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Introduction to Numerical Analysis

January 13th, 2014

You may answer either in english or in french. This is not an english exam. If you do not understand something,
ask a supervisor. Vous pouvez répondre soit en anglais soit en français. Ce n’est pas un examen d’anglais. Si
vous ne comprenez pas quelque chose, demandez à un surveillant.

Make sure that you have 4 questions. Write down your answers on separate sheets. The exam lasts 3h30. 45
minutes after the beginning of the exam, the first question is taken back. Any calculator is prohibited during
the first 45 minutes.

1. a) Explain how the power method can be used to find the smallest eigenvalue in absolute value of a square,
invertible matrix A. Does one need to actually compute the inverse of A?

b) The QR algorithm allows to compute all the eigenvalues of a square matrix A. This algorithm consists in
constructing the sequence of matrices A1(= A), A2, A3, . . . defined by

Ak = QkRk, Ak+1 = RkQk

with Qk orthogonal and Rk upper triangular matrices, respectively.
Suppose that the eigenvalues of A satisfy |λ1| > |λ2| > · · · > |λn|, and that A can be decomposed as
A = XDX−1 with D = diag(λ1, λ2, . . . , λn) and X = QR (with Q orthogonal and R upper triangular).

i) Show that Ak+1 = P T
k Q(RDR−1)QTPk, where Pk = Q1Q2 . . . Qk.

ii) Assume that limk→∞ Pk = Q. What does that imply for the diagonal entries of limk→∞Ak?
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2. The Large Hadron Collider (LHC) at the CERN is the highest-energy particle collider ever made and is
considered as one of the great engineering achievements of mankind. Cf. figure below, the LHC is a 27-
kilometer long underground ring inside of which particles can travel at very high speeds, before being collided.
For a regular experiment, neutrinos were accelerated very close to the speed of light. At each turn, the neutrinos
go through the ATLAS detector, which records the precise time. In 2012, researchers at the CERN claimed
that during one turn, ATLAS detected the neutrinos a few nanoseconds (ns) earlier than expected, meaning
that they traveled that turn somewhat faster than the speed of light, which was stated by Einstein in 1905 to
be impossible. The researchers suspect that ATLAS was erroneous at that turn, and want to use Richardson
with the data of the two previous and two next turns, in order to compute precisely at what time the neutrinos
should have reached ATLAS.

ATLAS

LHC

time (ns) 0 90 064 ? 270 188 360 250

distance (km) 0 27 54 81 108

a) Use the formula f(x) ≈ f(x+h)+f(x−h)
2 and Richardson with all the data in the table to compute the

aforementioned time precisely.
b) What is the order of the method? Prove it. (You will not obtain any score if you write a number with no

proof.)
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3. One wants to solve the linear system Ax = b with various algorithms.

A =

(
a 1
2 3

)
and b =

(
13.5
15.5

)
a) For which values of a is Gauss-Seidel garanteed to converge?

For the following questions, use a = 4.

b) Perform one iteration of Gauss-Seidel with the starting point x(0) =

(
3.5
3.5

)
.

c) Compute the conditioning number of A in infinite norm.
d) A is known in full precision whereas b is known only with 3 significant numbers. What is the precision on

the result?
e) Perform the LU decomposition of A.
f) Given the LU decomposition A = LU , how can it be used to solve the linear system? (No need to solve

the linear system numerically.)
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4. Consider the linear optimization problem

max x+y

s.t. −2x+y ≤ 1

x−y ≤ 2

x, y ≥ 0
a) Write the problem in standard form.
b) Do you advise to perform a phase 1 with this problem ? Why ?
c) Optimize the problem with the simplex algorithm.


