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1 Introduction

Given a property ¢, the Probabilistic Model Checking Problem consists of checking
whether a stochastic system satisfies ¢ with a probability greater than or equal to a
certain threshold 6. This problem is generally solved with a numerical approach that
consists of computing the exact probability for the system to satisfy ¢ and by com-
paring the result to 6. The way the probability is computed depends on the nature of
the system as well as on the property that is considered. Successful results (see e.g.
[BHHKO03,CY95,CG04]) and tools (see e.g. [KNP04,CB06]) exist for various classes of
systems, including (continuous time) Markov Chains and Markov Decision Processes.
The numerical approaches computes the probability of the property by considering all
executions of the system. This is one of the drawbacks of these approaches as it may not
scale for systems of large size. Another way to solve the probabilistic Model Checking
problem is to use a simulation-based approach. The key idea is to deduce whether or
not the system satisfies the property by observing some of its executions. Of course,
in contrast to a numerical approach, a simulation-based solution does not guarantee
a correct result. However, it is possible to bound the probability of making an error.
Simulation-based methods are known to be far less memory and time intensive than
numerical ones, and are sometimes the only option [YKNPO6].

In this paper, we consider applying the simulation-based procedures proposed by
Younes [YS02, YouO5b|YouOb5a,You06] to verifying properties of mized-signal circuits,
i.e., circuits for which there is an interaction between analog (continuous) and digital
(discrete) values. Our first contribution is to propose a version of stochastic discrete-
time event systems that fits into the framework introduced by Younes with the addi-
tional advantage that it explicitly handles analog and digital signals. We also introduce
probabilistic signal linear temporal logic, a logic adapted to the specification of proper-
ties for mixed-signal circuits in the temporal domain and in the frequency domain.

Our second contribution is the analysis of a A — X modulator. A A — X' modulator
is an efficient Analog-to-Digital Converter circuit, i.e., a device that converts analog
signals into digital signals. A common critical issue in this domain is the analysis of the
stability of the internal state variables of the circuit. The concern is that the values that
are stored by these variables can grow out of control until reaching a maximum value,
at which point we say that the circuit saturates. Saturation is commonly assumed to
compromise the quality of the analog-to-digital conversion. In [DDMO04] and [GKRO04]
reachability techniques developed in the area of hybrid systems are used to analyze the
stability of a third-order modulator. Their idea is to use such techniques to guarantee
that for every input signal in a given range, the states of the system remain stable.
While this reachability-based approach is sound, it has important drawbacks such as
(1) signals with long duration cannot be practically analyzed, and (2) properties that
are commonly specified in the frequency domain rather than in the time domain can-
not be checked. Our results show that a simulation-based approach makes it possible
to handle properties and signals that are beyond the scope of the reachability-based
approach. As an example, in our experiments, we analyze discrete-time signals with
24000 sampling points in seconds, while the approach in [DDM04] takes hours to ana-
lyze signals with up to 31 sampling points. We are also able to provide insight into a
question left open in [DDMO04] by observing that saturation does not always imply an
improper signal conversion. This can be done by comparing the Fourier transform of



each of the input analog signals with the Fourier transform of its corresponding digital
signal. Such a property can easily be expressed in our logic and Model Checked with
our simulation-based approach. We are unaware of other formal verification techniques
that can solve this problem.

Structure of the paper. In Section (2] we recap some basic knowledge about sig-
nal theory. Section [3] describes and compares two simulation-based approaches. Our
model and logic are introduced in Section [4. Issues related to A — X modulators and
their verification (including new results for the non probabilistic case) are discussed
in Section [5} Section [6 presents the experiments we conducted. Finally, Section [7 con-
cludes the paper.

2 Signal Definitions

We use N, R, and C to denote the sets of natural, real, and complex numbers, respec-
tively. Let the time set 7 be a finite set of non-negative real numbers {tg,t1,...,txy—_1},
where N € N. To simplify the presentation, we assume that ¢;11 — t; = 6t, where
0t € Rsg . A digital set is a set with 2b elements, i.e., an element of the set can be
encoded by b bits. A frequency set is a subset of R. An analog signal is a mapping
£ : 7T — R. A digital signal is a mapping £ : 7 — D, where D is a digital set. A
frequency-domain signal is a mapping é : F — C, where F is a frequency set. The
value at time t € 7 of a signal ¢ is denoted by &[t]. Let ,¢' € 7, the restriction of a
signal ¢ to [t,t'], denoted by §|[t,t/]’ is a signal such that:

_ e if T et
E‘[t,t’]m _{ 0 else.

The restriction of a frequency-domain signal to an interval of frequencies is defined
similarly.

The Fourier transform (see [Smi97]) is a functional F' that maps a time-domain signal
& : 7T — R to a frequency-domain signal é = F(&). The inverse Fourier transform is
used to “reconstruct” £ from é, ie, &= F_l(é). Formally, for all v in F and for all ¢
in 7 we have

F&v] = /Tf[t]efi%”’tdt and Ffl(é)[t] =¢[t] = /}_é[l/]ei%wdy,

An efficient algorithm known as the Fast Fourier Transform algorithm (see, e.g., [FJ97])
is used to compute a discrete approximation of the Fourier transform.

Remark 1 There are many operations that are easier to perform in the frequency do-
main than in the time domain, e.g., convolution and differentiation. For these opera-
tions, it is convenient to compute Fourier transforms, perform the desired operation in
the frequency domain and use the inverse Fourier transform to get the desired result.
The Fourier transform is also useful when dealing with signals that are by nature easier
to analyze in the frequency domain than in the time domain (e.g., sound as shown in
Figure1).
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Fig. 1 Example of a Fourier transform. The signal was obtained by recording a human voice.
Its Fourier transform lies in the interval [0Hz, 1500H 2] (its value is 0 outside this interval).

3 Solving the Probabilistic Model Checking Problem with a
Simulation-Based Approach

3.1 The Probabilistic Model Checking Problem

We use Pr(E) to denote the probability of event E. We consider a stochastic system
S which has a unique initial state and a property ¢. The executions of S are finite,
observable, and can be generated “on demand”. We also assume that one can decide
in finite time whether an execution of S satisfies ¢.

The Probabilistic Model Checking Problem consists of deciding whether S will satisfy
¢ with a probability greater than or equal to a given threshold 0. The latter is denoted
by S = Pr>g(¢). The probability for S to satisfy ¢ is denoted Pr(S  ¢), or Pr(¢)
when & is clear from the context.

