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Abstract

Interior-point method (IPM) is a very appealing approach to the optimal power flow (OPF) problem mainly due to its speed of convergence and
ease of handling inequality constraints. This paper analyzes the ability of three interior-point (IP) based algorithms, namely the pure primal-dual
(PD), the predictor—corrector (PC) and the multiple centrality corrections (MCC), to solve various classical OPF problems: minimization of overall
generation cost, minimization of active power losses, maximization of power system loadability and minimization of the amount of load curtailment.
These OPF variants have been formulated using a rectangular model for the (complex) voltages. Numerical results on three test systems of 60, 118

and 300 buses are reported.
© 2006 Elsevier B.V. All rights reserved.
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1. Introduction

Since the early 60’s [1] the optimal power flow (OPF) has
become progressively an essential tool in power systems plan-
ning, operational planning and real-time operation, both in an
integrated and a deregulated electricity industry [2].

The OPF is stated in its general form as a nonlinear, non-
convex, large-scale, static optimization problem with both con-
tinuous and discrete variables. It aims at optimizing some
objective by acting on available control means while satisfy-
ing network power flow equations, physical and operational
constraints.

First approaches to the complex OPF problem can be classi-
fied in: gradient methods [3], sequential quadratic programming
[4] and sequential linear programming [5]. The shortcomings of
these techniques concern the slow convergence especially in the
neighborhood of the optimum for the first two, and a rather lim-
ited field of application, such as the optimization of the active
control variables only, for the third one.

The use of the very efficient Newton method to the solution
of the Karush—Kuhn Tucker (KKT) optimality conditions con-
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stitutes a breakthrough [6]. Moreover, this reference proposes
sparsity techniques to considerably speed up the computations.
The weakness of this approach lies in the difficulty to identify
inequality constraints that are active at the optimum.

Emerged in the middle 50’s [7] and largely developed in
the late 60’s [8], the interior-point method (IPM) becomes
in the early 90’s a very appealing approach to the OPF
problem due to three reasons: (i) ease of handling inequality
constraints by logarithmic barrier functions, (ii) speed of con-
vergence and (iii) a strictly feasible initial point is not required
[9-12].

The pure primal-dual interior-point algorithm was histor-
ically the first one used to solve OPF problems. Although
enjoying the above mentioned IPM advantages, it suffers, nev-
ertheless, from two drawbacks: (i) the heuristic to decrease the
barrier parameter and (ii) the required positivity of slack vari-
ables and their corresponding dual variables at every iteration,
which may drastically shorten the Newton step length(s). In
order to mitigate or to remove one or both among these flaws,
two classes of methods emerged: higher-order IPMs (e.g., the
predictor—corrector [13], multiple predictor—corrector [ 14], mul-
tiple centrality corrections [15]) and non-interior point methods
(e.g., the unlimited point algorithm [16], the complementar-
ity method [17], the Jacobian smoothing method [18]). Note,
incidentally, that although non-interior point methods are not
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perfectly mathematically rigorous, some of them exhibit in prac-
tice convergence performances comparable to those of the best
interior-point algorithms.

In this paper we compare performances of three interior-
point (IP) based algorithms: the pure primal-dual (PD), the
predictor—corrector (PC) and the multiple centrality correc-
tions (MCC), on several OPF problems, expressed in rectan-
gular form. This paper gathers the main results of our previous
research work in the OPF field [19-21].

The PC and MCC algorithms belong to the class of higher-
order interior-point methods. The latter rely on the observation
that the factorization of the Hessian matrix is, by far, the most
expensive computational task of an interior-point algorithm iter-
ation. Indeed, in most power system applications, the Hessian
factorization takes much more time than the backward/forward
solution of the already factorized linear system [9,11,12]. The
aim of these methods is hence to draw maximum of profit from
the factorized matrix, with little additional computational effort.
Practically, they solve one or more extra linear system(s), based
on the same factorized matrix, expecting to yield an improved
search direction and thereby to reduce the number of iterations.
Obviously, higher-order methods are of interest as long as they
are able to reduce the computational time with respect to the PD
algorithm.

The PC algorithm is considered to be the benchmark of IP
based algorithms. It was consequently extensively used in the
last decade for the solution of OPF problems [9-12,22]. The
MCC algorithm, initially proposed for linear programming [15],
has been less well studied so far. However, its performances have
already been assessed on some OPF problems and have been
shown to be comparable to those of the PC algorithm [22,23].
The MCC algorithm is motivated by the observation that the
convergence of an IP algorithm is worsened by a large discrep-
ancy between complementarity products at an iteration [15]. The
MCC algorithm is based on the assumption that the closer the
point to be optimized to the central path, the larger step length(s)
can be afterwards. The aim of the MCC approach is twofold: (i)
to increase the step length in both primal and dual spaces at the
current iteration and (ii) to improve the centrality of the next
iteration.

