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Lecture 6: DNA sequence analysis 

1 Introduction 

1.a Generating DNA sequences 

1.b Historical notes 

1.c Application fields 

2 Investigating frequencies of occurrencies of words 

 2.a Motivation 

2.b Probability distributions 

2.c Simulating from a probability distribution 
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3 Study examples 

3.a Words of length 2 

Markov Chains 

3.b Words of length 3 

3.c  Restriction sites 

 

4 Comparing multiple sequences 

(see practical session) 
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1 Introduction  

1.a Generating DNA sequences 

Human genome 
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Sanger sequencing 

 DNA sequencing enables us to perform a thorough analysis of DNA because 
it provides us with the most basic information of all: the sequence of 
nucleotides.  

 Scientists recognized that this could potentially be a very powerful tool, and 
so there was competition to create a method that would sequence DNA.  

 Then in 1974, two methods were independently developed by an American 
team and an English team to do exactly this.  
- The Americans, lead by Maxam and Gilbert, used a “chemical cleavage 

protocol”, while  
- the English, lead by Sanger, designed a procedure similar to the natural 

process of DNA replication.  

 Even though both teams shared the 1980 Nobel Prize, Sanger’s method 
became the standard because of its practicality (Speed, 1992). 
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 Sanger’s method, which is also referred to as dideoxy sequencing or chain 

termination, is based on the use of dideoxynucleotides (ddNTP’s) in 

addition to the normal nucleotides (NTP’s) found in DNA.  

 

Dideoxynucleotides are essentially 
the same as nucleotides except they 
contain a hydrogen group on the 3’ 
carbon instead of a hydroxyl group 
(OH). These modified nucleotides, 
when integrated into a sequence, 
prevent the addition of further 
nucleotides. (Speed, 1992). 

 

(http://www.nature.com/scitable/topicpage/the-order-of-nucleotides-in-a-gene-6525806) 

  

http://www.bio.davidson.edu/Courses/Molbio/MolStudents/spring2003/Obenrader/dideoxynucleotide_image.htm
http://www.bio.davidson.edu/Courses/Molbio/MolStudents/spring2003/Obenrader/nucleotide_image.htm
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New(er) generations of sequencing methods 

 

 

(http://uni-leipzig.de/~strimmer/lab/courses/ss12/current-topics/slides/1-NGS.pdf) 



GBIO0009 - LECTURE 6          

 

 
 

New(er) generations of sequencing methods 

  
(Ivo Gut, CSCDA2012) 
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New(er) generations of sequencing methods 

 

(http://www.genome.gov/sequencingcosts/) 

Moore’s Law is a 

computing term which 

originated around 

1970; the simplified 

version of this law 

states that processor 

speeds, or overall 

processing power for 

computers will double 

every two years. 
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"Cost per Genome" - the cost of sequencing a human-sized genome 

 Technology improvements that 'keep up' with Moore's Law are widely 

regarded to be doing exceedingly well, making it useful for comparison. 

 Logarithmic scale on the Y axis 

 Sudden and profound out-pacing of Moore's Law beginning in January 

2008.  

- The latter represents the time when the sequencing centers 

transitioned from Sanger-based (dideoxy chain termination sequencing) 

to 'second generation' (or 'next-generation') DNA sequencing 

technologies. 

 

(http://www.genome.gov/sequencingcosts/)  
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New(er) generations of sequencing methods 

 1st generation DNA sequencing 1977-2005 – Fred Sanger 
- ~1 million bases/instrument * day 
- Only method in 2005 

 2nd generation DNA sequencing 2005 –   
- 2005 ~10 million bases / instrument * day 
- 2007 ~100 million bases  / instrument * day 
- 2010 ~6 billion bases / instrument * day 

 3rd generation DNA sequencing 2011 –   
- Complete human genome 
- < 1k EURO 
- < 1 day 
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High throughput has been beneficial for GWA studies 

 

(Ivo Gut, CSCDA2012) 
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Sequence assembly problems 

 In principle, assembling a sequence is just a matter of finding overlaps and 

combining them. 

 In practice:  

- most genomes contain multiple copies of many sequences,  

- there are random mutations (either naturally occurring cell-to-cell 

variation or generated by PCR or cloning),  

- there are sequencing errors and misreadings,  

- sometimes the vector itself is sequenced 
A vector is a small piece of DNA, taken from a virus, a plasmid, or the cell of a 

higher organism, that can be stably maintained in an organism, and into which a 

target DNA sequence can be inserted 

- sometimes miscellaneous junk DNA gets sequenced 

https://en.wikipedia.org/wiki/DNA
https://en.wikipedia.org/wiki/Virus
https://en.wikipedia.org/wiki/Plasmid
https://en.wikipedia.org/wiki/Cell_%28biology%29
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 Getting rid of vector sequences is easy once you recognize the problem: 

just check for them. 

 Repeat sequence DNA is very common in eukaryotes, and sequencing 

highly repeated regions (such as centromeres) remains difficult even now. 

High quality sequencing helps a lot: small variants can be reliably identified. 

 Sequencing errors, bad data, random mutations, etc. were originally dealt 

with by hand alignment and human judgment.  However, this became 

impractical when dealing with the Human Genome Project. 

 This led to the development of automated methods.  The most useful was 

the phred/phrap programs developed by Phil Green and collaborators at 

Washington University in St. Louis. 
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1.b Historical notes 

Sequencing projects 

 Based on the first Sanger sequencing technique, the Human Genome 
Project (1990–2003), allowed the release of the first human reference 
genome by determining the sequence of ~3 billion base pairs and 
identifying the approximately ~20,000 human genes (at that time, one believed 

there were about 25,000 genes) 
 That stood as a great breakthrough in the field of comparative genomics 

and genetics as one could in theory directly compare any healthy or non-
healthy sample against a golden standard reference and detect genetic 
polymorphisms or variants that occur in a genome.  
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Sequencing projects 

 Few years later, as sequencing techniques became more advanced, more 
accurate, and less expensive, the 1000 Human Genome Project was 
launched (January 2008). 
 

The main scope of this consortium is to sequence, ~1000 anonymous participants of 
different nationalities and concurrently compare these sequences to each other in 
order to better understand human genetic variation.  

 

 The International HapMap Project (short for “haplotype map”) aims to 
identify common genetic variations among people, making use of data from 
six different countries. 

 Shortly after the 1000 Human Genome Project, the 1000 Plant Genome 
Project (http://www.onekp.com) was launched, aiming to sequence and 
define the transcriptome of ~1000 plant species from different populations 
around the world.  
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Notably, out of the 370,000 green plants that are known today, only ~125,000 
species have recorded gene entries in GenBank and many others still remain 
unclassified.  
 

 While the 1000 Plant Genome Project was focused on comparing different 
plant species around the world, within the 1001 Genomes Project, 1000 
whole genomes of A. Thaliana plants across different places of the planet 
were sequenced. 

 Similar to other consortiums, the 10,000 Genome Project aims to create a 
collection of tissue and DNA specimens for 10,000 vertebrate species 
specifically designated for whole-genome sequencing.  
 

Vertebrates have a series of nerves along the back which need support and 
protection. That need brings us to the backbones and notochords. Vertebrates have a 
series of nerves along the back which need support and protection. That need brings 
us to the backbones and notochords. Notochords were the first "backbones" serving 
as support structures. 
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 The goal of the 1000 Fungal Genome Project (http://1000.fungalgenomes.org) is 
to explore all areas of fungal biology.  

 In human genetics, metagenome sequencing is becoming increasingly 
important, which lead to the Human Microbiome Project 
(http://www.hmpdacc.org/) 
- Metagenome sequencing is defined as an approach for the study of 

microbial populations in a sample representing a community by 
analysing the nucleotide sequence content.  