The Probabilistic Model Checking Problem is well-defined if and only if one can
assign a probability to the set of executions of S that satisfy ¢. One way to solve the
problem is to use a numerical approach that consists of computing the exact probability
for the system to satisfy ¢ and comparing the result to 6. The way the probability is
computed depends on the nature of the system as well as on the property. Successful
results (see e.g. [BHHKO03|CY95,/CG04]) and tools (see e.g. [KNP04,CB06]) exist for
various classes of systems, including (continuous time) Markov Chains and Markov
Decision Processes.

The main drawback of numerical approaches to probabilistic verification is that it
has to compute the probability of satisfying the formula with respect to all the execu-
tions of the system. In contrast, simulation-based methods generate a finite number of
executions from the model to determine whether or not it satisfies a given property.
Simulation-based methods can estimate the probability that a property holds to an
arbitrarily high degree of confidence, although the number of required traces increases
with the desired confidence. In comparison to numerical methods for verification in
stochastic systems, simulation-based methods are usually more efficient, and scale to
larger systems, because they are not exhaustive in nature [YKNPO6]. Another advan-
tage is that the ability to reason on one trace at a time makes it possible to decide a
larger class of temporal properties.



3.2 The Statistical Model Checking Approach

Recently, a simulation-based approach to the Probabilistic Model Checking Problem
has been been introduced by Younes and Simmons [YS02,You05b, You05a, You06|. This
approach is based on hypothesis testing. The idea is to check the property ¢ on a sam-
ple set of simulations and to decide whether the system satisfies Pr>g(¢) based on the
number of executions for which ¢ holds compared to the total number of executions in
the sample set. With such an approach, we do not need to consider all the executions
of the system. Let p = Pr(¢), to determine whether p > 6, we can test the hypothesis
H :p> 0 against K : p < 6. A test-based solution does not guarantee a correct result
but it is possible to bound the probability of making an error. The strength (, 3) of a
test is determined by two parameters, o and 3, such that the probability of accepting
K (respectively, H) when H (respectively, K) holds, called a Type-I error (respectively,
a Type-II error ) is less or equal to « (respectively, 3).

A test has ideal performance if the probability of the Type-I error (respectively,
Type-11 error) is exactly o (respectively, 3). However, these requirements make it
impossible to ensure a low probability for both types of errors simultaneously (see
[YouO5b] for details). A solution to this problem is to relax the test by working with
an indifference region (p1,po) with po>p1 (po — p1 is the size of the region). In this
context, we test the hypothesis Hy : p>pg against H; : p<p; instead of H against
K. If the value of p is between p; and pg (the indifference region), then we say that
the probability is sufficiently close to 6 so that we are indifferent with respect to which
of the two hypotheses K or H is accepted. The thresholds py and p; are generally
defined in term of the single threshold 0, e.g., p1 = 6 — 6 and pg = 6 + 6. We now
need to provide a test procedure that satisfies the requirements above. In the next two
subsections, we recall two solutions proposed by Younes in [You05b,YS06].

3.2.1 Single sampling plan

Let B; be a discrete random variable with a Bernoulli distribution of parameter p. Such
a variable can only take 2 values 0 and 1 with Pr[B; = 1] =p and Pr[B; =0 =1—p.
In our context, each variable B; is associated with one simulation of the system. The
outcome for B;, denoted b;, is 1 if the simulation satisfies ¢ and 0 otherwise. To test
hypothesis Hy against hypothesis H1, we specify a constant c. If Z?:l b; is larger than
¢, then Hy is accepted, else Hj is accepted. The difficult part in this approach is to
find values for the pair (n,c), called a single sampling plan, such that the two error
bounds « and (3 are respected. In practice, one tries to work with the smallest value of
n possible so as to minimize the number of simulations performed. Clearly, this number
has to be greater if a and (3 are smaller but also if the size of the indifference region
is smaller. This results in an optimization problem, which generally does not have a
closed-form solution except for a few special cases (see [YouO5b] for a discussion). In
his thesis [YouO5b], Younes proposes a binary search based algorithm (Algorithm 2.1,
page 21) that, given pg,p1, @, 8, computes an approximation of the minimal value for
c and n.



3.2.2 Sequential probability ratio test

The sample size for a single sampling plan is fixed in advance and independent of
the observations that are made. However, taking those observations into account can
increase the performance of the test. As an example, if we use a single plan (n,¢) and
the m > c first simulations satisfy the property, then we could (depending on the error
bounds) accept Hg without observing the n — m other simulations. To overcome this
problem, Younes proposed a procedure to test Hg : p > pg against Hy : p<p; that is
based on the sequential probability ratio test proposed by Wald [Wal45]. The approach
is briefly described below.

In the sequential probability ratio test, one has to choose two values A and B, with
A > B. These two values should be chosen to ensure that the strength of the test is
respected. Let m be the number of observations that have been made so far. The test
is based on the following quotient:

dm —Um
Pim _ 77 PrBi=bilp=p1) _ pi"(1—p)" " )
Pom i1 Pr(B; =b; | p=po) pgm(l — po)m_dm ’

where dy, = Z;n 1 bi. The idea behind the test is to accept Hg if plm > A, and Hy
if pé: < B. An algorithm for sequential ratio testing consists of computlng gém for
successive values of m until either Hy or H; is satisfied. This has the advantage of
minimizing the number of simulations. In each step i, the algorithm has to check the
property on a single execution of the system, which is handled with a new Bernoulli
variable B; whose realization is b;. In his thesis [You05b|, Younes proposed a logarithmic
based algorithm (Algorithm 2.3 page 27) SPRT that given pg, p1, @ and 8 implements
the sequential ratio testing procedure. Computing ideal values A;; and B;4 for A and
B in order to make sure that we are working with a test of strength («, 3) is a laborious
procedure (see Section 3.4 of [Wal45]). In his seminal paper [Wal45|, Wald showed that
if one defines A;4j>A = (1;—6) and B;y < B = (153—01)’ then we obtain a new test whose

strength is (o, '), but such that o/ + 8’ < a4 3, meaning that either o/ <a or 8’ < 3.
In practice, we often find that both inequalities hold.

