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Abstract
Motivated by the development of deep brain stimulation for Parkinson's disease, in the �rst part
of this thesis we consider the problem of reducing the synchrony of a neuronal population via a
closed-loop electrical stimulation under the constraints that only the mean membrane voltage of
the ensemble is measured and that only one stimulation signal is available (mean-�eld feedback).
In order to derive analytical results, we model the periodic behavior of a regularly �ring neuronal
population subject to a closed-loop electrical stimulation as a network of di�usively coupled Landau-
Stuart oscillators controlled via a linear single-input single-output feedback device. Under standard
assumptions, the obtained system reduces to a modi�ed version of the Kuramoto model.
We start by showing that non-zero mean-�eld feedback prevents the existence of oscillating phase-
locked solutions for a generic interconnection topology and feedback gain. In order to justify the
persistence of perturbed phase-locked states under a too small proportional mean-�eld feedback, we
show some robustness properties (namely total stability) of phase-locking in the Kuramoto system
to time-varying inputs and for a general symmetric coupling topology. As a corollary of these results
we derive necessary conditions for an e�ectively desynchronizing mean-�eld feedback.
We further show that, when the feedback gain is su�ciently large, its e�ect is to inhibit the global
oscillation (neuronal inhibition). All the phases converge in this case to a constant value, correspond-
ing to a �xed point of the closed-loop system, which is shown to be almost globally asymptotically
stable in the �ctitious case of zero natural frequencies and all-to-all coupling. In the case of an odd
number of oscillators, this property is shown to be robust to small natural frequencies and uncer-
tainties in the coupling and feedback topologies.
We �nally introduce two notions of desynchronization for interconnected phase oscillators by re-
quiring that phases drift away from one another either at all times or in average, and provide a
characterization of these two concepts in terms of a classical notion of instability valid in Euclidean
spaces. An illustration is provided on the Kuramoto system, which is shown to be desynchronizable
by proportional mean-�eld feedback.
We conclude the �rst part of the thesis with some extensions to more general coupling and feedback
schemes.

In the second part, we explore two possible ways to analyze related problems on more biologically
sound models.
The �rst contribution is to analyze neuronal synchronization with the input-output approach recently
developed by L. Scardovi and co-workers. Neurons are modeled as an input-output interconnection
of nonlinear operators acting on a signal space. Coupling between the neurons is described via tools
from graph theory. A strength of this approach is that it does not require a detailed knowledge of
the underlying dynamics, and it permits to cast disturbances and uncertainties in a natural way.
We illustrate this method on the Hindmarsh-Rose neuron model.
The second contribution is motivated by the need of gaining a deeper mathematical insight on
experimental and numerical observations obtained on dopaminergic neurons. It consists in reducing
a detailed physiological model to a simple two dimensional one. The chief property of the detailed
model is the simultaneous activation of positive and negative ionic currents, which has important
consequences for neuronal excitability. Based on normal form reduction, we propose a novel reduced
model to capture this antisynergistic cooperation. Beside dopaminergic neurons, the proposed model
explains the dynamics behavior of a large class of neurons, which are not captured by other existing
reduced models.
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Résumé
Motivé par le développement de la stimulation cérébrale profonde comme traitement des symptômes
moteurs de la maladie de Parkinson, nous considérons le problème de réduire la synchronie d'une
population neuronale par l'intermédiaire d'une stimulation électrique en boucle fermée, sous les con-
traintes que seule la tension de membrane moyenne de l'ensemble est mesuré et qu'un seul signal de
stimulation est disponible (rétroaction du champ moyen). A�n d'obtenir des résultats analytiques,
nous modélisons le comportement périodique d'une population neuronale soumise à une stimula-
tion électrique en boucle fermée comme un réseau d'oscillateurs de Landau-Stuart couplés de façon
di�usive et contrôlés via un dispositif de rétroaction linéaire mono-entrée mono-sortie. Sous des
hypothèses standards, le système obtenu se réduit à une version modi�ée du modèle de Kuramoto.
Nous commençons par montrer qu'une rétroaction non nulle du champ moyen empêche l'existence
des solutions à verrouillage de phase pour une topologie d'interconnexion et un de gain de rétroaction
génériques. A�n de justi�er la persistance de solutions à verrouillage de phase perturbés pour un
gain de rétroaction trop petit, nous montrons quelques propriétés de robustesse du verrouillage de
phase dans le système de Kuramoto par rapport à des entrée variantes dans le temps et pour une
topologie d'interconnexion symétrique quelconque. Comme corollaire de ces résultats, nous dérivons
les conditions nécessaires pour une désynchronisation e�cace par rétroaction du champ moyen.
En outre, nous montrons que, lorsque le gain de rétroaction est su�samment grand, son e�et est
d'inhiber l'oscillation globale (inhibition neuronale). Dans ce cas, toutes les phases convergent à une
valeur constante, correspondant à un point �xe du système en boucle fermée, que nous montrons être
presque globalement asymptotiquement stable dans le cas �ctif où toutes les fréquences naturelles
sont nulles et le couplage est du type tous-à-tous. Dans le cas d'un nombre impair d'oscillateurs,
cette propriété se révèle robuste aux petites fréquences naturelles et aux incertitudes dans les topolo-
gies de couplage et de rétroaction.
Nous proposons en�n deux notions de désynchronisation pour des oscillateurs de phase interconnec-
tés, en exigeant que les phases s'éloignent les unes des autres, soit à chaque instant, soit en moyenne.
Nous fournissons également une caractérisation de ces deux concepts en termes d'une notion clas-
sique d'instabilité valable dans les espaces euclidiens. Une illustration est fournie pour le système
de Kuramoto, qui se révèle être desynchronizable par rétroaction du champ moyen.
Nous concluons la première partie de la thèse avec quelques extensions à des schémas de couplage
et de rétroaction plus généraux.