- The HMP plans to sequence 3000 genomes from both cultured and 
uncultured bacteria, plus several viral and small eukaryotic microbes 
isolated from human body sites.  

- This, in conjunction with reference genomes sequenced by HMP 
Demonstration Projects and other members of the International 
Human Microbiome Consortium (IHMC), will supplement the available 
selection of non-HMP funded human-associated reference genomes. 

  

http://www.human-microbiome.org/
http://www.human-microbiome.org/
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Why reference sequences? 

 Within the human body, it is estimated that there are 10x as many 
microbial cells as human cells.  

 Our microbial partners carry out a number of metabolic reactions that are 
not encoded in the human genome and are necessary for human health ( 

human genome =  human genes + microbial genes).  

 The majority of microbial species present in the human body have never 
been isolated, cultured or sequenced, typically due to the inability to 
reproduce necessary growth conditions in the lab ( study microbial 

communities – metagenomics)  

 In order to assign metagenomic sequence to taxonomic and functional 
groupings, and to differentiate the novel from the previously described, it is 
necessary to have a large pool of described genomes from the same 
environment (reference genomes).  
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Why reference sequences? 

  

(http://www.hmpdacc.org/) 
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Which reference sequence? 

 

(http://www.ncbi.nlm.nih.gov/projects/genome/assembly/grc/human/)
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Which reference sequence? 

 

(http://www.hgvs.org/mutnomen/refseq.html)  
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Common workflow for whole-exome and whole genome sequencing 

 

 

 

 

(Pabinger et al. 2013) 
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Basic workflow for whole-exome and whole-genome sequencing 
 

 After library preparation, samples are sequenced on a certain platform. 

 The next steps are quality assessment and read alignment against a 
reference genome,  

 followed by variant identification.  

 Detected mutations are then annotated to infer the biological relevance 
and  

 results can be displayed using dedicated tools.  

 The found mutations can further be prioritized and filtered, followed by 
validation of the generated results in the lab. 

 
(Pabinger et al. 2013) 
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1.c Application fields 

How is DNA sequencing used by scientists?  

A. In recent years, DNA sequencing technology has advanced many areas of 
science. For example, the field of functional genomics is concerned with 

- figuring out what certain DNA sequences do, as well as  
- which pieces of DNA code for proteins and  
- which have important regulatory functions.  

B. An invaluable first step in making these determinations is learning the 
nucleotide sequences of the DNA segments under study. 
C. Another area of science that relies heavily on DNA sequencing is 
comparative genomics, in which researchers compare the genetic material of 
different organisms in order to learn about their evolutionary history and 
degree of relatedness.  
D. Complex disease analysis 
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A. Open Reading Frames 

 

 In molecular genetics, an open reading frame (ORF) is the part of a 

reading frame that has the potential to code for a protein or peptide. An 

ORF is a continuous stretch of codons beginning with a start codon 

(usually AUG) and ending with a stop codon (usually TAA, TAG or TGA) 

 

 Sample sequence showing three different possible reading frames. Start 

codons are highlighted in purple, and stop codons are highlighted in red. 

 

(https://en.wikipedia.org/wiki/Open_reading_frame) 

  

https://en.wikipedia.org/wiki/Molecular_genetics
https://en.wikipedia.org/wiki/Reading_frame
https://en.wikipedia.org/wiki/Codons
https://en.wikipedia.org/wiki/Start_codon
https://en.wikipedia.org/wiki/Stop_codon
https://en.wikipedia.org/wiki/Reading_frame
https://en.wikipedia.org/wiki/Start_codon
https://en.wikipedia.org/wiki/Start_codon
https://en.wikipedia.org/wiki/Stop_codon
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B. Counting letters or words 

 One of the most fundamental properties of a genome sequence is its GC 
content, the fraction of the sequence that consists of Gs and Cs, ie. the 
%(G+C). 

 The GC content can be calculated as the percentage of the bases in the 
genome that are Gs or Cs. That is, GC content = (number of Gs + number of 
Cs)*100/(genome length). For example, if the genome is 100 bp, and 20 
bases are Gs and 21 bases are Cs, then the GC content is (20 + 21)*100/100 
= 41%. 
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 The CpG sites or CG sites are regions of DNA where a cytosine nucleotide 
occurs next to a guanine nucleotide in the linear sequence of bases along its 
length. "CpG" is shorthand for "—C—phosphate—G—", that is, cytosine 
and guanine separated by only one phosphate. The "CpG" notation is used 
to distinguish this linear sequence from the CG base-pairing of cytosine and 
guanine.            (https://en.wikipedia.org/wiki/CpG_site) 

  

 

https://en.wikipedia.org/wiki/DNA
https://en.wikipedia.org/wiki/Cytosine
https://en.wikipedia.org/wiki/Nucleotide
https://en.wikipedia.org/wiki/Guanine
https://en.wikipedia.org/wiki/DNA_sequence
https://en.wikipedia.org/wiki/Base_pair
https://en.wikipedia.org/wiki/Phosphate
https://en.wikipedia.org/wiki/Base_pair
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C. Comparing multiple sequences 

 After collection of a set of related sequences, how can we compare them as 

a set? 

 How should we line up the sequences so that the most similar portions are 

together? 

 What do we do with sequences of different length? 
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 Are sequences alike? 

- Heterologs.  {Heterologs differ in both origin and activity.} 

- Homologs.  {Homologs have common origins but may or may not have 

common activity.}   

 Genes that share an arbitrary threshold level of similarity 

determined by alignment of matching bases are termed 

homologous.  

 Homology is a qualitative term that describes a relationship 

between genes and is based upon the quantitative similarity.   

 Similarity is a quantitative term that defines the degree of 

sequence match between two compared sequences.   

 Homology implies that the compared sequences diverged in 

evolution from a common origin.     
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- Analogs. {Analogs have common activity but not common origin.}   
 Genes or proteins that display the same activity but lack sufficient 

similarity to imply common origin are said to have analogous 

activity.   

 The implication is that analogous proteins followed evolutionary 

pathways from different origins to converge upon the same 

activity.   

 Analogs have homologous activity but heterologous origins.   

- Paralogs.  {Paralogs are homologs produced by gene duplication.}  
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D. Genomic variation for complex diseases 
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Genomic variation for complex diseases 

 High throughput in nr of individuals and variants matters 

 

- Only identical twins have the same DNA sequences 

- 2 x 10^7 bases in the human genome are variable 

- Average differences between two humans:  0.1% of their genome 

shared 

- Difference between human and chimpanzee is about 1% …. 

 

 We are targeting very small percentages of the genome in which we can 

see “differences” or “variation” between …. 

 This has been made possible by Next Generation Sequencing 

achievements… 
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 Sequencing (DNA, RNA, …) has indeed aided complex disease research by 

allowing scientists to catalogue certain genetic variations between 

individuals that may influence their susceptibility to different conditions or 

by identifying similar “patterns” between subgroups of patients (i.e., 

molecular reclassification of patients). 

 

 

The TCGA Pan-Cancer project 

assembled data from thousands of 

patients with primary tumors 

occurring in different sites of the 

body, covering 12 tumor types. The 

idea of the TCGA PanCancer project 

was to integrate data set for 

comparing and contrasting multiple 

tumor types … (Weinstein et al. 2013)
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Genomic variation for complex diseases 

 In general, there are 3 common scenarios for human geneticists using NGS 

data 

- Identification of causitive genes in Mendelian disorders (germline 

mutations) 

- Identification of candidate genes in complex diseases for further 

functional studies 

- Identification of constitutional mutations as well as driver and 

passenger genes in cancer (somatic mutations) 

(Pabinger et al 2013) 

A germline mutation is one the was passed on to offspring because the egg or sperm 

cell was mutated. 