3.2.8 Additional Information on Younes’ work

We briefly mention other contributions by Younes on Statistical Model Checking.

1. Nested Operators. Younes’ algorithm has been extended to handle formulas
where ¢ can also contain probabilistic operators. We will not use this extension in
the paper.

2. Black-box Systems. Sequential testing is not always appropriated. Indeed, there
are some systems, called black-box systems, that cannot be controlled to generate
executions on demand (which means that they are not totally observable) and for
which we are only given a set of trajectories generated during actual execution
of the system. In such a case, one may prefer to use a non sequential approach,
such as an extension of the single sampling plan introduced above. This has been
investigated by Younes in [YouO5a] and by Sen et al. in [SVA04,SVAO5].

3. Distributed implementation. SPRT can be implemented in a distributed man-
ner. This has been investigated by Younes in [You05c]. To ensure the independence
of the simulations, Younes used the scheme proposed in [MNOO].



4. Complexity. Younes showed that the complexity of SPRT depends on the number
of simulations needed to reach a decision, the time needed to check whether a given
execution satisfies ¢ and the time needed to generate a simulation.

3.3 Estimation algorithms

The SPRT algorithm can decide efficiently whether S |= Pr>g(¢). In case ¢ is not given
by some specifications, a natural idea is to try the algorithm with different values in
order to find some interval [0 i, fmax] that contains the true probability p that ¢ holds
for the system. This gives a simple method to find an estimate p’ of p (e.g. by choosing
p = %). In the following, we propose an efficient implementation of this idea
using a bisection procedure that iterates on SPRT. We also recall another estimation
algorithm proposed by Peyronnet et al [HLMPO4,LLM+O7]. We conclude the section
with a comparison between the two algorithms.

3.8.1 A bisection algorithm

Since we are going to call repeatedly the SPRT algorithm, we need to modify it in order
to be able to reuse the results from one call to another. We add two more arguments
that are the number dy, of simulations already performed with the previous calls and
the number m of those simulations that satisfy ¢ (for the first call dm = m = 0, respec-
tively). The SPRT algorithm uses these values to compute the ratio given by equation
and test the hypothesis Hy and H;. If it can accept one of them, it returns the
result without the need of new simulations. Otherwise, it performs as many simulations
as needed to reach a decision. In both cases, it return new values for d,, and m.

We name our estimation algorithm BI-SPRT. It iterates on an algorithm called
BI-SPRT-ITER which implements a bisection procedure. This algorithm first checks
the special cases # = 0 and 6 = 1. If SPRT returns false for # = 0, then the output is
that @ = 0 and Hy is false. If SPRT returns true for § = 1, then the output is 6 = 1
and Hy is true. In other situations, the algorithm proceeds using a bisection procedure.
BI-SPRT-ITER maintains two values 0,in, and Omax and calls the SPRT algorithm for
0= %(Omin + Omax). If the SPRT algorithms returns that Hy is false (Hy is true), then
the maximal value for which the hypothesis is true should be between 0,i,, (fmax) and
0. In that case, the algorithm sets Omax (Omin) to 6 and calls the SPRT algorithm on the
new 0 = %(Gmin + Omax) value. This procedure is iterated until Omax — Omin < 6 (where
0 is the size of the indifference region used by SPRT), in which case the algorithm
terminates and returns p’ = %(Hmin + Omax) as an estimate of p.

During a call to BI-SPRT-ITER, there is a chance that the bisection procedure get
mislead to the wrong side of an interval. In such a case it will never get the possibility
to explore the correct side. The situation is illustrated with the following example.

Example 1 Assume that the probability we want to estimate is p = 0.25 and that more
than half of the first simulations happen to satisfy the property. In this situation, the
bisection procedure will decide to explore the interval [0.5, 1] and will never reconsider
the correct interval [0,0.5]. The final answer will then be p ~ 0.5 whereas the final
values of d, and m may not be significant to accept the hypothesis Hg : p > 0.5 with
the proper confidence.



Algorithm 1 A bisection algorithm that iterates on the SPRT algorithm. It is called
by the BI-SPRT algorithm to estimate the probability that S = ¢.

procedure BI-SPRT-ITER(S, ¢, a, 3, 6, dm, m)
Init: Oin =0, Omax = 1,0 =0
{Ho, dm, m} = SPRT(¢,a, 3,0, d,dm,m) > test Hop:p>0
if Hp = F then
Return p’ =0, Ho =F
else
{Ho, dm, m} = SPRT(¢, o, 3,1 -6, 1, dm, m) >test Ho:p>1
if Hp = T then
Returnp’ =1, Hy =T, dm, m
end if
end if
while Opmax — Omin > 6 do > start the bisection procedure
0= (emin + emax)/Q
{Ho, dm, m} = SPRT(¢,, 3, (p1 =0 — §,p0 = 0+ ), dm,m)
if Hyp = T then

emin =0
else

Omax = 0
end if

end while
Return p’ = (Omin + Omax)/2, Ho =T, dm, m
end procedure

To avoid the situation arising in the example above, BI-SPRT iterates on BI-SPRT-
ITER by again memorizing d,, and m. The idea is to restart the bisection procedure on
the interval [0, 1] with these values dy, and m. If it (the bisection procedure) converges
to an interval [Opin, Omax] such that dm and m are sufficient to accept both hypothesis
Hy: p > Omin and Hy : p < Omax with Opin — Omax < §, then we are guaranteed
that the answer is correct with the desired precision. Otherwise, the algorithm has to
compute additional simulations and return new values for dy, and m. The algorithm
BI-SPRT-ITER, and consequently the bisection procedure starting from [0, 1], is called
as long as the previous call needed to perform more simulations. This means that during
its last call, the same numbers d,, and m are used for all calls of SPRT in the bisection
procedure, which implies that the same numbers d;, and m satisfy the criterion for the
acceptance of both Hy : p < 0max and Hg : p > Opin.

Algorithm 2 The BI-SPRT algorithm.

procedure BI-SPRT(S, ¢, «, 3, §)
Init: dy, =0, m =0
repeat
mo =m,dmy = dm
{Ho,p',dm,m} = BI-SPRT-ITER(S, ¢, «, 8, 8, dmg, mo)
until m = mg
Return 6, Hy
end procedure




Theorem 1 When BI-SPRT stops for a system S, a property ¢ and values for a, (3,
and §, it returns an estimation p’' of Pr(S |= ®) , which is such that

Pr(lp — p/| > §) < max(a, 3),
where p s the probability for an execution of S to satisfy .