The paper is organized as follows. Section 2 introduces the
general OPF problem. Section 3 offers an overview of the three
IP algorithms under study: PD, PC and MCC, respectively. Sec-
tion 4 provides numerical results obtained with these algorithms
on several OPF variants. Finally, some conclusions and future
works are presented in Section 5.

2. Statement of the optimal power flow problem
2.1. Generalities

Let us denote by: n, g, ¢, b, [, t, 0 and s the number of: buses,
generators, loads, branches, lines, all transformers, transformers
with controllable ratio and shunt elements, respectively.

We formulate the OPF problem with voltages expressed in
rectangular coordinates, choice which will be explained in Sec-
tion 2.6. In rectangular coordinates the complex voltage V; is

expressed as:
‘_/[Zei+jﬁﬂ i:l,...,n

where e; and f; are its real and imaginary part, respectively.
2.2. Objective functions

In this paper we deal with four classical objectives, namely
minimum generation cost (1), minimum active power losses (2),
maximum power system loadability (3) and minimum load shed-
ding (4):

8

minZ(C‘Oi + c1i Pgi + 2i P;,») (1
i=1

min® > "Gijllei — e))* + (fi — f)*] )
i=1 j=1

max § = —min(—.S) (3)

min’ ¢ Pei )
i=1

where for the i-th generator, cg1, c1; and ¢y; are cost coefficients
describing its cost curve (usually assumed not to include terms
higher than quadratic) and Py; is its active output, Gj; is the
conductance of the branch linking buses i and j, S is a scalar
representing the loadability factor and, for the i-th load, ¢; is its
percentage of load curtailment and P,; is its active demand.

2.3. Control variables

For the sake of presentation clarity we have restricted our-
selves to the most widespread control variables, e.g., generator
active power, generator reactive power (or generator terminal
voltage), controllable transformer ratio, shunt reactance and per-
centage of load curtailment. Note, however, that our OPF can
also take into account control variables such as: phase shifter
transformer angle, SVC reactance, TCSC reactance, etc.

2.4. Equality constraints

Equality constraints mainly involve nodal active and reactive
power balance equations, which, for the i-th bus (i=1, ..., n),
take on the form:

Py = (14 S —¢i)Pei = VP > (Gsij+ Gij)
JEN;

+ Y [eiej + fifGij + (fiej — ei f)Bij] = 0 (5)

JEN;

Qi —(1+S—¢)Qci + V7 | Bi+ Y _ (Byj+ Bij)
JEN;

— Y leiej+ fif)Bij + (eifj — fie)Gijl =0 (6)
JEN;

where Pg; and Q; are the active and reactive power of the gen-
erator connected at bus i, P.; and Q.; are the active and reactive
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demand of the load connected atbus i, V? = e? + f7 is the mod-
ulus of the complex voltage at bus i, By; is the shunt susceptance
atbus i, G;; and By; (resp. Gy;; and By;j) are the longitudinal (resp.
shunt) conductance and susceptance of the branch linking buses
i and j and N; is the set of buses connected by branches to the bus
i. Obviously, S=0, unless one deals with the objective (3) and
¢i=0,i=1, ..., cif load curtailment is not allowed as control
variable.

Additional equality constraints may exist, as for example the
setting of generator voltage to a specified reference:

2 .
G-V =0 i=1... ¢ M
2.5. Inequality constraints

An OPF problem encompasses two types of inequality con-
straints: operational (aimed to ensure a secure operation of the
system) and physical limits of equipments. The former involve
limits on branches current and voltages magnitude:

(GE+Bei — e)*+(fi — [PP1<UR™Y, i j=1,...n
8)

(Vminy < 2 4 2 < (Vl.max)z, i=1,...,n 9

We have chosen to express constraints on (longitudinal)
branch current rather than on active power flowing through the
branch because overcurrent protections and conductor heating
are related to Amperes and not Mega Watts. Note, however, that
active, reactive and apparent power flow constraints can be easily
incorporated if needed.