A somatic mutation is a mutation of the somatic cells (all cells except sex cells) that 

cannot be passed on to offspring. 
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The application determines the statistical analysis tool 
 

 The starting point of any sequencing project is the development of an 
appropriate study design, which starts (should start?) with a biological / 
research question 

 Hence, the work flow for NGS presented earlier is only part of the story … 
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The application determines the statistical analysis tool 

AATCGGATGCGCGTAGGATCGGTAGGGTAGGCTTTAAGATCATGCTATTTTCGAGA

TTCGATTCTAGCTAGGTTTAGCTTAGCTTAGTGCCAGAAATCGGATGCGCGTAGGAT

CGGTAGGGTAGGCTTTAAGATCATGCTATTTTCGAGATTCGATTCTAGCTAGGTTTT

TAGTGCCAGAAATCGTTAGTGCCAGAAATCGATT 

 Can we determine the organism from which this sequence came? 

 Is it likely to be a gene? 

- What is the possible expression level? 

- What is the possible protein product? 

- Can we get the protein product? 

- Can we figure out the key residue in the protein product? 

 What sort of statistics to be used for describing this sequence?  

 Does the description apply to bulk DNA in that organism? 
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The application determines the statistical analysis tool 
 

Suppose: You have been given a 5 KB piece of DNA sequence … 

What to do next? … An example: 

 GeneScan: find any exons in the DNA sequence and generate a predicted 

protein sequence 

 ScanProsite: scan the protein sequence for domains/motifs/patterns found 

in the prosite database [Motifs are structural characteristics and domains 

are functional regions] 

 BLASTP: run a BLASTP search against the Swissprot database find some of 

the best matches (hits) and copy each protein sequence into a word doc for 

the alignment 

 MultAlin: conduct protein sequence alignments from the BLASTP search  
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The application determines the statistical analysis tool 
 

 The rule of thumb in the genomics community is that every dollar spent on 

sequencing hardware must be matched by a comparable investment in 

informatics (www.the-scientist.com/2011/3/1/60/1) 

 There is a constant stream of new software 

- What is its quality? 

- How to install it? 

- How to get it working? 

  

http://www.the-scientist.com/2011/3/1/60/1
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Software packages for next gen sequence analysis 

 

(http://seqanswers.com/forums/showthread.php?t=43)  
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Web-based programs (1) 

 

“ Galaxy is a scientific workflow, data 

integration, and data and analysis 

persistence and publishing platform 

that aims to make computational 

biology accessible to research scientists 

that do not have computer 

programming experience. It serves as a 

general bioinformatics workflow 

management system. “ 

http://en.wikipedia.org/wiki/Scientific_workflow_system
http://en.wikipedia.org/wiki/Data_integration
http://en.wikipedia.org/wiki/Data_integration
http://en.wikipedia.org/wiki/Digital_preservation
http://en.wikipedia.org/wiki/Digital_preservation
http://en.wikipedia.org/wiki/Computational_biology
http://en.wikipedia.org/wiki/Computational_biology
http://en.wikipedia.org/wiki/Computer_programming
http://en.wikipedia.org/wiki/Computer_programming
http://en.wikipedia.org/wiki/Bioinformatics_workflow_management_systems
http://en.wikipedia.org/wiki/Bioinformatics_workflow_management_systems
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Web-based programs (2) 

 

(https://hyperbrowser.uio.no/hb/) 

“ Genomic HyperBrowser ‘s 

focus is on statistical 

inference on relations 

between genomic tracks. An 

example of analysis is to 

investigate the relationship 

between histone 

modifications and gene 

expression, using ChIP-based 

tracks of histone 

modifications versus tracks of 

genes marked with 

expression values from a 

microarray experiment. “ 

http://en.wikipedia.org/wiki/Histone_modification
http://en.wikipedia.org/wiki/Histone_modification
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What will WE learn from sequence data? 

 Recognizing motifs, sites, signals, domains 

- Sequence motifs are extremely convenient descriptors of conserved, 

functionally important short portions of proteins 

- A conserved motif can be represented by a consensus sequence 

- Often the above words (in bold) are used interchangeably to describe 

recurring elements of interest (patterns – pattern recognition) 

 

 Why (probability) models for biomolecular motifs? 

- To characterize them 

- To help identify them 

- For incorporation into larger models (e.g., an entire gene) 
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(Zia and Moses 2012) 
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What will WE learn from sequence data? 

 Comparative genomics: 

the study of the genomic sequence of organisms that are related to humans 

– could ultimately help to identify targets for drug development 

 
(McCain 2004) 
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What will WE learn from sequence data? 

 Identifying disease relevant mutations and variants  

  
(Goldstein et al. 2013) 



GBIO0009 - LECTURE 6          

 

 
 

 

(Pabinger et al 2013) 
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Public resources that help in mapping complex diseases in humans 
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We will focus on human data and Bioconductor / R Environment 

 

 R scripts illustrating relevant R packages for sequence pattern recognition 
and sequence comparison: 
 

- DNA sequence statistics: http://a-little-book-of-r-for-
bioinformatics.readthedocs.org/en/latest/src/chapter1.html 

- Quering sequence data bases: http://a-little-book-of-r-for-
bioinformatics.readthedocs.org/en/latest/src/chapter3.html  

- Pairwise sequence alignment: http://a-little-book-of-r-for-
bioinformatics.readthedocs.org/en/latest/src/chapter4.html 

- Multiple alignments and phylogenetic analysis: http://a-little-book-of-r-for-
bioinformatics.readthedocs.org/en/latest/src/chapter5.html 

- Computational gene finding: http://a-little-book-of-r-for-
bioinformatics.readthedocs.org/en/latest/src/chapter7.html 

- Comparative genomics: http://a-little-book-of-r-for-

bioinformatics.readthedocs.org/en/latest/src/chapter9.html 

http://a-little-book-of-r-for-bioinformatics.readthedocs.org/en/latest/src/chapter1.html
http://a-little-book-of-r-for-bioinformatics.readthedocs.org/en/latest/src/chapter1.html
http://a-little-book-of-r-for-bioinformatics.readthedocs.org/en/latest/src/chapter3.html
http://a-little-book-of-r-for-bioinformatics.readthedocs.org/en/latest/src/chapter3.html
http://a-little-book-of-r-for-bioinformatics.readthedocs.org/en/latest/src/chapter4.html
http://a-little-book-of-r-for-bioinformatics.readthedocs.org/en/latest/src/chapter4.html
http://a-little-book-of-r-for-bioinformatics.readthedocs.org/en/latest/src/chapter5.html
http://a-little-book-of-r-for-bioinformatics.readthedocs.org/en/latest/src/chapter5.html
http://a-little-book-of-r-for-bioinformatics.readthedocs.org/en/latest/src/chapter7.html
http://a-little-book-of-r-for-bioinformatics.readthedocs.org/en/latest/src/chapter7.html
http://a-little-book-of-r-for-bioinformatics.readthedocs.org/en/latest/src/chapter9.html
http://a-little-book-of-r-for-bioinformatics.readthedocs.org/en/latest/src/chapter9.html
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2 Investigating frequencies of occurrences of words 

2.a Motivation 
 
Introduction 

 Words are short strings of letters drawn from an alphabet 

 In the case of DNA, the set of letters is A, C, T, G 

 A word of length k is called a k-word or k-tuple 

 Differences in word frequencies help to differentiate between different 

DNA sequence sources or regions 

 Examples: 1-tuple: individual nucleotide; 2-tuple: dinucleotide; 3-tuple: 

codon 

 The distributions of the nucleotides over the DNA sequences have been 
studied for many years  hidden correlations in the sequences 
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Introduction 
 

 

 
(Som et al. 2003) 
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Biological words of length 1 – base composition 

 There are constraints on base composition imposed by the genetic code 

 The distribution of individual bases within a DNA molecule is not ordinarily 

uniform 

- There may be an excess of G over C on the leading strands  

 
- This can be described by the “GC skew”, characterized by: 

 (#G - #C) / (#G + #C) 

 # = nr of 

- What is the implication for AT skew on the lagging strand? 
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Biological words of length 1 – base composition 

 GC or AT skew sign changes link to where DNA replication starts or finishes. 