Proof If p’ = 0 or p’ = 1, then the algorithm reduces to the SPRT algorithm. In the
other cases, the algorithm stops after having computed m executions, among which
dm satisfy the property, and the numbers dy, and m are such that according to (1),
we can accept both the hypothesis p > 6,i, and the hypothesis p < Omax with error
bounds (a, 3) and an indifference region of size §. Then according to the figure below

<9

- 3>

Y

Omin — % Omin p/ Omax Omax + %

p is with error bounds («, ) in the gray interval (Opin — %,Gmax + g) of size 2§ at
most and € is in the middle of this interval, which proves the result. O

3.8.2 The estimation approach of [HLMPO4,LLMJr 07]

In [HLMPO4, LLM"'O?] Peyronnet et al. propose another estimation procedure based on
simulation. Given a precision §, Peyronnet’s procedure, which we call PESTIMATION,
computes a value for p’ such that |p/ — p|<é with confidence 1 — a. The procedure
is based on Chernoff-Hoeffding bound [Hoe63]. Let Bj ... B, be m discrete random
variables with a Bernoulli distribution of parameter p. The outcome for each of the B;,
denoted b;, is 1 if the simulation satisfies ¢ and 0 otherwise. Let p’ = (3°1, b;)/m,
then Chernoff-Hoeffding bound [Hoe63] gives

2

mé

Pr(lp' —p| >0) <2 1

(2)

As a consequence, if we take mz(;% log(2), then Pr(|p’ — p|<d) > 1 — a. Moreover,
if we assume that we can decide whether an execution satisfies ¢ in polynomial time,
then we can compute p’ in polynomial time. Indeed, the number m is polynomial in %
and log(é). The PESTIMATION algorithm is given in Figure 3]

Algorithm 3 Peyronnet’s estimation method.
procedure PESTIMATION(S, ¢, a, §)
m= (;% log(%)
fori=1...m do
Get an execution o of &

if o = ¢ then
dm =dm +1
end if
end for
return p’ = dﬁm

end procedure




Proba. p | Error PESTIM. Nb Trials BI-SPRT  Time BI-SPRT (s)  Error BI-SPRT
0 0 180 0.0085236 0

0.1 0.00155497 2172 0.102093 0.00625
0.2 0.00346081 3461 0.160243 0.0125
0.3 0.00347217 3794 0.175504 0.01875
0.4 0.00107914 7173 0.331505 0.025
0.5 0.00438596 6445 0.298164 0.01875
0.6 0.00234507 5198 0.24028 0.009375
0.7 0.00227439 3984 0.184597 0.0125
0.8 0.00163574 3042 0.141355 0.018125
0.9 0.00189827 1949 0.0914259 0.02125
1 0 180 0.0085735 0

Table 1 Comparisons between BI-SPRT and PESTIMATION for o = 0.0001, 3 = 0.0001
and § = 0.05. The number of trials for PESTIMATION is constant equal to 15846 with an
average computational time of 0.71086 s.

Proba. p | Error PESTIM. Nb Trials BI-SPRT  Time BI-SPRT (s)  Error BI-SPRT
0 0 1380 0.0657641 0

0.1 0.000235629 36211 1.69817 0.00625
0.2 0.000382651 40703 1.91391 0.00453125
0.3 0.000473627 69384 3.26046 0.003125
0.4 0.000633739 103265 4.85863 0.0015625
0.5 0.000660117 131705 6.17205 0.003125
0.6 0.000725438 77508 3.64999 0.0053125
0.7 0.000682154 46972 2.20967 0.0046875
0.8 0.000571246 40470 1.90524 0.003125
0.9 0.00041245 38251 1.78926 0.00390625
1 0 1380 0.0687355 0

Table 2 Comparisons between BI-SPRT and PESTIMATION for o = 0.001, 8 = 0.001 and
§ = 0.01. The number of trials for PESTIMATION is constant equal to 304037 with an average
computational time of 14.1305 s.

Peyronnet’s method can be used to decide whether S = Pr>g(¢) in a way similar
to the single sampling plan method of Section[3.2.1. If the value p’ returned by PES-
TIMATION is such that p’>0 — §, then S = Pr>g with confidence 1 — . In his work,
Younes showed that the single sampling plan method will always be at least as efficient
as (i.e., will never require to perform more simulations) PESTIMATION Algorithm.

3.3.3 Comparison between PESTIMATION and BI-SPRT

We performed an experimental comparison between the PESTIMATION procedure
and the BI-SPRT algorithm. For doing so, we use a simple random variable following
a Bernoulli distribution with a given known probability p. We evaluate the ability of
both algorithms to provide an estimate of p with a given precision §, and observe the
number of executions (in this case the number of evaluations of the random variable)
needed to get this result for different values of p. Some results are presented in Tables[1
and 2| The experiments show that the BI-SPRT algorithm uses fewer simulations but
returns a less precise answer while respecting the error bounds. The PESTIMATION
algorithm seems to be more conservative, but more costly.
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4 Model and Logic
4.1 Stochastic signal discrete-time event systems

Our main motivation is to verify properties of mixed-signal circuits. For this purpose, we
define stochastic signal discrete-time event systems, which extend the classical stochas-
tic discrete-time event systems with information about signals. During an execution,
these systems have to remain in the same state between the occurrence of two events.
The signals associated with each execution are thus piecewise-constant.

Definition 1 stochastic signal discrete-time event system (SSDES) is a tuple & =
(T7 S7 50, = Ta, Td, B, L) where

— 7 is a finite set of non-negative real numbers {tg,¢1,...,ty—1}, with t;47 —t; =
ot > 0;

— S is the set of states, defined as S = Ag x Ds, where As C R™ and Ds C D"?, ng
and ng being the number of analog and digital values which define the state of the
system;

— 8o € S is the initial state;

— The relation —: S x S is the transition relation of the system. We assume that for
every state s, the relation — induces a probability distribution, i.e.,

VsGS,/Pr(sledS|5—>s/)dS:1;
S

— ma : Sx{1,...,na}—As is a projection operator such that for all s = (S}“ .., 800,

sk .. Ssh?) and 1< j < na, ma(s,j) = si;

— g is defined in a similar manner as mq;

— B is a finite set of Boolean propositions

— L is a mapping from S to 28 , which assigns to each state the elements in B that
are true in that state. If b € L(s), then we say that s satisfies b.