Finally, physical limits of some power system devices can be
expressed as:

Pa" S Pa S Py i=l...g o
0" = Qu= Qg i=l...g "
A< <M i=1,.0 (12)
A< = i=1s .
PUIN < < PN i=1,... ¢ (14)

where for the i-th generator Pg}i“, P;,‘l-‘ax (resp. ng, ngiax) are
its active (resp. reactive) output limits, for the i-th controllable
transformer r,min and r{"** are bounds on its ratio, for the i-th load
q)lmi“ and ¢"** are limits on its curtailment percentage and finally,
for the i-th shunt x™" and x@ are bounds on its reactance. Note
that, although not shown explicitely, the variable r; intervenes
in the OPF formulation through the terms Gy;;, Byjj, Gjj and By,

while x; intervenes through the term Bg; only.
2.6. Pros and cons of using rectangular coordinates

Although most (IP-based) OPF codes rely on a voltage polar
coordinates model [9-11,22,27], equally good results (in terms
of number of iterations to convergence and CPU time) have
been reported with the voltage rectangular model for several
OPF problems as well [12,24,26]. The good results obtained

with voltages expressed in rectangular coordinates are due to in
most OPF applications intervenes quadratic functions only, e.g.,
functions (1)—(13) are at most quadratic. The major advantage
of a quadratic function is that its Hessian matrix is constant, e.g.,
second derivatives of load flow Egs. (5) and (6), branch current
(8) and voltage bounds (9) constraints. Besides, the Hessian
matrix has slightly less non-zero terms and the computation of
its terms requires much less operations as with polar coordinates,
as clearly shown in references [12,26]. On the other hand, the
main drawback of rectangular coordinates is the handling of
bus voltage magnitudes constraints (9) and imposed voltages of
generators (7) as functional constraints, instead of simple bounds
as in case of using polar coordinates.

3. Interior-point based algorithms

3.1. Obtaining the optimality conditions in the
interior-point method

The above OPF formulation, optimizing one objective among
(1)-(4), subject to constraints (5)—(14) can be compactly written
as a general nonlinear programming problem:

min f(x) (15)
subject to:

gx)=0 (16)
h(x) > 0 a7

where f(x), g(x) and h(x) are assumed to be twice continuously
differentiable, x is an m-dimensional vector that encompasses
both control variables and state variables (real and imaginary
part of voltage at all buses), g is a p-dimensional vector of func-
tions and h is a g-dimensional vector of functions. To simplify
the presentation simple bound constraints (10)—(14) have been
included into the functional inequality constraints (17).

The IPM encompasses four steps to obtain optimality con-
ditions. One first adds slack variables to inequality constraints,
transforming them into equality constraints and non-negativity
conditions on slacks:

min f(x)

subject to:

gx) =0, h(x) —s =0, s>0

where the vectors x and s=[sq, ..., sq]T are called primal vari-
ables.

The inequality constraints are then eliminated by adding them
to the objective function as logarithmic barrier terms, resulting
in the following equality constrained optimization problem:

q
min f(x) — MZIH S

i=1
subject to:

gx) =0,

where p is a positive scalar called barrier parameter which is
gradually decreased to zero as iterations progress. Let us remark

hx)—s=0
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that at the heart of IPM is the main theorem from [8], which
proves that as p tends to zero, the solution x(u) converges to a
local optimum of the problem (15)—(17).

Next, one transforms the equality constrained optimization
problem into an unconstrained one, by defining the Lagrangian:

q
Lu() = f®) — uy_Ins; = Ng(x) — 7" [h(x) —s]
i=1
where the vectors of Lagrange multipliers A and 77 are called
dual variables and y =[s, 17, N, x]7.

Finally, the perturbed KKT first order necessary optimal-
ity conditions of the resulting problem are obtained by setting
to zero the derivatives of the Lagrangian with respect to all
unknowns [8]:

VsLy(y) —pe + S
Val —h(x) +s
aLu(y) (x) _o s
VAL u(y) —g(x)
VL (y) NALCIE MEVED el NE SRk
where S is a diagonal matrix of slack variables, e=[1, ..., 117,

Vfi(x) is the gradient of f, J¢(x) is the Jacobian of g(x) and Ju(x)
is the Jacobian of h(x).

3.2. The primal dual algorithm

We briefly outline the PD algorithm to solve KKT optimality
conditions (18):

(1) Set iteration count k=0. Chose u”>0. Initialize y°, tak-
ing care that slack variables and their corresponding dual
variables are strictly positive (s?, 1) > 0.

(2) Solve the linearized KKT conditions for the Newton direc-
tion Ayk:

Ask ke — Stark
k h ky__ ok
H(y") AT N )k i
ANF g(x")
Axk —Vf(x*) + Jg(xk)Tx"+Jh(xk)T1T"

(19)

where H(yk) is the second derivative Hessian matrix
(07 L, (y*)ay?).