 Originally this asymmetric nucleotide composition was explained as 

different mechanism used in DNA replication between leading strand and 

lagging strand 

 But recent research (2013) shows there is much more to it:  
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Biological words of length 1 - base composition 

 DNA biosynthesis proceeds in the 

5′- to 3′-direction. This makes it 

impossible for DNA polymerases 

to synthesize both strands 

simultaneously. A portion of the 

double helix must first unwind, 

and this is mediated by helicase 

enzymes. 

 The leading strand is synthesized 

continuously but the opposite 

strand is copied in short bursts of 

about 1000 bases, as the lagging 

strand template becomes 

available. The resulting short 

strands are called Okazaki 

fragments (after their discoverers, 

Reiji and Tsuneko Okazaki).  

 

 

 

 

 Only one strand is transcribed during transcription;  the strand that 

contains the gene is called the sense strand 
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2.b Probability distributions 

 

Probability is the science of uncertainty 

 

1. Rules  data: given the rules, describe the likelihoods of various 

events occurring 

2. Probability is about prediction – looking forwards 

3. Probability is mathematics 
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Statistics is the science of data 

1. Rules  data: given only the data, try to guess what the rules were. 

That is, some probability model controlled what data came out, and 

the best we can do is guess – or approximate – what that model was. 

We might guess wrong, we might refine our guess as we obtain / 

collect more data 

2. Statistics is about looking backward 

3. Statistics is an art. It uses mathematical methods but it is much more 

than maths alone 

4. Once we make our best statistical guess about what the probability 

model is (what the rules are), based on looking backward, we can 

then use that probability model to predict the future. But the purpose 

of statistics is to make inference about unknown quantities from 

samples of data. 
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Statistics is the science of data 

 Probability distributions are a fundamental concept in statistics.  

 Before computing an interval or test based on a distributional assumption, 

we need to verify that the assumption is justified for the given data set.  

 For this chapter, the distribution does not always need to be the best-fitting 

distribution for the data, but an adequate enough model so that the 

statistical technique yields valid conclusions.  

 Simulation studies: one way to obtain empirical evidence for a probability 

model 
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Assumptions 

 Simple rules specifying a probability model: 

- First base in sequence is either A, C, T or G with prob pA, pC, pT, pG 

- Suppose the first r bases have been generated, while generating the 

base at position r+1, no attention is paid to what has been generated 

before.  

 Then we can actually generate A, C, T or G with the probabilities above 

 Notation for the output of a random string of n bases may be: L1, L2, …, Ln  

(Li = base inserted at position i of the sequence) 

 Whatever we would like to do with such strings, we will need to introduce 

the concept of a random variable 
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Probability distributions 

 Suppose the “machine” we are using produces an output X that takes 

exactly 1 of the J possible values in a set 𝜒 =  {𝑙1, 𝑙2, … , 𝑙𝑛 } 

- In the DNA sequence J=4 and 𝜒 =  {𝐴, C, T, G } 

- L is a discrete random variables (since its values are uncertain) 

- If pj is the prob that the value (realization of the random variable L) lj 

occurs, then 

 𝑝1, … , 𝑝𝐽  ≥ 𝑂 and 𝑝1 +  … +  𝑝𝐽 = 1 

 The probability distribution (probability mass function) of L is given by the 

collection 𝑝1, … , 𝑝𝐽 

- P(L=lj) = pj, j=1, …, J 

 The probability that an event S occurs (subset of 𝜒) is P(L ∈ 𝑆) = 

∑  (𝑝𝑗𝑗:𝑙𝑗 ∈𝑆 ) 
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Probability distributions 

 What is the probability distribution of the number of times a given pattern 

occurs in a random DNA sequence L1, …, Ln? 

- New sequence X1, …, Xn: 

Xi=1 if Li=A and Xi=0 else 

- The number of times N that A appears is the sum 

N=X1+…+Xn 

- The prob distr of each of the Xi: 

P(Xi=1) = P(Li=A)=pA 

P(Xi=0) = P(Li=C or G or T) = 1 - pA 

 What is a “typical” value of N? 

- Depends on how the individual Xi  (for different i) are interrelated  
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Independence 

 Discrete random variables X1, …, Xn are said to be independent if for any 

subset of random variables and actual values, the joint distribution equals 

the product of the component distributions 

 According to our simple model, the Li are independent and hence 

P(L1=l1,L2=l2, …,Ln=ln)=P(L1=l1) P(L2=l2) …P(Ln=ln) 
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Expected values and variances 

 Mean and variance are two important properties of real-valued random 

variables and corresponding probability distributions. 

 The “mean” of a discrete random variable X taking values x1, x2, . . . (de- 

noted EX (or E(X) or E[X]), where E stands for expectation, which is another 

term for mean) is defined as: 

E(X) =∑ 𝑥𝑖  𝑃(𝑋 = 𝑥𝑖)𝑖  

 

- E(Xi)= 1 ×pA+0 × (1 −pA) 

- If Y=c X, then E(Y) = c E(X) 

- E(X1 +… + Xn) = E(X1) + … + E(Xn) 

 Because Xi are assumed to be independent and identically distributed (iid): 

E(X1 +… + Xn) = n E(X1) = n pA 
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Expected values and variances 

 The idea is to use squared deviations of X from its center (expressed by the 
mean). Expanding the square and using the linearity properties of the 
mean, the Var(X) can also be written as: 
 

𝑉𝑎𝑟(𝑋) = 𝐸(𝑋2) − [𝐸(𝑋)]2] 
 

- If Y=c X then Var (Y) = c2 Var (X) 
- The variance of a sum of independent random variables is the sum of 

the individual variances 
 

 For the random variables Xi: 

Var (Xi) = [12  × 𝑝𝐴 +  02  ×′ (1 − 𝑝𝐴)] −  𝑝𝐴
2 = 𝑝𝐴(1 − 𝑝𝐴) 

    Var (N) = n Var (X1) = 𝑛𝑝𝐴(1 − 𝑝𝐴)
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Expected values and variances 

 The expected value of a random variable X gives a measure of its location. 
Variance is another property of a probability distribution dealing with the 
spread or variability of a random variable around its mean. 

 
𝑉𝑎𝑟(𝑋) = 𝐸 ( [𝑋 − 𝐸(𝑋)]2 ) 

 
- The positive square root of the variance of X is called its standard 

deviation sd(X) 
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The binomial distribution 
 

 The binomial distribution is used when there are exactly two mutually 
exclusive outcomes of a trial. These outcomes are appropriately labeled 
"success" and "failure". The binomial distribution is used to obtain the 
probability of observing x successes in a fixed number of trials, with the 
probability of success on a single trial denoted by p. The binomial 
distribution assumes that p is fixed for all trials. 

 The formula for the binomial probability mass function is : 

𝑃(𝑁 = 𝑗) = (
𝑛
𝑗 ) 𝑝𝑗(1 − 𝑝)𝑛−𝑗, j = 0,1, …,n 

with the binomial coefficient (
𝑛
𝑗 ) determined by 

(
𝑛
𝑗 ) =  

𝑛!

