, 1} x€{0,1}

I
—
N~—
~
—~
N
~
Il
—
~
N—r
~
A
~
SN—
—

Evidently, (A,s4) = ¢p and (B,sg) [~ ¢p. Thus, in this case the result holds.

Now, assume that for each 1 < i < n, y!isnotaleaf. Foreach1 <i <m,letz;1,...,Zim,
(with m; > 1) be the children of y, which are labeled by positions in P4, and for each
1 <1 <mylet Zg,l be the unique child of z;;, which is labeled by a position in S 4 x Sg. By
construction, for each 1 < i < n, the labels of the edges from y! to the children z;1, ..., zjm,
represent all and only the possible matching moves (t',b,0"y) € Mov (1,5 4) (for player 1 in
A from s 4) of the move (t,b, ) € Movg(1,s5) (depending on i) labeling the edge from y;
to yg. Moreover, forall 1 <i <nand 1 <[ < m;, the edge from z;; to its unique child Z;/l is
labeled by either 0 or 1. We distinguish two cases:

e thereis 1 < i < n such that for each 1 < [ < m;, the edge from z;; to its unique
child z}; is labeled by 1. Let ml = (t,b,6;) € Movg(l,sg) be the move labeling
the edge from y; to v}, and let wg = Nextg(sp, my). By construction, ' < t and
the nodes zal, ... ’Zg,m,- are labeled by positions (w}A, wg), .-, (wﬁi, wp), respectively,
where w, ..., w") are the states of A obtained from s applying all and only the
matching moves (t,b,6,) € Mov4(1,54) of m. Moreover, by Lemma 23, t' € Qx,
and by ind. hyp. for each 1 < I < m;, there is a 0-TAMTL}, formula ¢; such that
(A ') E ¢ and (B, wg) = ¢1. Let ¢, be the 0-TAMTL}, formula defined as:

op = (O (V V {a=1,(c=0),1)A

c€Act{ k€{0,1}

(((a,= 1), (b, =), 1) = O V ... V ¢w) }



FSTTCS 2009

Yi
(t',b,63) € Movg(1,sR)
depending on i

all the moves in Mov 4(1,s4)
of the form (t,b,6')

Zin

edge-labels in {0,1}

all the moves in Movg(0,s53)
of the form (t,a,d5)

1 yz o Yn

Zl

positionsin S 4 X Sp e Zig " zi " Zi

Figure 1: Structure of the subtree of T( fuus, po) rooted at an (S 4 x Sg)-node x,.

Evidently, (A,s4) = ¢p. Moreover, (B,sg) [~ ¢p, since for every strategy of player 0
in B which selects from the initial state sz a move of the form (t,a,5) € Movg(0,sg),
there is an outcome from sz of the form 7w = sg, ((t,a,9),(t,b,65),1), wg, ..., where
by hypothesis wp = (¢1 V ... V ¢y,). Thus, in this case the result holds.

o foreach 1 < i < n thereis 1 < [; < m; such that the edge from z;;, to its unique
child Zg,ll is labeled by 0. Then, by construction the nodes Z,l,ll' .. '/Z;,l,, are labeled
by positions (u4,u), ..., (4, u}), where uy = Nexty(sa,m%), m% = (t,a,64) €
Mov 4(0,5 4) is the move which labels the edge from x, to x}, and u}g, ..., uj are the
states of BB obtained from sz applying all and only the matching moves (t,a,03) €
Mowg(0,sg) of m%. Moreover, both Movg(1,s3) and Mov4(1,s,4) contain moves for
player 1 whose timestamp is equal or greater than t. By ind. hyp. foreach1 <1 <,
there is a 0-TAMTL}, formula ¢; such that (A, u4) = ¢ and (B, uk) [~ ¢ Let ¢, be
the 0-TAMTL}, formula defined as follows:

o= (O V V {a=1)(c=0),1)A

c€Act{ k€{0,1}

((CV (a,=1,(20),0) = O@1 A A )}

cEAct]
Evidently, (A,s4) = ¢p and (B,s5) = ¢,. Thus, also in this case the result holds.
This concludes the proof of the theorem. |

F Proofs of Lemmata 13 and 14

Fixo € {0,1}. Thelength of a finite path po, p1, . . ., px of A% is | 5 |. Recall that for a strategy
favs of player o in A%* and position p € P,, Outcomes 42: (0, p, f) denotes the set of infinite

paths po, p1, . .. of A% such that py = p and for each i with p; € PZ, f(p1,...,pi) = pis1-
abs
Moreover, for each k > 0, we denote by Outcomes,’j" (0, p, faps) the set of finite paths 7 of

A5 of length k and leading to a position in P¢ such that 7 is the prefix of some (infinite)
path in Outcomes 4u: (0, p, fans). We also consider for each strategy f of player o in A, each
state s of A, and k > 0, the set Outcomes,“f(a, s, f), which has been defined at the beginning
of Section B. For a A-state s = (g, v), we denote by Reg(s) the region (in Reg 4) of s, and by
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s + t the pair (g, v + t) (note that v + t may not satisfy the invariant of location g, hence s + ¢

may not be a A-state).