(3) Determine the maximum step length o € (0, 1] along the
Newton direction Ay such that (s*!, 7¥*1) > 0:

—sk —rk

k . . i . i

o =min< 1, y min — ¥y min — (20)
Asf<0As;  Ark<0 AT;

where y € (0, 1) is a safety factor aiming to ensure strict
positiveness of slack variables and their corresponding dual
variables. A typical value of the safety factor is y =0.99995.
Update solution:

ot = gk + of Amt

NFE = N o ANt

sk+1 — sk + OlkASk

Xk+1 — Xk + OékAXk

(4) Check convergence. A (locally) optimal solution is found
and the optimization process terminates when: primal fea-
sibility, scaled dual feasibility, scaled complementarity gap
and objective function variation from an iteration to the next
fall below some tolerances [10-12]:

max {m{,ax{—hxxk)}, ||g(xk>||oo} <el @)
k N Tk
VST = T N = Jn(X) mloc _ 22)
1+ (X512 4 [N )12 + (17512
k
0
=& (23)
1+ 1% |2
ky _ poxk—1
o = feEDI o
14+ 1f(x5)]
where pf = (s)Tmk is called complementarity gap.
(5) If convergence was not achieved, update the barrier
parameter:
k
(W = G&
q

where usually 0 =0.2. Set k=k+ 1 and go to step 2.

3.3. The predictor—corrector algorithm

Here, instead of updating iteratively the unknown vec-
tor y as in the Newton method, we introduce the new

point y¥*! =y¥+ Ay directly into the Newton system (19),
obtaining!:
As ue — S — ASA®
A h(x) + h(Ax) —s
HlA7| _ (x) + h(Ax) 25)
AN g(x) + g(Ax)
AX —VFx) +Jgx) A+ Inx) 7

What differs with respect to the Newton system (19) are the A
terms from the right-hand side. Observe that this system cannot
be solved directly because the higher-order terms in (25) are not
known in advance. Mehrotra [13] proposed a two step procedure
involving a predictor and a corrector step, which we describe
below.

3.3.1. The predictor step

The predictor step objective is twofold: to approximate
higher-order terms in (25) and to dynamically estimate the bar-
rier parameter p. To this purpose one solves the system (25) for
the affine-scaling direction, obtained by neglecting in its right-

! In the remaining of the paper & is dropped for the sake of readability.
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hand side the higher-order terms and , that is:

Asyf —S=
- Amyyp _ h(x) —s
ANgs g(x)
AXqf —VF&) + T A + Jnx) @

Next the affine complementarity gap o4y is computed:

Paf = (S + OéafASaf)T(’n' + otq ATgr)

where a4 € (0, 1] is the step length which would be taken along
the affine scaling direction if the latter was used (20).

Finally, the barrier parameter for the next iteration is esti-
mated from:

2
Haf = min (;Oaf> ,0.2 Paf
p q

where p=sTar denotes the complementarity gap at the current
iterate.

The goal of this adaptive scheme is to significantly reduce
the barrier parameter when a large decrease in complementarity
gap from affine direction is obtained (po,r < p) and to slightly
reduce it otherwise.

3.3.2. The corrector step
The actual Newton direction is finally computed from:

As Hare — ST — AS ¢ Amyp

" AT _ h(x) + h(a,r Ax,f) — s
AN g(x) + glaar Axyf)
AX -V f(x)+ Jg(X)TX + Ihx) w

It is useful to note that the predictor—corrector procedure
involves at every iteration the solution of two linear systems
of equations with different right-hand sides while relying on the
same matrix factorization (done on the predictor step). The extra
computational burden with respect to the PD algorithm is only
one solution of the corrector system of equations with the matrix
already factorized and the additional test to compute j14. Gener-
ally, even if there is an increase of computing time per iteration,
the overall computing time is less, thanks to a reduction of the
number of iterations.

3.4. The multiple centrality corrections algorithm

MCC algorithm consists also of a predictor and a corrector
step, where the predictor step is exactly as in the Mehrotra’s
predictor—corrector procedure.

3.4.1. The corrector step

The aim of this step is to compute a corrector direction Ay,
such that: (i) a larger step size can be taken for the composite
direction Ay= Ayu+ Ay, and (ii) the point y at the current
iterate is driven in a vicinity of the central path.’

2 The central path can be defined as the set of points y(u), with 0<u < oo,
which satisfy the KKT Eq. (18).

We describe in the sequel the procedure to accomplish these
objectives. Let us assume that we propose to increase the step
length a4y to:

@ = min(agf + 8g, 1)

where §, is the desired improvement of the step length. Inciden-
tally, the empirical observation that the two goals: improving
centrality and increasing the step size might be contradictory,
especially for large value of 8, constrains to use small values
for 8, (very often &4 €[0.1, 0.2]) [15].