𝑗! (𝑛 − 𝑗)!
, 

and j!=j(j-1)(j-2)…3.2.1, 0!=1 
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The binomial distribution 

 

 The mean is np and the variance is np(1-p) 

 The following is the plot of the binomial probability density function for 

four values of p and n = 100. 
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2.c Simulating from probability distributions 

 The idea is that we can study the properties of the distribution of N when 

we  can get our computer to output numbers N1, …, Nn having the same 

distribution as N 

- We can use the sample mean to estimate the expected value E(N): 

�̅� =  (𝑁1 +  … +  𝑁𝑛)/𝑛 

- Similarly, we can use the sample variance to estimate the true variance 

of N: 

𝑠2 =  
1

𝑛 − 1
 ∑(𝑁𝑖 −  �̅�)2

𝑛

𝑖=1

 

Why do we use (n-1) and not n in the denominator?  
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Simulating from probability distributions 

 What is needed to produce such a string of observations? 

- Access to pseudo-random numbers: random variables that are 

uniformly distributed on (0,1): any number between 0 and 1 is a 

possible outcome and each is equally likely 

 In practice, simulating an observation with the distribution of X1: 

- Take a uniform random number u 

- Set X1=1 if 𝑈 ≤ 𝑝 ≡  𝑝𝐴  and 0 otherwise.  

- Why does this work?   …  

- Repeating this procedure n times results in a sequence X1, …, Xn from 

which N can be computed by adding the X’s 
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Simulating from probability distributions 

 

 Simulate a sequence of bases L1, …, Ln: 

- Divide the interval (0,1) in 4 intervals with endpoints 

𝑝𝐴, 𝑝𝐴 + 𝑝𝐶 , 𝑝𝐴 + 𝑝𝐶 + 𝑝𝐺 , 1  

- If the simulated u lies in the leftmost interval, L1=A 

- If u lies in the second interval, L1=C; if in the third, L1=G and otherwise 

L1=T 

- Repeating this procedure n times with different values for U results in a 

sequence L1, …, Ln 

 Use the “sample” function in R: 
pi <- c(0.25,0.75) 

x<-c(1,0) 

set.seed(2009) 

sample(x,10,replace=TRUE,pi) 
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Simulating from probability distributions 

 

 By looking through a given 

simulated sequence, we can count 

the number of times a particular 

pattern arises (for instance, the 

base A) 

 By repeatedly generating 

sequences and analyzing each of 

them, we can get a feel for 

whether or not our particular 

pattern of interest is unusual 
 

  
x<- rbinom(2000,1000,0.25) 
mean(x) 
sd(x)^2 
hist(x,xlab="Number of successes",main="") 
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R documentation 

 

(https://stat.ethz.ch/R-manual/R-devel/library/stats/html/Binomial.html) 

> rbinom(1,1000,0.25) 

[1] 250  

https://stat.ethz.ch/R-manual/R-devel/library/stats/html/Binomial.html
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Simulating from probability distributions 

 Using R code: 
 
x<- rbinom(2000,1000,0.25) 
mean(x) 
sd(x)^2 
hist(x,xlab="Number of successes",main="") 

 Suppose we have a sequence of 1000bp and assume that every base occurs 

with equal probability. How likely are we to observe at least 300 A’s in such 

a sequence? 

 

- Exact computation using a closed form of the relevant distribution 

- Approximate via simulation  

- Approximate using the Central Limit Theory 

  

Number of observations = 2000 

Number of trials = 1000 
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Exact computation via closed form of relevant distribution 

 The formula for the binomial probability mass function is : 

𝑃(𝑁 = 𝑗) = (
𝑛
𝑗 ) 𝑝𝑗(1 − 𝑝)𝑛−𝑗, j = 0,1, …,n 

   and therefore 

𝑃(𝑁 ≥ 300) =  ∑ (
1000

𝑗
) (

1000

𝑗=300

1/4)𝑗(1 − 1/4)1000−𝑗  

      = 0.00019359032194965841  

 

  



GBIO0009 - LECTURE 6          

 

 
 

 

(http://faculty.vassar.edu/lowry/binomialX.html)  
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Approximate via simulation 

 Using R code and simulations from the theoretical distribution, 

 𝑃(𝑁 ≥ 300) can be estimated as 0.000196 via 

x<- rbinom(1000000,1000,0.25) 
sum(x>=300)/1000000 
 

 Note that the probability 𝑃(𝑁 ≥ 300) is estimated to be 0.0001479292 via  
 

1-pbinom(300,size=1000,prob=0.25) 
pbinom(300,size=1000,prob=0.25,lower.tail=FALSE) 
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Approximate via Central Limit Theory 

 The central limit theorem offers a 3rd way to compute probabilities of a 

distribution 

 It applies to sums or averages of iid random variables 

 Assuming that X1, …, Xn are iid random variables with mean 𝜇 and variance 

𝜎2, then we know that for the sample average 

�̅�𝑛 =  
1

𝑛
 (𝑋1 +  … +  𝑋𝑛), 

E(�̅�𝑛) = 𝜇 and Var (𝑋̅̅ ̅
𝑛) = 

𝜎2

𝑛
 

 Hence,  

𝐸 (
�̅�𝑛 −  𝜇

𝜎/√𝑛
) = 0, 𝑉𝑎𝑟 (

�̅�𝑛 −  𝜇

𝜎/√𝑛
) = 1 
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Approximate via Central Limit Theory 

 The central limit theorem states that if the sample size n is large enough,  

𝑃 (𝑎 ≤  
�̅�𝑛− 𝜇

𝜎

√𝑛

 ≤ 𝑏) ≈  𝜙(𝑏) −  𝜙(𝑎), 

with 𝜙(. ) the standard normal distribution defined as 

𝜙(𝑧) = 𝑃(𝑍 ≤ 𝑧) =  ∫ 𝜙(𝑥)𝑑𝑥
𝑧

−∞

 

 The central limit theorem in action using R code: 

bin25<-rbinom(1000,25,0.25) 
av.bin25 <- 25*0.25 
stdev.bin25 <- sqrt(25*0.25*0.75) 
bin25<-(bin25-av.bin25)/stdev.bin25 
hist(bin25,xlim=c(-4,4),ylim=c(0.0,0.4),prob=TRUE,xlab="Sample size 
25",main="") 
x<-seq(-4,4,0.1) 
lines(x,dnorm(x))   



GBIO0009 - LECTURE 6          

 

 
 

Approximate via Central Limit Theory 
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Approximate via Central Limit Theory 

 Estimating the quantity 𝑃(𝑁 ≥ 300) when N has a binomial distribution 

with parameters n=1000 and p=0.25, 

𝐸(𝑁) = 𝑛𝜇 = 1000 × 0.25 = 250, 

𝑠𝑑(𝑁) =   √𝑛 𝜎 = √1000 ×
1

4
×

3

4
 ≈ 13.693 

𝑃(𝑁 ≥ 300) = 𝑃 (
𝑁 − 250

13.693
 >  

300 − 250

13.693
) 

 

                                       ≈ 𝑃(𝑍 >  3.651501) =  0.0001303560 

 R code: 
pnorm(3.651501,lower.tail=FALSE) 

 

How do the estimates of 𝑃(𝑁 ≥ 300) compare?  
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3 Study examples 

3.a Studying words of length 2 

 

Introduction 

 Dinucleotides are important because physical parameters associated with 

them can describe the trajectory of the DNA helix through space (such as 

DNA bending), which may affect gene expression. 

- CC dinucleotides contribute to the bending of DNA in chromatin 

(Bolshoy 1995) 

 Also occurrences of CGs are of interest … 



GBIO0009 - LECTURE 6          

 

 
 

CpG sites 
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Occurrences of 2-words 

 

 Concentrating on abundances, and assuming the iid model for L1, …, Ln: 

𝑃(𝐿𝑖 = 𝑙𝑖 , 𝐿𝑖+1 = 𝑙𝑖+1) = 𝑝𝑙𝑖 𝑝𝑙𝑖+1  

 Has a given sequence an unusual dinucleotide frequency compared to the 

iid model? 

