
Separation of variable

1 Di�usion equation

Consider the 1D di�usion equation on a bounded domain

ut − kuxx = 0 ∀x ∈]0, 1[ (1)

with initial condition
u(x, 0) = φ(x) ∀x ∈]0, 1[ (2)

and with some boundary conditions at x = 0 and x = 1. (These boundary conditions will be
speci�ed in sub-questions).

(a) Using separation of variables u(x, t) = w(t)v(x), �nd all the separable solutions of
Eq.(1).

(b) Find the solution to Eq.(1) for the homogeneous Dirichlet boundary conditions u(0, t) =
u(1, t) = 0∀t ≥ 0 and for φ(x) = sinπx.

(c) Find the solution to Eq.(1) for the homogeneous Dirichlet boundary conditions u(0, t) =
u(1, t) = 0∀t ≥ 0 and for

φ(x) =


x ∀x ∈]0, 1

2
],

1− x ∀x ∈ [
1

2
, 1[.

(3)

(d) Find the solution to Eq.(1) for the homogeneous Dirichlet boundary conditions u(0, t) =
u(1, t) = 0 ∀t ≥ 0 and for φ(x) = 1.

(e) Find the solution to Eq.(1) for the homogeneous Neumann boundary conditions ux(0, t) =
ux(1, t) = 0 ∀t ≥ 0 and for φ(x) = cos πx.

(f) Find the solution to Eq.(1) for the non-homogeneous Dirichlet boundary conditions
ux(0, t) = 0 and ux(1, t) = 1, ∀t ≥ 0 and for φ(x) = x+ sin πx.

2 Wave equation

Consider the 1D wave equation on a bounded domain

utt − c2uxx = 0 ∀x ∈]0, 1[ (4)

with initial condition

u(x, 0) = φ(x) and ut(x, 0) = ψ(x) ∀x ∈]0, 1[ (5)

and with some boundary conditions at x = 0 and x = 1. (These conditions will be speci�ed
in sub-questions).
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(a) Using separation of variable u(x, t) = w(t)v(x), �nd all the separable solution of Eq.(31).

(b) Find the solution to Eq.(1) for the homogeneous Dirichlet boundary conditions u(0, t) =
u(1, t) = 0∀t ≥ 0, for φ(x) = sin πx and for ψ(x) = 0.

(c) Find the solution to Eq.(1) for the homogeneous Dirichlet boundary conditions u(0, t) =
u(1, t) = 0∀t ≥ 0, for

φ(x) =


x ∀x ∈]0, 1

2
]

1− x ∀x ∈ [
1

2
, 1[,

(6)

and for ψ(x) = 0.

(d) Find the solution to Eq.(1) for the homogeneous Dirichlet boundary conditions u(0, t) =
u(1, t) = 0∀t ≥ 0 for φ(x) = sin πx and for ψ(x) = c sin πx.
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