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Discretization

of Electromagnetic Problems

Nodal, edge, face and volume finite elements
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Discrete mathematical structure

( Continuous problem]

[ Continuous function spaces & domainJ

Classical and weak formulations

Discretization ‘ Approximation

( Discrete problem]

[ Discrete function spaces piecewise definedJ

in a discrete domain (mesh)

[ Finite element method]

[ Objective

[ Questions]

To build a discrete structure
as similar as possible

t Classical & weak formulations — ? J
as the continuous structure

Properties of the fields — ?
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Discrete mathematical structure

4 )
Finite element

Interpolation in a geometric @ + f
element of simple shape

Finite element space
Function space
& Mesh

Sequence of function spaces
& Mesh

o
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Finite elements

< Finite element (K, P, /)
¢ K = domain of space (tetrahedron, hexahedron, prism)
¢ P, = function space of finite dimension n,, defined in K

¢ 2 = set of n, degrees of freedom
represented by n, linear functionals ¢,, 1 <i < n,
defined in P, and whose values belong to IR
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Finite elements

“ Unisolvance
V u€E Py, uis uniquely defined by the degrees of freedom

< Interpolation

Degrees of freedom

ng /
uk =Y, (0 p;
1=l \ Basis functions

<+ Finite element space
Union of finite elements (K;, Py, >y;) such as :

o the union of the K, fill the studied domain (= mesh)

O some continuity conditions are satisfied across the element
interfaces
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Sequence of finite element spaces

{ [ Geometric elements ] J

Tetrahedral ] [ Hexahedra ] [ Prisms

(4 nodes) (8 nodes) (6 nodes)

wen) -

Nodes Edges Faces Volumes
iEN iEE iEF eV

Geometric entities

{[ - s - s ][ s ]J

Sequence of function spaces
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Sequence of finite element spaces

Thursday 4 November 2010

Functions | Properties | Functionals Dﬁg;ﬁ%sm‘)f
St e Jr ) vlJeE if(ljt:rg\gl gligﬁgliggg »C eIE?ngeentj
| R fs R g
S| s ievi| fuov-y | fteme | e (S
4 '] %
[ Bases] " Zq)i(u) k [ Finite elementsj
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Sequence of finite element spaces

Thursday 4 November 2010

Base Continuity across Codomains of the
functions element interfaces operators
SO || {s., 1EN} value ,
SO
S'|| {s;, 1€EE] tangential component grad SO C S! k < b
S'| grad SO |
S2|| {s;, 1EF} normal component curl S! C S2 JT 1
S2 [ curlS! |
S3|| s, IEV] discontinuity divS2C S3 I
S3 ([ divsS? |
[ Conformity ] (Sequencej

[ SO grad Sl curl S 2 div S 3
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Function spaces S° et S3

For each node i&N — scalar field

(s 0=px €3

_[1 at node 1
Pi ~

0 at all other nodes

p; continuous in Q

For each Volume vV — scalar field

s,=1/vol(v) € §?
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Edge function space S1

For each edge e; ={i, j} €E — vector field

| Definition of the set of nodes N |

NF,mﬁ ={1 EN; iEmep(q) , O0,P.9g 751’1}

\—[ N.B.: In an element : 3 edges/node }/
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Edge function space S1

Geometric interpretation
of the vector field s,
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Function space S?

For each facetf & F — vector field
f= fijk(l) = {Is j, k (! I) } = {q1! d2; d3 (s q4) }

Sf afﬁpqc grad(z pr) grad( S pr)

=1 'NF, g G
s € S?
N /_[ lllustration of the vector field s; ]
3 = a=2 \
e
m 4= a=
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Particular subspaces of S’

[ Applications

[ Kernel of the curl operator ]

o —
[hESl(Q) . curlh=0 nQCCQ — hs?] . .mpedre eqpagog
1n a aomain c

without current
(<€)

[ Gauged subspace

[ Gauge condition}
on a vector potential
acSi(Q); b=curla €S*(Q) — a=? / !

Gauge a.w =0
to fix a ~~ Definition of a
generalized source field h

such that curl hg = j
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Kernel of the curl operator

[ Case of simply connected domains J/

[H={h€sl(9);cuﬂh=om QC }]

h=—grad ¢ in Q. °

\ h=EhaSa= Ehksk+ Ehlsl
e€E kEE . IEECC/

h, =fh.d1=f—grad ¢.d1=0, —b, NCC,ECCJ

Lab Lab /
h = E hy sy + E (‘i’al ‘¢b1)51

kEE . SRS

4 N\ N\ N\
kEEC nENCC
with v, = E Shj K

\NCC E¢
(interface)

anse of H = basis functions OP
e inner edges of €2,

N n<E © )
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«nodes of Q_°,

\_ with those of 9Q2, )
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Kernel of the curl operator

[ Case of multiply connected domains |

Transition layer of qi

[H={hEsl(Q);cuﬂh=om QC }]

\ . \hZ—gradq)inQCC
q) = q)cont + q)dISC (CutS)

¢+_¢7:¢|F+eci_¢|l:ecizli

dlscontinuity/

¢dlsc E I qi of disc
i
/qi * defined in Q_°©

E : * unit discontinuity across I'_ .
— + cont + ) ) . i - eci
\ E hk Sk E q) n Vp Il Ci * continuous in a transition layer

kEAC nEeN C 1 EC « zero out of this layer
C
with ¢ = 2 Sni (Too: : : 2
. Basis of H = basis functions of
== .
edges of Q. C=— II?ENA c - inner edges of €2,
starting from a node of the cut=<—__ ec enodes of O €
and located on side '+'<——" JEN C
k but not on the cut «<—— J$N ¢ ° cuts of C )
i
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Gauged subspace of S1

[ Gauged space in Q ]

[b=curla] with a=Eaese = SI(Q) ; b=E brsp € SZ(Q)

e€E fEF
\ bf = E l(eaf) ae ) fEF =) matriX fOI‘m: bf = CFE
a
c€E e
- N Face-edge /
Tree =  set of edges connecting incidence matrix
(in Q) all the nodes of Q without R
forming any loop (E) - | |
\Co-tree = complementary set of the tree (E)/ \

\[ Gauged space of S!(Q) ] Bl —

[§1(9)={aESl(g);aj=o,VjeE} | / .....
[a - 24 ajs; © SI(Q) \  co-tree E )

i€E ( Basis of S!(Q) = co-tree edge basis functions\
(explicit gauge definition)
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Mesh of electromagnetic devices

+ Electromagnetic fields extend to infinity (unbounded
domain)

¢ Approximate boundary conditions:

O zero fields at finite distance

¢ Rigorous boundary conditions:
o "infinite" finite elements (geometrical transformations)

© boundary elements (FEM-BEM coupling)

+ Electromagnetic fields are confined (bounded domain)

¢ Rigorous boundary conditions
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Mesh of electromagnetic devices

< Electromagnetic fields enter the materials up to a
distance depending of physical characteristics and
constraints

¢ Skin depth 0 (0<<if w, O, u>>)

2
W o U

O =

\ ¢ mesh fine enough near surfaces (material boundaries)

¢ use of surface elements when 6 — 0
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Mesh of electromagnetic devices

<+ Types of elements

¢ 2D : triangles, quadrangles
¢ 3D : tetrahedra, hexahedra, prisms, pyramids

¢ Coupling of volume and surface elements
© boundary conditions
O thin plates
O interfaces between regions

o cuts (for making domains simply connected)

¢ Special elements (air gaps between moving pieces, ...)
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