- Compare observed O with expected E dinucleotide numbers 

χ2 =  
(O−E)2

E
, 

   with 𝐸 = (𝑛 − 1)𝑝𝑙𝑖
𝑝𝑙𝑖+1

.  

Why (n-1) as factor? How many df? 1? 
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Comparing to the reference 

 How to determine which values of χ2are unlikely or extreme? 

- Recipe:  

 Compute the number c given by  

𝑐 = {
1 + 2𝑝𝑙𝑖 −  3𝑝𝑙𝑖

2 ,  if 𝑙𝑖 =  𝑙𝑖+1

1 − 3𝑝𝑙𝑖
𝑝𝑙𝑖+1

,        if 𝑙𝑖  ≠  𝑙𝑖+1
  

 Calculate the ratio 
χ2

c
, where χ2is given as before 

 If this ratio is larger than 3.84 then conclude that the iid model is 

not a good fit 

 Note: qchisq(0.95,1) = 3.84 

- How can you verify that this recipe is correct?  
(see handbook Deonier et al. p 63) 
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Markov chains 

 When moving from bacteria (such as E. coli, a common type of bacteria that 

can get into food, like beef and vegetables) to real genomes, a more 

complicated probabilistic model is required then the iid model before to 

capture the dinucleotide properties 

 One approach is to use Markov chains.  

 Markov chains are a direct generalization of independent trials, where the 

character at a position may depend on the characters of preceding 

positions, hence may be conditioned on preceding positions 

  



GBIO0009 - LECTURE 6          

 

 
 

Conditional probabilities 

 If Ω refers to the set of all possible outcomes of a single experiment, A to a 

particular event, and Ac to the complement Ω-A of A, then 

 

𝑃(𝐴) +  𝑃(𝐴𝑐) = 1, 

 

 The conditional probability of A given B is 𝑃(𝐴|𝐵) =  
𝑃(𝐴∩𝐵)

𝑃(𝐵)
, 𝑃(𝐵) > 0 

 As a consequence: 𝑃(𝐵|𝐴) =  
𝑃(𝐴|𝐵) 𝑃(𝐵)

𝑃(𝐴)
, also known as Bayes’ Theorem 

 For B1, …, Bk forming a partition of Ω, this is the Bi are disjoint and the Bi are 

exhaustive (their union Is Ω), the law of total probability holds: 

𝑃(𝐴) =  ∑ 𝑃(𝐴 ∩ 𝐵𝑖)

𝑘

𝑖=1

=  ∑ 𝑃(𝐴|𝐵𝑖) 𝑃(𝐵𝑖)

𝑘

𝑖=1
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The Markov property 

 The property will be explained via studying a sequence of random variables 

Xt, t=0,1,… taking values in the state space {A,C,T,G} 

 The sequence {𝑋𝑡 , 𝑡 ≥ 0} is called a first-order Markov chain if only the 

previous neighbor influences the probability distribution of the character at 

any position, and hence satisfies the Markov property: 

 
𝑃(𝑋𝑡+1 = 𝑗 |𝑋𝑡 = 𝑖, 𝑋𝑡−1 = 𝑖𝑡−1, … , 𝑋0 = 𝑖0) = 𝑃(𝑋𝑡+1 = 𝑗|𝑋𝑡 = 𝑖) 

 for 𝑡 ≥ 0 and for all 𝑖, 𝑗, 𝑖𝑡−1, … , 𝑖0 in the state space 

 We consider Markov chains that are homogeneous:  

𝑃(𝑋𝑡+1 = 𝑗|𝑋𝑡 = 𝑖) =  𝑝𝑖𝑗  (i.e. independent of the position t) 
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The Markov property 

 The 𝑝𝑖𝑗  are the elements of a matrix P called the one-step transition matrix 

of the chain.  

 Stepping from one position to the next is one issue, how to start is another 

issue 

- An initial probability distribution is needed as well 

- It is determined by a vector of probabilities corresponding to every 

possible initial state value i: 𝜋𝑖
(0)

= 𝜋𝑖 = 𝑃(𝑋0 = 𝑖) 

 The probability distribution for the states at position 1 can be obtained as 

follows: 

 𝑃(𝑋1 = 𝑗) =  ∑ 𝑃(𝑋0 = 𝑖, 𝑋1 = 𝑗)𝑖 ∈ 𝜒  

                     =  ∑ 𝑃(𝑋0 = 𝑖) 𝑃(𝑋1 = 𝑗|𝑋0 = 𝑖)  =  ∑ 𝜋𝑖𝑝𝑖𝑗𝑖 ∈ 𝜒𝑖 ∈ 𝜒  
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The Markov property 

 To compute the probability distribution for the states at position 2, we first 

show that 𝑃(𝑋2 = 𝑗|𝑋0 = 𝑖) is the ij-th element of PP=P2  

 

   𝑃(𝑋2 = 𝑗|𝑋0 = 𝑖) = ∑ 𝑃(𝑋2 = 𝑗, 𝑋1 = 𝑘| 𝑋0 = 𝑖)𝑘 ∈ 𝜒  

                                     = ∑ 𝑃(𝑋2 = 𝑗|𝑋1 = 𝑘, 𝑋0 = 𝑖)𝑃(𝑋1 = 𝑘| 𝑋0 = 𝑖)𝑘 ∈ 𝜒  

                                     = ∑ 𝑃(𝑋2 = 𝑗|𝑋1 = 𝑘)𝑃(𝑋1 = 𝑘| 𝑋0 = 𝑖)𝑘 ∈ 𝜒  

                                     = ∑ 𝑝𝑖𝑘𝑝𝑘𝑗𝑘 ∈ 𝜒  = (𝑃𝑃)𝑖𝑗  

 Therefore  

𝜋𝑗
(2)

= 𝑃(𝑋2 = 𝑗) = ∑ 𝜋𝑖

𝑖 ∈ 𝜒

𝑃𝑖𝑗
2   
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The Markov property 

 In a similar way it can be shown that  

𝜋𝑗
(𝑡)

= 𝑃(𝑋𝑡 = 𝑗) = ∑ 𝜋𝑖

𝑖 ∈ 𝜒

𝑃𝑖𝑗
𝑡  

 In principle, it can happen that the distribution 𝜋
(𝑡)

 is independent of t. This 

event is then referred to as a stationary distribution of the chain. 

- It occurs when ∑ 𝜋𝑖𝑝𝑖𝑗𝑖 ∈ 𝜒 =  𝜋𝑗, for all j, or stated differently when 

𝜋 =  𝜋𝑃 
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Creating our own Markov chain simulation in practice 

 Assume the observed dinucleotide relative frequencies (each row specifies 

a base and each column specifies the following base): 

 A C G T 
A 0.146 0.052 0.058 0.089 
C 0.063 0.029 0.010 0.056 
G 0.050 0.030 0.028 0.051 
T 0.087 0.047 0.063 0.140 
 

 How to compute the individual base frequencies? 

 How to compute the transition matrix? 

 How to propose initial state parameters to build a Markov chain? 
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How to compute the individual base frequencies? 

 A C G T 
A 0.146 0.052 0.058 0.089 
C 0.063 0.029 0.010 0.056 
G 0.050 0.030 0.028 0.051 
T 0.087 0.047 0.063 0.140 
 

PA = 0.345  
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How to compute the transition matrix? 

𝑃(𝑋1 = 𝐴|𝑋0 = 𝐴) = 0.146/0.345 

 

giving the transition probability matrix 

A  C  G  T 

A 0.423 0.151 0.168 0.258 

P =   C 0.399 0.184 0.063 0.354 

G 0.314 0.189 0.176 0.321 

T 0.258 0.138 0.187 0.415 

 

How to propose initial state parameters to build a Markov chain? 