Given y>0, we use SY to denote the set of all sequences of y states. Let w = sg...55_1
be a finite sequence of k states of . Given 0 < i < k — 1, we use w(i) and w’ to denote
the i-th state of w and the i-th suffiz s; ... si, respectively. The i-th prefix of w, denoted
w; is the sequence sg...s;—1. The length of w, denoted |w|, is the number of states
in w. An ezxecution of an SSDES S = (7, S, so, —, Ta, 74, L) is a sequence of N states
0 = 5051 ...5Ny—1 such that foreach i €0...N —1,s; € S and s; — s;41. Our model
is assumed to have the Markovian property, i.e., the probability of a transition from a
state s; to a state s;4+1 in the execution depends on s; and nothing else. An SSDES
is thus an infinite-state Markov Chain equipped with information and operations on
analog and digital signals.

Relation between ezxecutions and signals: To each execution o of S, we associate nq ana-
log signals denoted by £1(0),. .., &0 (o) and ng digital signals denoted by £}(o), ...,
53“ (o). At each time instant tj, each of these signals takes the analog or digital
value which is the corresponding component of the state o(k). For example, if o =

8081 -..SN—1 then we have

€a(0)[to] = 7a(s0,1), &a(o)t1] = Tals1,1), -y &a(o)ftn—1) = malsn—1,1)-
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4.2 Probabilistic signal linear temporal logic

We introduce the probabilistic signal linear temporal logic (SLTL) to reason about the
set of executions of an SSDES S = (7, S, So, —, ma, 7gq, B, L). We first introduce the
definition of a y—sequence predicate.

Definition 2 Given y € [1, N — 1], a y—sequence predicate for S is a predicate on a
sequence of y states, i.e., on SY.

In the rest of the paper, we use Py to denote a set of y—sequence predicates, with
1<y<N — 1. Observe that a predicate defined on the entire execution must belong to
Pn, such a predicate is referred to as an execution predicate.

FExample 2 Consider an execution predicate p that decides whether the mean value of
the first analog signal associated with an execution o of an SSDES is greater than 0.
Such predicate can be defined as

. =
p(o)=T iff N}gfa(a)[tk]zo.

This example shows that the definition of sequence predicate makes it easy to
define properties on entire executions that are not so simple to define with temporal
operators. In Section [6], we consider several other examples of sequence and execution
predicates.

We now introduce the syntax and the semantics for a version of the linear temporal
logic (LTL) of [Pnu77] whose atoms are either Boolean propositions or y—sequence
predicates. The syntax of LTL is given by the following grammar:

¢pu=TIF[beB|o1V a|d1Ad2|=d|O¢|dr1UUss | prltdps |
py € Pyandy € [1, N —1].

We now present the semantics of LTL, which here is defined with respect to finite
sequences of states of S. Since we define the semantic of LTL properties on finite
sequences, we can only specify bounded LTL propertiem. As in [YouO5b], we thus stay
in the class of safety properties. The fact that a finite sequence of states w of S satisfies
the LTL property ¢ is denoted by w = ¢. We have the following:

— wETand w [~ F;

— w = b with b € B if and only if b € L(w(0));

— wE¢1V e if and only if w = @1 or w | ¢o;

— wE ¢1 A g if and only if w = ¢1 and w = ¢9;

— w = —¢ if and only if w & ¢;

— wE O¢ if and only if [w| > 1 and w! = ¢;

w = ¢1Upe if and only if there exists 0<i<|w| — 1 such that W' = ¢2, and for each
0<j < i, w = ¢1;

w = ¢1lgs if and only if for each 0<i<|w| — 1 such that w’ £ ¢o there exists
0<j < i such that w’ = é1;

L A bounded LTL property is a LTL property with a bound on the scope of its temporal
operators U and U. To simplify the presentation, we will implicitly introduce this bound directly
in the semantics.
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— w = py if and only if |w|>y and py is true for wy.
k times

17, k
We denote TUvY by b, denote FU1p by [y, and for k>0, denote O ... ¢ by O ¢.
Observe that, using this semantic, it is easy to decide whether a finite execution satis-
fies an LTL formula.

We can now define probabilistic signal linear temporal logic.

Definition 3 (SLTL Formula) An SLTL formula is a formula of the form ¢ =
Pr>g(¢), where ¢ is an LTL formula and 6 € [0, 1].

We say that S satisfies ¢, denoted by S |= v if and only if the probability for an
execution of S to satisfy ¢ is greater than or equal to 6. The problem is well-defined
since we can prove that one can always assign a unique probability measure to the set
of executions that satisfy an LTL formula with sequence predicates. Before presenting
this result, we first introduce the definition of witness expansion for a Markov chain.

Definition 4 Consider the Markov chain S = (S, sg, —, L); its witness expansion is
the Markov chain S’ = (S, s(,, —', L), where

— Each state in S’ is a prefix of one of the executions of S;

— 50 = s0;

— The transition relation —' is defined as follows : (s, sy) belongs to — if and only
if 54 = 50...5, sy = 80...55, and (s,s") €—. The probability distribution from
sz is derived from the one defined on s;

— Given a state s = sgs1...s; in S', L'(s) = L(s;).

We now prove our result.

Theorem 2 Let S be an SSDES and ¢ be an LTL property with sequence predicates.
One can always associate a unique probability measure with the set of executions of S
that satisfy ¢.