Let y be the solution at the current iteration. At the trial
point:

some slack variables and/or their corresponding dual vari-
ables may violate strictly positivity conditions (s, 7)>0.> The
corrector term Ay, has thus to offset for these negative terms
as well as to drive the trial point in the neighbourhood of the
central path. To this end a target close to the central path must
be defined in the space of complementarity products. Because
the most natural such target, the analytic center w,e is usu-
ally unreachable, for practical purposes, we require instead that
all complementarity products belong to the interval [Bminftaf,
Bmaxtar]. Typical values for Bnin and Bmax are: Bin =0.1 and
Pmax =10 [15,22,23].

To determine a value of Ay., which leads to complementary
products satisfying the above mentioned condition, we proceed
as follows. First, we compute the complementarity products at
the trial point ¥ = S 4. Then we identify components of ¥ that
do not belong to the interval [Bminflafs BmaxMarl, called outlier
complementarity products. The corrector step effort focuses on
correcting the outliers only in order to improve the centrality
of the next iterate. To achieve this, some target complementary
products ¥’ are defined by projecting the components of ¥ to a

hypercube H = [ Bminflafs Bmaxiarl?:

BminMaf » if v < BminMaf
U§ = ﬂmaxﬂaf» if ¥ > ﬁmaxﬂaf
v;, otherwise
Finally, the corrector direction Ay, is obtained as the solu-
tion of the following linear system:

T—v

ASco v
A,
ANy

AXco

=)

where the non-zero components of the right-hand-side corre-
spond to the outlier complementarity products only.
The new search direction can now be obtained:

Ay = Aysz + Ay,

3 This is especially true when e < 1, since it indicates that adding s Ayer
to y will already drive some slack or dual variables close to 0 (see Eq. (20)).
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Then, the actual step length « is computed so as to preserve
non-negativity conditions and variables are updated:

y < ytoady

The corrector step can be applied several times. In such a
case, the current direction Ay becomes the predictor for a new
corrector, that is:

Ayup < Ay,p + Ay, and oqr <«

The computation of a new centrality correction terminates
as soon as one of the following conditions is achieved: (i) the
maximal number of corrections allowed K is reached, (ii) the
gain in step length (o — o) is insignificant and (iii) the step
length becomes o = 1.

3.4.2. Some implementation issues of the MCC algorithm

To lighten the presentation, we have considered a common
step length « for updating both primal and dual variables. Our
experience showed, however, that the MCC algorithm behaves
better when applying separate step lengths in primal and dual
spaces.

As regards the choice of the desired improvement of the step
size 8, two solutions are proposed: either the use of a constant
value 64 =0.1 [15,23], or the use of an adaptive value according
to the formula 8, = (1 — a4p)/K while imposing additionally that
84 ought not to be smaller than 0.1 or greater than 0.2 [23,22]. In
order to reduce the number of centrality corrections computed at
an iteration while aiming to obtain the largest increase in the step
size we suggest to set 6, =0.2. We have found that this setting
offers better convergence performances in terms of CPU time
and number of iterations than the above mentioned proposals.
We have not encountered any convergence trouble caused by
this “optimistic” setting.

In our implementation we compute a new centrality correc-
tion only if it improves considerably the step lengths. To this
end, we allow the computation of a new centrality correction
only if the gain in step length (o — et4y) is superior to g, =0.03.
Some other authors have suggested that a value for g, as small
as 0.01 may be accepted [15,23].

The most challenging problem of the MCC algorithm is the
choice of the maximal number of corrections allowed K, as the
objective is not only to reduce the number of iterations com-
paratively to the PC algorithm but also to save some CPU time.
To this respect some heuristics were proposed in the literature
[15,23]. We instead determine K as follows. Assume a given
power system and OPF variant. We first solve this OPF variant
by progressively increasing the maximal number of corrections
allowed K (going from 1 to 10, for instance). Then we randomly
perturb (e.g. modifying generators active power, load consump-
tions, topology, etc.) the initial operating point of the power
system to be optimized and repeat the previous step a prede-
fined number of times. Finally, results are gathered together
and the value of K that led to the overall smallest CPU time
is determined. This value is automatically used for all subse-
quent solutions of the same type of OPF variant and the same
power system. This procedure for choosing K proved to be quite
robust.

Note, finally, that the algorithms performance in terms of
CPU time may also depend somewhat on to the solver used for
the solution of the linear system of equations. In this work we
rely on the sparse object-oriented library SPOOLES [25]. This
library, to the best of our knowledge, is not widely used but
exhibits excellent performance of its linear algebra kernel (see
also Netlib web-site: www.netlib.org).

4. Numerical results

In this section we present numerical results of four OPF
applications while comparing PD, PC and MCC algorithms per-
formance. The OPF has been coded in C++ and runs under
Cygwin or Linux environments. It has been tested on three
test systems, namely a 60 bus system which is a modified
variant of the Nordic32 system, and the popular IEEE118 and
IEEE300 systems. A summary of these test systems is given in
Table 1.