Take the initial base frequencies 
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R code to generate a string having characteristics of Mycoplasma DNA 
Mycoplasma is a genus of bacteria that lack a cell wall around their cell membrane. Without a 

cell wall, they are unaffected by many common antibiotics. In man, mycoplasmas may be 

found in the airway and urinary tract 

 x is a vector with elements 1, 2, 3, 4 representing A, C, G, T 

 pi is a vector with initial state probabilities 

 P is a 4x4 transition matrix 

 n is the length of the simulated sequence [we are going to generate a sequence with 50,000 

positions] 

 
markov1 <- function(x,pi,P,n){ 
mg <- rep(0,n) 
mg[1] <- sample(x,1,replace=TRUE,pi) 
for (k in 1:(n-1)){ 
  mg[k+1] <- sample(x,1,replace=TRUE,P[mg[k],]) 
  } 
return(mg) 
} 
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 In concreto, we initialize the parameters as follows: 
 

x<-c(1:4) 
pi <- c(0.342,0.158, 0.158, 0.342) 
P <- matrix(scan(),ncol=4,nrow=4,byrow=T) 
0.423 0.151 0.168 0.258 
0.399 0.184 0.063 0.354 
0.314 0.189 0.176 0.321 
0.258 0.138 0.187 0.415 
 

 Creating the sequence; executing the R function: 
 

tmp <- markov1(x,pi,P,50000) 
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 Checking the simulation output: 
 

A<- length(tmp[tmp[]==1]) 
C<- length(tmp[tmp[]==2]) 
G<- length(tmp[tmp[]==3]) 
T<- length(tmp[tmp[]==4]) 
(C+G)/(A+C+G+T)   # fraction of G+C 
 

and comparing it to pC + pG derived from the transition matrix 
 

 Does tmp contain an appropriate fraction of GC dinucleotides? 
 
count <-0 
for (i in 1:49999){ 
  if (tmp[i]==2 && tmp[i+1]==3) 
  count <- count+1 
  } 
count/49999 # abundance of CG dinucleotide as estimated by the model 

 
and compare (0.0096) with pCG in the transition matrix (= 0.010) 
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3.b Studying words of length 3 

Amino acids                                  

 

 There are 61 codons that specify amino acids and three stop codons  64 

meaningful 3-words. 

  Since there are 20 common amino acids, this means that most amino acids 

are specified by more than one codon.  
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Amino acids – biological problem 

 This has led to the use of a number of statistics to summarize the "bias" in 

codon usage:  

 

An amino acid may be coded in different ways,  

but perhaps some codes have a preference (i.e., higher frequency)? 

  



GBIO0009 - LECTURE 6          

 

 
 

Predicted relative frequencies 

 For a sequence of independent bases L1, L2, ... , Ln the expected 3-tuple 

relative frequencies can be found by using the logic employed for 

dinucleotides we derived before 

 The probability of a 3-word can be calculated as follows: 

assuming the iid model 

 This provides the expected frequencies of particular codons, using the 

individual base frequencies.  It follows that among those codons making up 

the amino acid Phe, the expected proportion of TTT is 

P(TTT)

P(TTT) +  P(TTC)
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The codon adaptation index 

 One can then compare predicted and observed triplet frequencies in coding 

sequences for a subset of genes and codons from E. coli.  

 Médigue e al. (1991) clustered different genes based on codon usage 

patterns, and they observed three classes. 

 For instance for Phe, the observed frequency differs considerably from the 

predicted frequency, when focusing on class II genes 

 Checking the gene annotations for class II genes: highly expressed genes 

(ribosomal proteins or translation factors) 
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 Table 2.3 from Deonier et al 2005: figures in parentheses below each gene 

class show the number of genes in that class.  
                   

 

 

 

Main reference of foregoing material in this chapter: Deonier et al. Computational 

Genome Analysis, 2005, Springer (Ch 6,7) 

Class II  : Highly expressed genes 

Class I   : Moderately expressed genes 
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Towards the codon adaptation index  

 Consider a sequence of amino acids X = x1, x2, ... , xL representing 

protein X, with xk representing the amino acid residue corresponding 

to codon k in the gene.  

 Question:  How does the actual codon usage compare with a model 

that states that the codons employed are the most probable codons 

for highly expressed genes?  

 For the codon corresponding to a particular amino acid at position k in 

protein X, let pk be the probability that this particular codon is used to 

code for the amino acid  

 Let qk correspond to the probability for the most frequently used 

codon of the corresponding amino acid in highly expressed genes.   
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The codon adaptation index (Sharp and Li 1987) 

 The CAI is defined as  

 
 

 An alternative way of writing this is  

 
 

 So the formula for CAI is the geometric mean of the ratios of the 
probabilities for the codons actually used to the probabilities of the 
codons most frequently used in highly expressed genes. 
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The codon adaptation index 

 

 An example:  

 

Consider the amino acid sequence from the amino terminal end of the 

himA gene of E. coli (which codes for one of the two subunits of the 

protein IHF: length L = 99). 
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The codon adaptation index 

 Top lines: amino acid sequence and corresponding codons.  

 Upper table: probabilities for codons in lower table.  

 The probability of the most frequently used codon in highly expressed 

genes is underlined (Fig 2.2 – Deonier et al 2005).  
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The codon adaptation index 

 

 The CAI for this fragment of coding sequence is given by  
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The codon adaptation index 

 Interpretation: 

- If every codon in a gene corresponded to the most frequently 

used codon in highly expressed genes, then the CAI would be 1.0.  

- The CAI for a gene sequence in genomic DNA provides a first 

approximation of its expression level:  

 if the CAI is relatively large, then we would predict 

that the expression level is also large.  

- Hence, the CAI can be shown to be correlated with mRNA levels 

 

 In E. coli a sample of 500 protein-coding genes displayed CAI values in 

the range from 0.2 to 0.85 (Whittam, 1996)  
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3.c Restriction sites  

The biological problem 

 

If we were to digest the DNA with a restriction endonuclease such as 

EcoR1, then  

1) approximately how many fragments would be obtained, and  

2) what would be their size distribution?  
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The number of restriction sites 
 

 Restriction endonuclease recognition sequences have length t (4, 5, 
6 or 8 typically), where t is much smaller than n. 

 Our model assumes that cleavage can occur between any two 
successive positions on the DNA: 
 

- This is wrong in detail because, depending upon where cleavage 
occurs within the bases of the recognition sequence (which may 
differ from enzyme to enzyme), there are positions near the ends 
of the DNA that are excluded from cleavage.  

- However, since t is much smaller than n, the ends of the 
molecule do not affect the result too much  
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The number of restriction sites 
 

 We again use Xi to represent the outcome of a trial occurring at 
position i, but this time Xi does not represent the identity of a base 
(one of four possible outcomes) but rather whether position i is or is 
not the beginning of a restriction site.  

 In particular,   

 

 We denote by p the probability that any position i is the beginning 
of a restriction site:  
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The number of restriction sites 
 

 Unlike with tossing a fair coin, for the case of restriction sites on 

DNA, p depends upon  

- the base composition of the DNA and  

- the identity of the restriction endonuclease.  

 For example: 

- Suppose that the restriction endonuclease is EcoRI, with 

recognition sequence 5'-GAATTC-3'.  

 

 
 

- Suppose furthermore that the DNA has equal proportions of A, C, 

G, and T.  
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The number of restriction sites 
 

- The probability that any position is the beginning of a site is the 

probability that this first position is G, the next one is A, the next 

one is A, the next one is T, the next one is T, and the last one is C.  