Proof An SSDES is an infinite-state Markov Chain. Each execution of a SSDES can
be viewed as infinite execution by considering its last state to be an absorbing state,
i.e., a state in which the system stays forever. In [YouO5b], there is the proof that one
can assign a unique probability measure to sets of infinite executions of such a Markov
Chain using a probability space and the classical notion of basic cylinder. In [You05b],
it is also shown that this probability distribution is sufficient to assign a probability
to the set of executions that satisfy an LTL formula without sequence predicates. We
are now left with the case where ¢ can refer to y—sequence predicates. In this case, we
first derive from S its corresponding witness expansion S’. It is easy to see that there
is a one-to-one correspondence between the executions of S and those of S’. We then
introduce a new Boolean variable p; for each y—sequence predicate P;. Given a state
ssr of S’ we have p; € L(ss/) if and only if (1) sg is the prefix of an execution of S (2)
|Ss/|>y and (3) the sequence formed by the y last states of Sg satisfies P;. Let ¢’ be
the formula ¢ where each y—execution predicate has been replaced by the LTL formula
Oyflp, where p is the Boolean variable associated with the predicate. The formula ¢’
is an LTL formula. Observe also that an execution of § satisfies ¢ if and only if its
corresponding execution in S’ satisfies ¢’. Since ¢’ is an LTL formula, one can always
assign a probability to the set of executions of S’ that satisfy it. By construction, we
know that this probability is also the one assigned to the set of executions of S that
satisfy ¢. a
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4.3 Solving the Probabilistic Model Checking for SSDES and SLTL

The probabilistic Model Checking problem is undecidable for SSDES and SLTL. In-
deed, since we are working with infinite-state systems, the problem is already known
to be undecidable for the case of SLTL formula without sequence predicates and where
temporal operators cannot be interleaved. However, as we already observed, an SSDES
is a Markov chain. If we assume that the executions of the SSDES can be generated
on demand and that one can always decide whether an execution satisfies an LTL for-
mula, then one can use Younes’ or Peyronnet’s techniques to decide whether the SSDES
satisfies the property up to some confidence. We use this approach in the paper.

5 A Class of Mixed-Signal Circuits: A — ¥ Modulators

This section is a brief introduction to the principles of A — X modulation and the
related design issues. The reader can consult [MPVRV01,ST05| for more details on
this topic in Signal Processing.

5.1 Analog to Digital conversion via A — X modulation

A A — X modulator is an Analog-to-Digital Converter circuit, i.e., a circuit that takes
an analog value u € R as input and encodes it into a digital value v € D. Since digital
signal processing is more widely used than analog signal processing, such converters
are found in many electrical devices, which motivates their study. The challenge with
Analog-to-Digital conversion is to represent the uncountable set of analog values using
a finite set of digital values D. The direct approach, which is called quantization, con-
sists in mapping u to the digital value v that minimizes the quantization error defined
as 0 = u — v, ie., it chooses v = argmin, cp |4|. Obviously, one way to decrease the
remaining quantization error is to increase the number of bits used to encode D and
thus the number of possible digital values. Another approach, which is implemented by
A — X modulation, is to measure and compensate for the accumulation of quantization
errors during time. As an example, consider the following simple instance of a discrete
time A — X modulator. Let u(k), v(k), 6(k) = u(k) — v(k) be the analog input, the
digital output, and the quantization error at step k, respectively. The modulator uses
an integrator to store the accumulation of errors in a variable z(k) = Zlg 0(k), so that
z(k+ 1) = z(k) + d(k), and determines the next digital output v(k + 1) based on the
sign of z(k+1),ie, D={-1,1} andv(k+1)=1if z(k+1) >0and v(k+1) = -1
otherwise. A A— X modulator thus basically consists of a feedback loop controlling the
quantization error. To improve the performance, more complex feedback loops can be
designed involving more than one integrator. The order of a modulator is given by the
number of integrators used. Note that A— X modulators can achieve good performance
using a limited number of bits.

5.2 Conversion interpretation in the frequency domain

The benefit of the A — X' modulation approach is clearly apparent in the frequency
domain. Indeed, the Fourier transform of the digital signal is the Fourier transform of



15

1500 T T T
1000k-4 ... (@) Fourier Transform of the analog signal (input) _
Ta a]) T o]
DM L L ULLM J_ML ; ;
a =1u]u] 1000 1500 zooo Z500 3000
v
1500
1000 _ (b) Fourier Transform of the digital signal (output) |
uantization error o
S00 AUantize 1.€ g
0 st A M M ;
a 500 1000 1500 Z0oo Z500 3000

v

Fig. 2 A sample behavior of the A — ¥ modulator. The Fourier transform of the output
signal (b) matches the Fourier transform of the input signal (a) on the interval [0, 1500H z].
The quantization error is pushed toward frequencies higher than 1500H z.

the analog signal composed with some error due to quantization. The feedback loop in
the A — X' modulator is designed to “push” this error towards high frequencies, where
it can be isolated and removed, e.g. by using a low-pass filter. The original signal can
then be retrieved by using the inverse Fourier transform. The process assumes that the
input signal has a limited bandwidth (e.g. in Figure [2] the Fourier transform of the
input signal is zero for frequencies higher than 1500H z). Usually, a low-pass filter is
placed between the analog signal and the A — X' modulator to ensure that the input
signal always satisfies this requirement.

Example 8 An illustration of A — X modulator principle is given in Figure[2| The plots
show the Fourier transform of the digital output of a A — X modulator for the signal
of Figure

5.3 Verification issues and reachability-based verification

Modulators with more than two integrators are known to exhibit better performance
but also introduce a stability problem [ASS96]. During an execution, an integrator
remembers each input and adds it to the sum of all the previously read inputs. Conse-
quently, an important issue is whether the integrators are stable, i.e., whether or not
the values stored in the integrators can grow indefinitely. Because integrators have lim-
ited capacity, the values of these states would then reach a saturation level. Saturation
can compromise the quality of the analog-to-digital conversion. The stability analysis
of the feedback loop is made difficult by the nonlinearity (in this case, a discontinu-
ity) induced by quantization. This invalidates the direct application of classical linear
stability theory which makes the stability analysis of A — X modulators a challenging
problem (see [SH93]).
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Fig. 3 An example where the A — X' fails. We observe that the Fourier transform of the digital
signal (d) is clearly different from the Fourier transform of the analog signal (b).

State of the art (brief overview). In [DDMO04] and [GKRO04], the authors use reach-
ability techniques developed in the area of hybrid systems to guarantee that for every
input signal in a given range, the integrator state will never saturate. However, the
technique developped in is not powerful enough to analyze signals with long
durations. Moreover, the approach is restricted to saturation and cannot be applied to
more complex properties such as those related to the “quality” of the conversion. In
the next section, we investigate these issues using an SSDES representation and the
techniques introduced in Section [3.

6 Experimental Results

We have implemented a prototype of a statistical Model Checker in the MATLAB
environment. Our procedure takes as input a MATLAB routine that returns a trace
of a given SSDES model and a routine that can decide whether a trace satisfy an LTL
property ¢ or not. It can use either the PESTIMATION or the BI-SPRT algorithm to
estimate the probability that the model satisfies ¢. Motivated by the results in Section
we conduct our experiments with the BI-SPRT algorithm.