All tests have been performed on a PC Pentium IV of 1.7 GHz
and 512 MB RAM. The MCC algorithm runs with the following
parameters: Bmin =0.1, Bmax =10, 6 =0.2 and ¢, =0.03.

The convergence tolerances are set to £ = 10~ for the primal
feasibility (21) and the scaled dual feasibility (22), and e, = 1076
for the scaled complementarity gap (23) and the scaled objective
function variation from an iteration to the next (24).

4.1. Minimizing active power losses

We first deal with the minimization of transmission active
power losses (2), counted as the sum of active losses over
all branches of the system. We consider the following con-
trol variables: slack generator active power, generators reactive
power, controllable transformers ratio and shunt reactance. The
equality constraints involve the buses power balance (5) and
(6). The inequality constraints concern bounds on: generators
reactive power (11), voltage magnitudes (9), transformer with
controllable ratio (12) and shunt reactance (13). Voltage mag-
nitudes are allowed to vary between 0.95 pu and 1.05 pu in all
buses.

Table 1

Test systems summary

System n g c b l t o s

Nordic32 60 23 22 81 57 31 4 12

IEEE118 118 54 91 186 175 11 9 14

IEEE300 300 69 198 411 282 129 50 14

Table 2

Number of iterations to convergence and CPU times

Interior-point Nordic32 IEEE118 IEEE300

algorithm - . -
Iters. Time Iters. Time Iters. Time

PD 11 0.31 13 0.62 16 1.63

PC 8 0.26 10 0.58 12 1.44

MCC 6 0.24 7 0.52 10 1.48
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Table 3 Table 4
Number and type of active constraints Number of iterations to convergence and CPU times
System Active constraints Interior-point Nordic32 IEEE118 IEEE300
algorithm N - N

|4 Qg r X Total Iters. Time Iters. Time Iters. Time
Nordic32 21 0 0 4 25 PD 21 0.82 18 1.10 23 3.02
IEEE118 15 12 0 4 31 PC 13 0.61 11 0.80 15 2.33
IEEE300 60 23 1 4 88 MCC 12 0.71 10 0.90 11 2.16

Table 2 provides the number of iterations to convergence and
the CPU times® (in seconds) for the PD, PC and MCC algo-
rithms, while Table 3 shows the number and the type of binding
constraints at optimum.

The active losses at the optimum are: 151.74 MW for the
Nordic32 system, 116.52MW for the IEEE118 system and
386.6 MW for the IEEE300 system, respectively. This corre-
sponds, respectively, to 7.90%, 12.31%, and 5.37% of less active
losses than in the base case.

As bus voltages are free to vary between bounds, in order
to reduce active losses, all algorithms tend to increase voltages
to their upper bound, which explains the quite high number of
active voltage constraints. On the other hand, limits on: gen-
erators reactive power, transformers ratio and shunts reactance
prevent some voltages to be further increased. For the IEEE118
and the IEEE300 systems, since many generators have a (very)
narrow reactive capability, most of them hit one of their reactive
power production limits.

The Nordic32 system was the easiest to optimize because at
the initial point all voltages belong to their allowable variation
interval and most generators have rather large reactive capability.
In contrast, the IEEE300 system was the hardest to optimize due
to the (very) tight reactive capability of many generators as well
as the very broad voltage profile at the initial point, voltages
being in the range of 0.92-1.08 pu.

The three algorithms under study behave well for this OPF
variant. In this case, PC and MCC algorithms perform slightly
better than the PD one. For all the test systems, the MCC
algorithm needs a smaller number of iterations to convergence
compared to the PC algorithm, while leading to a slight reduc-
tion of the CPU time only for the first two systems. The MCC
algorithm has been run for this optimization problem with K=4
for the Nordic32 system and K =15 for both the IEEE118 and the
IEEE300 systems.

4.2. Minimizing overall generation costs

We now focus on minimizing the overall generation costs
(1) by playing on the following control variables: generator
active and reactive powers, controllable transformer ratio and
shunt reactance. The equality constraints are the bus active
and reactive power flow Egs. (5) and (6). The inequality con-
straints include bounds on all above mentioned control variables
(10)—(13) as well as limits on voltage magnitudes (9) and branch
currents (8).

4 CPU time concerns the optimization process only.

Note that, the active power losses are implicitly taken into
account by both reactive control variables (generator reactive
power, controllable transformer ratio and shunt reactance) and
active control variables (generator active power) and assigned
to the cheapest generator(s).