- Since, by the iid model, the identity of a letter at any position is 

independent of the identity of letters at any other position, we 

see from the multiplication rule that  

 

- Notice that p is small, a fact that becomes important later.  
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The number of restriction sites 
 

 The appearance of restriction sites along the molecule is 
represented by the string X1, X2, ... , Xn,  

 The number of restriction sites is N = X1 + X2 + … + Xm,  
where m = n - 5.  

- The sum has m terms in it because a restriction site of length 6 
cannot begin in the last five positions of the sequence, as 
there aren't enough bases to fit it in.  

 For simplicity of exposition we take m = n in what follows.  

 What really interests us is the number of "successes" (restriction 
sites) in n trials. 
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The number of restriction sites 
 

 If X1, X2, …, Xn were independent of one another, then the 
probability distribution of N would be a binomial distribution with 
parameters n and p;  

- The expected number of sites would therefore be np  
- The variance would be np(1 - p). 

 We remark that despite the Xi are not in fact independent of one 
another (because of overlaps in the patterns corresponding to Xi 
and Xi+1, for example), the binomial approximation usually works 
well.  

 Computing probabilities of events can be cumbersome when using 
the probability distribution  

𝑃(𝑁 = 𝑗) = (
𝑛
𝑗 ) 𝑝𝑗(1 − 𝑝)𝑛−𝑗, j = 0,1, …,n 
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Poisson approximation to the binomial distribution 
 

 In what follows, we assume that n is large and p is small, and we set 
λ= np.  

 We know that for j = 0, 1, ... , n,  

𝑃(𝑁 = 𝑗) = (
𝑛
𝑗 ) 𝑝𝑗(1 − 𝑝)𝑛−𝑗  

 Writing 

and given that the number of restriction sites (j) is small compared to the 

length of the molecule (n), such that 

𝑛(𝑛 − 1)(𝑛 − 2) … (𝑛 − 𝑗 + 1) ≈ 𝑛𝑗 , (1 − 𝑝)𝑗 ≈ 1, 
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Poisson approximation to the binomial distribution 

    in which 𝜆 = 𝑛𝑝. 

 From calculus, for any x,  

 Since n is large (often more than 104), we replace (1 −
𝜆

𝑛
)𝑛 by 𝑒−𝜆 to 

get our final approximation in the form  

 This is the formula for the Poisson distribution with parameter 𝜆 = 𝑛𝑝  
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Poisson approximation to the binomial distribution 
 

 Example: 

- To show how this approximation can be used, we estimate the 

probability that there are no more than two EcoRI sites in a DNA 

molecule of length 10,000, assuming equal base frequencies 

- Earlier we obtained p=0.00024 for this setting: 

- The problem is to compute 𝑃(𝑁 ≤ 2) 

 Therefore 𝜆 = 𝑛𝑝 = 2.4  

 Using the Poisson distribution: 𝑃(𝑁 ≤ 2) ≈ 0.570 

 Interpretation: More than half the time, molecules of length 10,000 

and uniform base frequencies will be cut by EcoRI two times or less 
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Distribution of restriction fragment lengths 

 With this generalization, we assume that restriction sites now occur 
according to a Poisson process with rate 𝜆 per bp. Then the 
probability of k sites in an interval of length l  bp is  

 
 We can also calculate the probability that a restriction fragment 

length X is larger than x. If there is a site at y, then the length of that 
fragment is greater than x if there are no events in the interval (y, y 
+ x): 
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Distribution of restriction fragment lengths 

 The previous has some important consequences: 

 
so that the density function for X is given by 

 

 The distance between restriction sites therefore follows an exponential 

distribution with parameter 𝜆 

- The mean distance between restriction sites is 1/𝜆   
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Simulating restriction fragment lengths (sizes) 

 If we simulated a sequence using the iid model, we could compute 

the fragment sizes in this simulated sequence and visualize the result  

 R code simulating a DNA sequence having 48500 positions and 

uniform base probabilities: 

x<-c(1:4) 
propn <- c(0.25,0.25,0.25,0.25) 
seq2 <- sample(x,48500,replace=TRUE,prob=propn) 
seq2[1:15] 
length(seq2[])  
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Simulating restriction fragment lengths 

 R code identifying the restriction sites in a sequence string, with bases 

coded numerically: 
rsite <- function(inseq, seq){ 

  # inseq: vector containing input DNA sequence, 

  # A=1, C=2, G=3, T=4 

  # seq: vector for the restriction site, length m 

  # Make/initialize vector to hold site positions found in inseq 

  xxx <- rep(0,length(inseq)) 

  m <-length(seq) 

  # To record whether position of inseq matches seq 

  truth <- rep(0,m) 
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# Check each position to see if a site starts there 

  for (i in 1:(length(inseq) - (length(seq) -1))){ 

    for (j in 1:m){ 

      if (inseq[i+j-1]==seq[j]){ 

      truth[j] <- 1 # Record match to jth position 

      } 

    } 

    if (sum(truth[]) ==m){ # Check whether all positions match 

    xxx[i] <- i          # Record site if all positions match 

    } 

    truth <- rep(0,m)    # Reinitialize for next loop cycle 

  } 

  # Write vector of restriction sites positions stored in xxx 

  L <- xxx[xxx>0] 

  return(L) 

} 
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Simulating restriction fragment lengths 

 The restriction sites we look for are for AluI, AGCT. 

 R code envoking the appropriate function: 

 
alu1 <- c(1,3,2,4) 

alu.map <- rsite(seq2,alu1) 

length(alu.map) 

alu.map[1:10] 
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Simulating restriction fragment lengths 

 The fragment lengths can be obtained by subtracting positions of successive 

sites 

 R code doing it for you: 

flengthr <- function(rmap,N){ 
  # rmap is a vector of restriction sites for a linear molecule 
  # N is the length of the molecule 
  frags <- rep(0,length(rmap)) 
  # Vector for substraction results: elements initialized to 0 
  rmap <-c(rmap,N) 
  # Adds length of molecule for calculation of end piece 
  for(i in 1:(length(rmap)-1)){ 
  frags[i] <- rmap[i+1]-rmap[i] 
  } 
  frags <- c(rmap[1],frags) # First term is left end piece 
  return(frags) 
}  
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Simulating restriction fragment lengths 
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Simulating restriction fragment lengths 

 R code corresponding to the figures: 

 
plot(c(0,2500),c(3,1),xlab="Fragment Size",ylab="",type="n",axes=F) 

axis(1,c(0,500,1000,1500,2000,2500)) 

for (i in 1:length(alu.frag)){ 

lines(c(alu.frag[i],alu.frag[i]),c(1,3)) 

} 

hist(alu.frag,breaks=seq(0,2500,50), freq = TRUE,xlab="Fragment Size") 
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Simulating restriction fragment lengths 

 Is our theoretical model to simulate restriction fragment lengths valid? 

 

Histogram based on theoretical 

model  

 

 

Histogram of fragment sizes (bp) 

produced by AluI digestion of 

bacteriophage lambda DNA 
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Simulating restriction fragment lengths

 To determine whether the actual distribution differs significantly 
from the mathematical model (exponential distribution), we could 
break up the length axis into a series of "bins" and calculate the 
expected number of fragments in each bin by using the model-based 
(theoretical) density.  

 We could then compare the observed with expected number of 
fragments (using the same bin boundaries) via for instance a 𝜒2 – 
test. 
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4 Comparing sequences 

 Sequence comparisons are important for a number of reasons.  
- First, they can be used to establish evolutionary relationships 

among organisms using methods analogous to those employed for 
anatomical characters.  

- Second, comparison may allow identification of functionally 
conserved sequences (e.g., DNA sequences controlling gene 
expression).  

- Finally, comparisons between humans and other species may 
identify corresponding genes in model organisms, which can be 
genetically manipulated to develop models for human diseases.  

 

(see practical session) 