Dans la deuxième partie, nous explorons deux voies possibles pour l'analyse des problèmes similaires
dans des modèles biologiquement plus plausibles.
La première contribution est l'analyse de la synchronisation neuronale par l'approche entrée-sortie
récemment développé par L. Scardovi et collègues. Les neurones sont modélisés comme une inter-
connexion entrée-sortie d'opérateurs non linéaires agissants sur un espace de signaux. Le couplage
entre les neurones est décrit via des outils de la théorie des graphes. Un des points forts de cette
approche est qu'elle ne nécessite pas de connaissance détaillée de la dynamique, et elle permet de
considérer perturbations et incertitudes d'une manière naturelle. Nous illustrons cette méthode sur
le modèle de neurone de Hindmarsh-Rose.
La deuxième contribution a été motivée par la nécessité d'une connaissance mathématique plus pro-
fond sur des observations expérimentales et numériques obtenues sur les neurones dopaminergiques.
Il s'agit de la réduction d' un modèle physiologique détaillé à un modèle simple à deux dimensions.
La propriété principale du modèle détaillé est l'activation simultanée de courants ioniques positifs et
négatifs, ce qui a des conséquences importantes sur l'excitabilité neuronale. Basé sur une réduction
du type forme normale, nous proposons un nouveau modèle réduit qui capture cette coopération
antisynergique. A côté des neurones dopaminergiques, le modèle proposé explique le comportement
dynamique d'une grande classe de neurones, qui ne sont pas capturés par d'autres modèles réduits
existants.
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�There are things known and there are things unknown, and in between are the doors of per-

ception.�

Aldous Huxley





Chapter 1

Introduction

Brains are an aggregate of units that communicate with each other to achieve a common goal.
Neurons are the elementary units, and both electrical and chemical messages constitute the
support through which neurons communicate. Through these electrical and chemical messages,
neurons are able to achieve a coherent oscillatory activity, or neuronal synchronization, among
large and sometimes distant populations.

On the one hand, neuronal oscillations are at the basis of fundamental brain functions like
memory (Rutishauser et al., 2010), cognition (Fries, 2001) and movement path generation
(Sanes and Donoghue, 1993). On the other hand, a too strong neuronal synchronization can
lead to pathological states. Prominent synchronous oscillations in the motor cortex are linked
to essential tremors (Hellwig et al., 2003), while in the hippocampus they are at the basis of
epileptic seizures (Traub and Wong, 1982). Another synchronization related neural pathology
is Parkinson's disease (PD), which constitutes the main motivation for this thesis.