Table 4 displays the number of iterations to convergence as
well as the CPU times for the three algorithms studied. Table 5
shows the number and the type of binding constraints at opti-
mum, where P,, Qg, I, V, r and x refer to constraints relative
to generator active power, generator reactive power, branch cur-
rent, bus voltage magnitude, controllable transformer ratio and
shunt reactance, respectively.

For the IEEE118 and the IEEE300 systems we have consid-
ered a quadratic cost curve for all generators participating in the
optimization, while for the Nordic32 system we have chosen a

linear cost curve (c2;=0,i=1, ..., g in (1)), which explains the
high number of active power generator constraints binding at
optimum.

Once again, all algorithms behave well also for this OPF
variant, with higher-order algorithms (PC and MCC) clearly out-
performing the pure PD algorithm in terms of both number of
iterations and CPU time. The MCC algorithm leads to a reduc-
tion of number of iterations with respect to the PC algorithm
for all three-test systems. Nevertheless, except for the IEEE300
system, this reduction of iterations count does not translate in a
CPU time saving.

As regards the MCC algorithm, it has been run with K =5 for
the Nordic32 system, K=6 for the IEEE118 system and K=7
for the IEEE300 system.

Note that, the dual variables at the optimal solution yield
very precious information. They are equal to the sensitivity of
the objective to a small constraint shift. In particular, the dual
variable (Lagrange multiplier) associated with each active power
flow equation represents the variation of the overall generation
cost for an increment of the active load at that bus. They are
called nodal prices and used as a method of pricing in some
deregulated electricity markets [2].

Table 5
Number and type of active constraints

System Active constraints

Py 0O, 1 \%4 r X Total
Nordic32 15 1 5 26 0 4 51
IEEE118 3 8 3 25 0 5 44
IEEE300 3 26 4 59 3 2 97
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Table 6 Table 8

Number of iterations to convergence and CPU times Number of iterations to convergence and CPU times

Interior-point Nordic32 IEEE118 IEEE300 Interior-point Nordic32 IEEE118 IEEE300

algorithm - N - algorithm - - N

Iters. Time Iters. Time Iters. Time Iters. Time Iters. Time Iters. Time

PD 19 0.48 21 0.99 47 4.65 PD 25 0.44 47 1.98 20 1.47

PC 11 0.37 15 0.83 19 2.60 PC 11 0.23 10 0.55 13 1.14

MCC 9 0.33 11 0.78 14 2.46 MCC 10 0.21 6 0.39 9 1.02
Lo e Table 9

4.3. Maximizing power system loadability Number and type of active constraints

We now focus on the determination of the maximum loadabil- ~ System Active constraints

ity of a power system (3). We assume that all loads are increased ¢ r x Total

propomona‘l‘ly to tgelr base case consumptlons,. increase cc?vered Nordic32 20 0 B 2

by a single “slack generator. The C(?ntrol va.rlables considered  [Epgpi1s 91 0 0 91

are: generators reactive power, variable ratio of controllable IEEE300 177 14 5 196

transformers, shunts reactance and slack generator active out-
put. The equality constraints concern buses active and reactive
power balance (5) and (6). The inequality constraints include
limits on: generator reactive power (11), transformer variable
ratio (12), shunt reactance (13) and bus voltage magnitudes (9)
only. The latter are allowed to vary between 0.95 pu and 1.05 pu.

Table 6 gives the number of iterations to convergence and
CPU times for the PD, PC and MCC algorithms, while Table 7
shows the number and the type of binding constraints at opti-
mum.

The maximum loadability margin is: 537.8 MW for the
Nordic32 system, 1119.1 MW for the IEEE118 system and
445.9MW for the IEEE300 system. These margins are lim-
ited mostly by some voltages reaching their minimal bound
(0.95 pu).

The MCC algorithm behaves better than the PD and PC ones
for all three-test systems. The MCC algorithm runs, for this
optimization problem, with K=4 for the Nordic32, K=5 for
the IEEE118 system and K=6 for the IEEE300 system. Note
the very slow convergence of the PD algorithm for the IEEE300
system, behaviour which sometimes happens especially for very
nonlinear OPF problems.

4.4. Minimizing the amount of load shedding

We finally tackle the problem of minimizing the amount of
load shedding (4) for an infeasible power system situation such
that an equilibrium point is restored. We assume that at each load
bus the load shedding is done under constant power factor and
0<¢;<0.1,i=1, ..., cin (14). The slack generator only com-
pensates for the active power imbalance. The control variables

Table 7
Number and type of active constraints

System Active constraints

1% O, r X Total
Nordic32 17 5 0 6 28
IEEE118 27 21 0 10 58
IEEE300 57 29 4 5 95

used are: load curtailment percentage (¢), controllable ratio of
transformers, shunts reactance and slack generator active output.
The equality constraints involve the buses power balance (5) and
(6) and imposed voltage of generators (7). The inequality con-
straints include limits on: the amount of bus load shedding (14),
controllable transformer ratio (12) and shunt reactance (13).