6.1 On Representing A — X' Modulators and properties with SSDES

In the rest of the section, we discuss the results we obtained when applying our proto-
type to different A — 3 modulators. We used the delsig toolbox [Sch03] to generate
models of order 3, 5 and 7. It provides a simulation routine such that given an input
signal and a model returns a digital signal. We get a stochastic system by combining
this routine with another function that generates random inputs. Specifically, we de-



17

fine an SSDES model § = (7, S, sg, —, Ta,7g, L) for a ' order A — ¥ modulator
combined with a stochastic input generator as follows:

— Time. We set 7 = {tg,¢1,..,ty—1} with tg =0, ty_1 = 3 and 6t = ;41 — t; =
som0+ N = 24000;

— Set of States. The model contains n integrators such that each contains one
real-valued (or analog) variable. A state s € S can thus be described as a tuple
(u, 1,22, ...,Tn,v), where

- x1,...,Tn are analog variables storing the integrators’ states;

— wu is an analog variable storing values for the input signal £%;

— v is a digital variable storing values for the output signal £°.
The number of analog signals is thus ng = n + 1 and the number of digital sig-
nals ny; = 1. We assume that the states of the integrators cannot go beyond
certain values that are fixed by the model. When this value is reached, we say
that the integrators saturate. In practice, z; € [—1,1] for ¢ € {1,2,3} and —1,1
are the saturation values. Assuming also that u € [—umax,Umax], we get As =
[—1,1]"™ X [~umax, Umax] and Ds = {—1,1}. Given an execution o = sp$1...SN_1,
we use u(k) = ma(sg,1), z;(k) = ma(sg, 7 + 1), and v(k) = m4(sg,1). For all
ke {0,...,N — 1}, we have £“(0)[tr] = u(k) and £(o0)[tx] = v(k);

— Transition relation. When u(k) is given, the simulation routine computes z(k+
1), z2(k + 1), ..., zn(k + 1) and v(k + 1). Thus the probability distribution of
Sk — Sg41 for all (sg,spy1) € S xS is induced by the probability distribution of
the input value u(k +1). For our experiments, we consider uniform random inputs:
for all k, u(k) is chosen in a set [—umax, Umax] with a uniform random distribution;

— Initial state. Initially, the values of the integrators’ states are 0 and by convention
the digital output v(0) is set to 1 and the input value u(0) to 0. Thus the initial
state is so = (0,...,0,1);

— Boolean predicates. We define a Boolean predicate Satur which is associated
with a state s iff one of the analog components of s, i.e., either the input or an
integrator state, saturates. Formally, Satur € L(s) iff there exist ¢ in {1,...,nq}
such that mq(s,7) = 1 or 7a(s,i) = —1.

6.1.1 Discussion on the input generator

As mentioned in Section the modulators are designed to work better for signals in
a given bandwidth of frequencies. More precisely, an important parameter in the design
of a discrete-time modulator that can generate the delsig toolbox is its over-sampling
ratio (OSR). This parameter means that the modulator is optimized for signals with
a bandwidth which is &7 times smaller than the maximal bandwidth permitted by
the time-step 0t, i.e., fm = 2—% according to the Nyquist theorem [Smi97]. Thus, in
our experiments, we used a low-pass filter which eliminates all frequencies greater than
fo = % in the signal generated by the uniform random distribution. We used a 5th
order Butterworth filter provided by the Signal Processing Toolbox of Matlab.

The resulting stochastic input generator randomly picks a signal in the set of all

signals intended to be used with the model we consider.
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Umax Nb True Nb Trials Proba. Found Computational Time (s)
0.1 0 342 0 1.54

0.15 321 4847 0.0625 19.23

0.2 14985 29229 0.5 116.34

0.25 881 898 0.96875 3.61

0.3 342 342 1 1.35849

Table 3 Saturation analysis of a 3th order A — X modulator with « = 0.001, 8 = 0.001 and
6 = 0.02.

Umax Pr(S3 = OSatur) Pr(Ss = ¢Satur) Pr(S7 = OSatur)
0.25 0 0 0

0.5 0 0 0.0625
0.75 0 0 0.125

1 0 0 0.21875
1.25 0.03125 0.15625 0.4375
1.5 0.21875 0.5 0.75
1.75 0.59375 0.8125 0.9375
2 0.875 1 1

2.25 1 1 1

2.5 1 1 1

Table 4 Estimation of the probability to saturate for S3, S5 and S7, with BI-SPRT algorithm
and o = 0.01, 8 = 0.01 and § = 0.05.

6.2 Saturation analysis

We consider the formula Pr>g($Satur), ie., whether saturation occurs with a prob-
ability greater or equal to 6 for different values of umax. We first used BI-SPRT to
estimate the probability of {Satur for the third order modulator that is analysed in
[DDMO4]. In [DDMO04]|, reachability techniques are used to guarantee that for every
input signal in a given range, the integrator state never saturates. While this approach
is clearly sound for proving stability, its computational cost is prohibitive. As an ex-
ample, in [DDMO04], the absence of saturation is proved for a small number of steps
(for instance N = 31). By providing probabilistic guarantees instead of exhaustiveness,
our approach makes it possible to consider much larger horizons (N = 24000 in the
following experiments). To remain in the same experimental setting as in [DDMO04], we
do not use a low-pass filter. We set the two error bounds a and S to 0.001 and use an
indifference region of size (p1,pg) = (0 — 0.01,0 + 0.01). The results we obtained are
reported in Table [3l The first and fourth columns report the value of umax and the
value of p found, respectively. Column 3 reports the number of simulations performed.
The results confirm the fact, proved in [DDMO04], that for signals with a maximum
amplitude of 0.1, i.e., umax = 0.1, the circuit never saturates whereas if umax is more
than 0.3, the circuit always does.