Let 7T = so, (m, m},01),s1,..., (m, m},0u), sk, ... be a (finite or infinite) run of A such that

foreachjandi =0,1, m; = (t;, a;-, (5;) We associate to 77, the (finite or infinite) sequence
Reg(c, t) = (Reg(s0), 00), po, (Reg(s1),01), p1, - - -, P—1, (Reg(sk), %), - - -

where 0y = 0, and for each j, p; = (Reg(s;), (Reg(s; + t;-’),a;-’, (5;7),(7]). By definition of A% it

easily follows that Reg(c, 77) is a path of A%*. Note that if 77 is finite, then Reg(c, 77) leads to

a position in Py.

F1 Proof of Lemma 13

Lemma 13 directly follows from the following lemma.

LEMMA 25. Leto € {0,1}, f be a strategy of player o in A, Ry € Reg 4, and sy € Rg. Then,
there is a strategy f,s of player ¢ in A% such that for each 71, € Outcomes yas (0, (Ro,0), faps),
there is 71 € Outcomes 4(0,so, f) so that Reg(c, 1) = 7Typs.

PROOF. Fix o € {0,1}, a strategy f of player o in A, Ry € Reg 4, and sy € Rg. We claim
the following.

Claim: There is a strategy f.s of player ¢ in A% and a sequence (Fy)ien of functions
F : OutcomeskAg’bb(a, (Ro,0), faps) — OutcomeskA((r, so, f) so that for each k > 0, we have:

1. for each 7y, € Outcomesfa”bb((r, (Ro,0), faps), Reg(c, Fx(7taps)) = 7taps. Furthermore, if
k > 0and 75 = 7, Pi-o, Po, then it holds that Fe(mas) = Fe1(7,,), (mo, m1,1),s
for some ! € {0,1}, A-state s and moves mg and m; of A.
First, we show that the lemma follows from the claim, and then we prove the claim. Let f,;
be a strategy of player ¢ in A% satisfying the claim and 7,5, € Outcomes 425 (0, (Ro, 0), fabs)-
Moreover, let (Fy)ren be as in the statement of the claim, and for each k > 0, 71, ¢ be the
prefix of 7, of length k leading to a position in P?, and 7y = Fi(7zsr). By the claim
above, T, € Outcomes,’f(a, so, f), Reg(o, mtx) = Tapsk, and 7ty = 71, (mo, my, 1), s for some
I € {0,1}, A-state s and moves mg and m; of A. Hence, evidently, (7} )ren represents an
(infinite) run 7w € Outcomes 4(0, so, f) such that Reg(c, 71) = 71,35, hence the lemma follows.
Now, we prove the claim above.

Proof of the claim: The strategy f,;s is defined by induction on the length n of the fi-
nite paths of A% starting from (Ry,0) and leading to a position in P7. Let n > 0. Since
abs
Outcomes;,* (0, (Ro,0), fl,,) for any strategy f!,is independent on the values assumed by
! . over the finite paths of A%* of length equal or greater then 7, we can assume that the
abs abs
set Outcomes;,” (0, (Ro,0), faps) is already given (note that Out‘comes{)4 7 (0,(Ro,0), faps) =

{(Ro,0)}) and there is a function F, : OutcomesnAgbs((T, (Ro,0), faps) — Outcomes;(c,so, f)
satisfying Condition 1 in the claim for k = n (note that since the function Fj is indepen-
dent on the specific strategy and sy € Ro, for k = 0, Condition 1 in the claim trivially
holds). Let 7Ty € Outconesy (¢, (Ro,0), fans). Then, fups(7Taps) is defined as follows. Let
us consider the run F,(7,) € OutcomesnA(a, so, f), where Reg(c, Fy(7taps)) = 7aps- Let
s = last(F,(mtups)) and (t,a,0,) = f(Fu(7as)). Then, last(m,ys) = (Reg(s),l) for some
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I € {0,1}. Since (t,a,6,) € Mov4(0c,s), it follows that p1_, = (Reg(s), (Reg(s +t),a,6,),1)
is a successor of last(7,p) in A%, Thus, we define fups(7aps) = P1_o-