Table 8 displays the number of iterations to convergence and

CPU times for the PD, PC and MCC algorithms, while Table 9
provides the number and the type of binding constraints at opti-
mum.
The overall load curtailed is 349.3 MW for the Nordic32 sys-
tem, 1078.8 MW for IEEE300 system while no load is shed for
the IEEE118 system. The curtailment effort is shared by 9 and
88 loads for the Nordic32 system and IEEE300 system, respec-
tively.

The MCC algorithm compares again favorably with the PC
one in terms of both iterations number and CPU time. Once
again, these two algorithms behave much better than the PD
one. As regards the MCC algorithm, it has been run with K=3
for the Nordic32 system, K =5 for the IEEE118 system and K=6
for the IEEE300 system.

As a general remark, we have found performances of the
MCC algorithm less sensitive to the initial value of the barrier
parameter 1° than those of the PC and PD algorithms.

Note finally that there is room to improve the CPU times of
the optimization process presented along this paper because, up
to now, we focused more on the flexibility of the software code
than on its computational speed.

5. Conclusions and future works
5.1. Conclusions

This paper has presented and compared the performances of
three IP based algorithms: PD, PC and MCC. They have been
able to solve successfully several OPF variants on test systems
ranging from 60 till 300 buses.

Our experience with these algorithms confirms other results
from the literature, that is, the PC generally outperforms the
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PD algorithm in terms of CPU time, and thereby number of
iterations, on large-scale optimization problems. The oppo-
site situation sometimes happens, especially for rather simple
problems.

The results obtained suggest also that the MCC algorithm is
a highly viable alternative to the successful PC algorithm. The
good performances of the MCC algorithm emphasize once more
the importance of keeping the current iterate along the central
path.

5.2. Future works

As regards the MCC algorithm, future work aims to find a
better heuristic scheme to automatically choose the maximum
number of corrections allowed K for a given problem, in as much
as the best value of K shifts from an OPF variant to another and
from a test system to another.

A natural extension of this work is the development of a
hybrid algorithm, in which the corrector step combines both
MCC and PC features, in order to take advantage of their respec-
tive qualities, as reported in [22].

A challenging future work is the development of a secu-
rity constrained OPF (SCOPF), which handles together base
case constraints and steady-state security constraints relative to
credible (mainly “N — 17) contingencies [28]. The benchmark
SCOPF is stated as an extension of the base case OPF model
(1)—(14) that includes a set of equality and inequality constraints
of type (5)—(14) for each post-contingency state. One may dis-
tinguish between two SCOPF formulations: “preventive” and
“corrective”. The difference between these variants is that, in
the preventive SCOPF, the re-scheduling of control variables in
post-contingency states is not allowed. The major drawback of
the brute force approach to the SCOPF benchmark is the high
dimensionality of the problem, especially for large power sys-
tems and many contingent cases.

Since not all contingencies constrain the optimum, clearly,
there is a need to filter out such “harmless” contingencies and
to perform the SCOPF with “harmful” contingencies only. The
simplest technique for contingency filtering is post-contingency
constraint relaxation. Thus, one first runs the SCOPF with the
base case constraints only. Then, at the resulted optimal solu-
tion, contingencies are simulated one by one. If no contingency
violates any security limit the solution is found, otherwise the
equality and inequality constraints relative to those contingen-
cies which violate some limits or are very close to them are
added to the SCOPF.

A widely used common approach to both SCOPF variants
consists in adding to the base case constraints only relevant
post-contingency inequalities, linearized around the base case
optimized operating point, while dropping all post-contingency
equality constraints. The latter constraints are however checked
at the optimal solution. This approach requires iterating between
the solution of the SCOPF and the linearization of post-
contingency inequality constraints until some convergence cri-
teria are met.

Alternatively, Benders decomposition is a very promising
technique to deal with a corrective SCOPF [29]. In this approach

the original SCOPF problem is decomposed into a master prob-
lem and some slave problems, each corresponding to a harmful
contingency case. Thus, a slave problem encompasses mainly
the post-contingency constraints relative to a contingency and
provides a linear constraint (Benders cut) to the master problem.
The latter contains base case constraints and Benders cuts stem-
ming from slave problems. At each iteration the slave problems
fed the master problem with improved Benders cuts until con-
vergence is reached. Clearly, the simultaneous solution of slave
problems, distributed among several processors, is possible; it
can significantly speed-up computations.

Besides, finding a trade-off between both preventive and cor-
rective SCOPF variants still remains an open question [30].
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