In Table [4] we show the results we obtained for modulators of orders 3 (S3), 5
(S5), and 7 (S7), respectively. In those experiments, we use the low-pass filter for the
input signal. This explain why higher values of umax can be used without provoking
saturation. From these experiments, which cannot be handled with the technique of
[DDMO04], we can observe that higher order modulators are more likely to saturate.
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Umax | SNR, 3" order A — X  SNR, 5t" order A — ¥ SNR, 7" order A — %
0.5 39.948 46.4423 44.047
1 45.7603 51.9534 49.7312
1.5 49.0874 55.12 52.8598
2 51.4339 57.4009 55.3808
2.5 53.0783 59.0686 50.9091
3 54.5813 57.3029 29.832
3.5 53.7013 45.8932 -2.68854
4 49.6055 21.8596 -9.30988
4.5 41.5892 -3.11012 -9.14168
5 32.2871 -5.03031 -8.1362

Table 5 Comparison of average signal-to-noise ratio for A — X' of different orders computed
on 100 executions.

6.3 Frequency domain analysis

In addition to improving the computation time, our approach makes it possible to
verify more complex properties than those that can be handled with a reachability-
based technique. In particular, by defining execution predicates involving the Fourier
transform, we can check reliably whether an analog signal was properly converted to a
digital one.

The quality of the conversion is usually measured in terms of signal-to-noise ratio
(SNR), i.e., the comparison between the power of the original analog signal (denoted
ws) and the power of the quantization noise (denoted wn ), on the bandwidth of interest
[0, fp]. Let o be an execution and £ and €Y be the Fourier transforms of the input
analog signal u and the corresponding digital signal v associated with o. The quantities
ws(o) and wp (o) are given by:

ws(0) = Y )| and wa(o) = DS 7S r S 179 I

E<N,vp<fo E<N,v<fo

D=
[N

and the signal-to-noise ratio of the trace o, traditionally given in decibels, is:

snr(o) = 201logq won (@)’
The higher the signal-to-noise ratio, the better the quality of the conversion. In Table[5]
we compute the average value of the SNR over 100 executions for filtered, random input
signals generated as above with different values of umax, and for three modulators of
different orders.

These results seem to show that the order modulator performs better than the
37% and the 7*" order ones, except for input signals of higher amplitudes for which only
the 3"% order modulator seems to be able to achieve acceptable performance. However,
the numbers in this table correspond to a fixed number of simulations (they do not
result from an application of our methodology) and thus cannot be used to estimate the
actual probabilities that the circuits behave correctly for inputs with given amplitudes.
To estimate these probabilities, we can apply our approach using an execution predicate
psnr involving the signal-to-noise ratio of an execution. If we assume that a conversion

ws (o)
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Umax PT(SB ): psnr) PT(SS ': psnr) PT(S’7 ': psnr)
2 1 1 1
2.5 1 1 0.9375
3 1 0.96875 0.625
3.5 1 0.78125 0.125
4 1 0.40625 0
4.5 0.84375 0.0625 0
5 0.59375 0 0

Table 6 Probabilities that the Signal-to-noise predicate holds for a 3'4, a 5* and a 7t order
A — ¥ modulator Syss, Syss and Sys7, estimated with the BI-SPRT algorithm with o = 0.01,
B =0.01 and 6 = 0.05.

Umax | Pr(Ss Epio) Pr(Ss Epioo) Pr(Ss Epsur)  Pr(Opio — —psur)  Pr(Opioo — —psor)
3 0.15625 0 0.96875 0.84375 1
3.5 0.625 0.09375 0.84375 0.46875 0.96875
4 0.9375 0.53125 0.5 0.5 0.90625
4.5 1 0.90625 0.15625 0.8125 0.90625
5 1 1 0.03125 0.96875 0.96875

Table 7 Mixed-domains analysis for a 5th order A — X' modulator (o = 0.0001, 8 = 0.0001
and § = 0.05).

for a trace o is correct if snr(o) is more than 30, then the predicate is defined as
psnr(o) = T iff snr(o) > 30.

Tt is easy to derive a MATLAB routine that can decide whether or not an execution of
a A — X modulator satisfies psnr. In Table [6] we report the results obtained when we
apply the BI-SPRT algorithm to estimate the probability that the executions of our
three modulators satisfy the predicate psnr.

6.4 Mixed-domains (time-frequency) analysis

In the previous experiments, we can observe that for some values of umax (€.g. Umax =
2), both the formula {Satur and the predicate psps hold with an estimated probability
1. This means that for all signals with a maximum amplitude of, e.g., umax = 2, the
circuit saturates and provides a correct conversion. Thus, there cannot be a causality
link between saturation in one state and improper conversion. In [DDMO04], it is as-
sumed that the absence of saturation is necessary for psnr to be true. Our experiments
show that this may be an overly conservative assumption.

In this section, we are interested in investigating whether saturation during y con-
secutive states, where y > 1 can cause wrong behaviors. For this we defined a y-sequence
predicate py such that py is true for a sequence oy of y states if and only if for each
0<i <y, o(i) = Satur. We evaluated the probabilities Pr(Ss = $py), Pr(Ss = psnr)
and Pr(S | (Opy — —psnr)) for y = 10 and y = 100 and different values of umax. The
results are reported in Table[7.

We can observe that the probability of (p1og — —psnr) is always very high even
when neither p1gg nor —psnr are trivially satisfied. This shows that there is a correlation
between saturation during 100 consecutive states and bad signal conversions.
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7 Conclusion

This paper is the first attempt to apply the simulation-based techniques of Younes [YS02,
You05b, YouO5a| YouO6] to verifying non-trivial properties of mixed-signal circuits. In
comparison to the formal approach presented in [DDMO04], our technique makes it possi-
ble to obtain better performance results as well as to handle a larger class of properties.
Our results are correct up to a pre-specified probability of error, while those of [DDMO04]
are exact. Of particular interest is the possibility of specifying properties in the time
domain as well as in the frequency domain. We also introduce mixed-domains prop-
erties, i.e., properties that apply both for the timed signal and for its Fourier transform.

Our work requires the ability to monitor properties of discrete-time signals, which can
easily be done with existing techniques [LS06,dR05]. In a series of recent papers [NM07,
MNPO08], Nickovic et al. proposed techniques for monitoring properties of dense-time
analog signals. An interesting direction would be to adapt our techniques to work in
this latter, more demanding context.

We also intend to consider extensions of SLTL incorporating past temporal opera-
tors and a better correlation between execution predicates and temporal operators.
We plan to define more complex specifications for frequency domain properties based
on the needs of designers of mixed signal circuits. Our ultimate goal is to provide
them with a general framework for specifying and verifying properties of mixed-signal
circuits.
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