At this point, we can assume that also Outcomesﬁbj (0, (Ro,0), faps) is already given. It
remains to show that there is a function F,; satisfying Condition 1 in the Claim (for k =

abs
n + 1). The function F,; is defined as follows. Let 75,11 € Out‘comesfil (0, (Ro,0), faps)-

Hence, 7aps nt1 = Taps, P1—os Po, Where 745 € Out‘comesf‘a’bs (0, (Ro,0), faps)- By construction
p1—c = (Reg(s), (Reg(s +ty),a0,0s),1) for some l € {0,1}, where (ty,a5,65) € f(Fn(7Taps))
and s = last(F,(7,)). Since p, € PY is a successor of p;_, in A%*, there must be an abstract
move m1_, = (Ri_g,01-¢,01-¢) € MO’UAgbs(]. — 0,Reg(s)) such that one of the following
holds:

e Reg(s+t,) < Ri_sand p, = (Next‘ffs(Reg(s),mg),U),where my = (Reg(s+ts),a0,00).

Since Reg(s +t,) < Ri_y and (Ry1_¢,41-¢,01—¢) € MovAlaTbs(l — 0,Reg(s)), there must
be t1_, > t, such that (t1_y, 414, 01—») € Mov4(1 — 0, s). It follows that the sequence

Tn+1 = Fu(7taps), ((to, a0,00), (t1,a1,01),0), Next 4(s, (ts, ag, 0v))

isarunin Outcomes“n“ﬂ (0,50, f) such that Reg(c, 7y+1) = Taps y+1. In this case, we set
Fn+1(nabs,n+1) = TTn+1-

e Ry, < Reg(s +1t,) and p, = (Nextd*(Reg(s),mi_,),1 — o). Thus, there must be
t1_¢ > Osuch thats+t_, € Ri_y and (¢, 41-¢,61—¢) € Movy(1 —0,s). Since
Reg(s) < Ri_s < Reg(s+ty), we can choose t;_ in such a way f1_, < f,. It follows
that the sequence

T4l = Fn(”ubs)r <(t0/ ao, (50)1 (t11a11(51>/ 1-— U>/NeXtA(S/ (t]_—(T/ aA1—g, 51—(7))

is a run in OutcomesnAH (0,50, f) such that Reg(c, 7Ty+1) = Taps n+1. In this case, we set
Fn+1 (nabs,nJrl) = TTp41-
Evidently, F, satisfies Condition 1 in the claim. This concludes the proof of the claim. i

E2 Proof of Lemma 14
Lemma 14 directly follows from the following lemma.

LEMMA 26. Let o € {0,1} and fys be a strategy of player v in A%, and Ry € Reg 4. Then,
there is a strategy f of player ¢ in A s.t. for each m = sy, (m(l’,m%,aﬁ,sl, <m(2), m%, 0),... €
Outcomes 4(0, so, f) with sy € Ry, it holds that Reg(c, 1) € Outcomes yus (0, (Ro, 0), faps)-

PROOF.  Fix ¢ € {0,1}, a strategy fus of player o in A%, and Ry € Reg,. The strat-
egy f of player ¢ in A is defined as follows. Let m = sg, (m?,m},01),s1,..., 5 be a fi-
nite run of A with sy € Ry, and let py = fus(Reg(o, m)). Since Reg(c, ) leads to po-
sition (Reg(sx), 0x), by definition of A%, p, = (Reg(st), (R,a,0),0%), where (R, a,d) is an
abstract move in Mov 4us(0, Reg(sy)). Hence, there is t > 0 such that s +¢ € R and
(t,a,6) € Mov(o,sc). We set f(rr) = (t,a,0). By construction it easily follows that for
each 71 = s, <m(1],m%,(71>,51, (mg, m%, 02), ... € Outcomes 4(c, so, f) with sy € Ry, Reg(c, ) €
Outcomes yas (0, (Ro, 0), fas)-
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G The remaining cases in the proof of Theorem 15

Theorem 15. The set of states s, of Ajy, such that (A, sin) = @ is a union of regions in Reg A
and its (region) representation can be computed in exponential time. Hence, model checking TG
against TAMTL is in EXPTIME.

PROOF.  The non-trivial cases to consider are those in which the arbitrary state formula
¢ of ¢ has the form ¢ = Oy (P1U2), or ¢ = Op(P1U; P2), or ¢ = Opipy, where o €
{0,1}, Oy € {((0)), ({(¢))re}, and ¢p is a boolean combination of (timed) multi-action con-
straints. Here, we assume that O, = ((0)) (the other cases being simpler). The case
¢ = ((0))re(P1 Us ¢2), has been examined at the end of Section 4. For the other two ones, we
have the following:

o ¢ = ((0))re(¢1 U ¢): it suffices to show that the set of states s in S 4[x, := 0] such that
(A, s) = ((0))re(¢1ld12) is a union of regions in Reg , whose representation can be
computed in exponential time. Since for each s € S 4, (A4, s) = ¢ iff (A;,, Proj(s)) = ¢,
by ind. hyp. for each i = 1,2, this last condition holds for the set of states s € S 4
such that (A, s) = ¢;. Note that the path formula (¢, 1/ ¢2) is equivalent to the path
formula (O ¢2) V (¢2 U (1 A ¢2)). Let L = Po — {pg,, Popr, (Xaio = 1), (xp € 1),0,1}
be the labeling of A% defined in the obvious way (for example, proposition (x, € I)
labels a position p € Py iff the associated region satisfies the constraint (x, € I)).
Then, by Lemmata 13 and 14, for all regions Ry € Reg 4 satisfying x, = 0 and sp € Ry,
it holds that (A, s0) = ((0))re(¢11d1¢2) iff there is a winning strategy f,;s of player o
in A in position (Rg, 0) w.r.t. the labeling L and the LTL objective:

[O0(x4i0 > 1) AG] V [0 O(= (x40 > 1) A (1 —0))]
’g = {D(<x90 € I) - p472)} \ {prz U (pti?z /\p(Pl)}

Since LTL finite-state games for a fixed formula can be solved in polynomial and since
the size of A% is exponential in the size of A;,, the result follows.

e ¢ = ((0))re o, where 1y is a boolean combination of multi-action constraints. We
need additional definitions. An abstract multi-action of Ais a triple ((Ro, a9), (R1,a1),1),
where Ry, Ry € Reg 4,1 € {0,1}, R; < Ry, Ry, and a; € ActiL for each i = 0,1. Given
a multi-action constraint x = ((ag, ~o co), (4}, ~1 ¢1),1") with cp,c; < Ky and in
IN (recall that Ky, is the largest constant occurring in A and ¢), we say that the
abstract multi-action ((Ro, a9), (R1,a1),1) satisfies x iff I’ = I and for each i = 0,1,
a; = a; and R; satisfies the clock constraint Xy ~;i ¢;- The above satisfaction relation
can be extended to boolean combinations of multi-action constraints in the obvious
way. Moreover, for a position p;_, = (R,(Ry,a,61),1) € P} of A% (recall that
(Ry,a,61) € Movﬁ’s(a,R)) and abstract move (R, b,6,) € Mov‘jfs(l —0,R), we say
that a successor p, = (R’,1") of p1_, is a (Ra, b, &2)-successor of py_, iff either I' = o,
R’ = Next"¥*(R,(Ry,a,61)), and Ry < Ry, or I’ = 1—0, R’ = Next’*(R, (Ry,b,5,))
and R; < Rj. Note that all the successors of p;_, can be obtained in this way. Now,
let us consider the formula ¢ = ((7)), 0. By the previous case, we can assume that
the result holds for the formula ¢y = ((0)). true. Hence, the set of states of S 4 satisfy-
ing ¢ is a union of regions in Reg ,, which can be computed in exponential time. Let
L: P, — {pg, } be the labeling of A% defined in the obvious way.

Let Ry € Reg 4 satisfying x, = 0 and sy € Ro. Note that (A, so) = ((¢))re o iff
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— there is a move my, = (ts,44,0,) € Mov4(0,s) such that for each move m;_, =
(t1—¢, 010, 01-¢) € Mov4(1—0,s),and foreach! = 0,1 withm; € [DM(my, my):
the multi-action ((to,a9), (t1,a1), 1) satisfies g and Next 4(s, m;) = ((0))r. true.

Since Ry satisfies x, = 0 and sy € Ry, it easily follows that (A,so) = ((7)) e o iff

— there is a successor p;_, = (Ro, (R.,as,6,),0) € P17 of position (Ry,0) in
A%s such that for all abstract moves (R}, a1_4,01_¢) € Mov‘jj’s(l —0,Rp) and

(R]_y a1-¢,01—¢)-successors p, = (R’,1") of p1_,, we have: (R’,1’) is labeled by
Pg, and the abstract multi-action ((Rj, ag), (R}, a1),1") satisfies .
Since the above condition can be checked in exponential time, we are done.
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