Parkinsonian patients exhibit an intense oscillatory synchronous activity in some deep brain
areas (Volkmann et al., 1996) that is tightly correlated to PD physical symptoms (Hammond
et al., 2007; Boraud et al., 2005) and is mainly due to the scarcity of a neurotransmitter:
dopamine. In the �rst phase of the illness, pharmacological therapies are able to e�ciently
compensate for the de�ciency of physiological dopamine and reduce PD pathological synchro-
nization, but in a second phase their e�ciency rapidly decreases. At this stage, some patients
�nd an alternative in deep brain stimulation (DBS), a symptomatic treatment of PD and some
other synchronization related neurological diseases, such as chronic pain, essential tremor, and
dystonia (Kringelbach et al., 2007). DBS consists in the electrical stimulation of deep brain
areas through implanted electrodes (Benabid et al., 1991). Although DBS is a successful treat-
ment, it still su�ers from considerable limitations.

In its present form, DBS is based on heuristics or experimental deductions, and does not use
any cerebral measurement (open-loop stimulation). Consequently, a neurologist must run a
day-long empirical tuning of the stimulator's parameters, and this tuning is not guaranteed
to work (Rodriguez-Oroz et al., 2005). In addition, several studies observed a number of side
e�ects due, for example, to the excessive current injected in the brain tissues (Kumar et al.,
2003). Finally, an intense debate is still open about the exact functioning of DBS and its
relations with neuronal synchronization (Hammond et al., 2008; Kringelbach et al., 2007).

The research community is well aware of the limitations of the present open-loop approach.
In (Vitek, 2005), feedback control systems were identi�ed as one of the major challenges con-
fronting the DBS development in years ahead. After almost six years this challenge has not
been won yet. We believe that a deeper theoretical understanding of neuronal synchronization



and its control via electrical stimulation will both help developing a closed-loop DBS technology
and gain a deeper knowledge of the mechanisms involved.

The main goal of this thesis is thus to contribute to the development of principles and method-
ologies for the analysis and control of neuronal synchronization. We take inspiration from
medical problems to derive mathematically treatable models and analyze them rigorously, us-
ing control theoretical tools, with the twofold goal of understanding complex phenomena and
suggesting experimental directions.

Part I of this manuscript is dedicated to the derivation of a simple model of an interconnected
neuronal population under the e�ects of a closed loop electrical stimulation and to the analytical
study of the observed synchronization phenomena. Part II presents some recent works aiming
at extending the analysis contained in Part I to more realistic models.

Introduction to Part I - Neurons as oscillators

We start by providing an introductory picture of the electrophysiology behind Parkinson's
disease. The link between PD physical symptoms and neuronal synchronization is highlighted.
After, we present the available clinical treatments, including present DBS, and their limitations.
Based on these problematics, we de�ne concisely the main objective of Part I, and provide a
review of existing related works. Finally, we outline in some details the content of Part I and
its contributions.

1.1 The problem: Parkinson's disease and neuronal synchro-

nization

1.1.1 Electrophysiology and clinical treatment of Parkinson's disease

As brie�y recalled above, the parkinsonian neuronal state is characterized by intense syn-
chronous oscillation in a deep brain network: the basal ganglia (BG). Such pathological syn-
chronization is mainly the byproduct of the degeneration and death of dopaminergic neurons
(Vernier et al., 2004), and the consequent de�ciency of this neurotransmitter in the brain.
Roughly speaking, the BG network acts as a �lter on cortical inputs encoding voluntary move-
ments. An illustration of the anatomy and electrophysiology behind this �ltering does not
enter in the scope of this dissertation, but the interested reader can �nd some information in
(Parent and Hazrati, 1993; Bolam et al., 2000). Local �eld potential (LFP) recordings in two
of the basal ganglia, namely the subthalamic nucleus (STN), and the globus pallidus inter-
num (GPi), reveal in PD patients a synchronized oscillatory activity in the band 13Hz-32Hz
(beta band). See (Brown et al., 2001; Williams et al., 2002, 2003; Brown and Williams, 2005;
Weinberger et al., 2006; Priori et al., 2004). Correlations in neurons electrical activity under-
lying these oscillations are found locally, i.e. between neurons belonging to the same nucleus
(Brown et al., 2001; Williams et al., 2002, 2003; Priori et al., 2004, 2002; Silberstein et al.,
2003), among neurons belonging to di�erent ganglia (Brown et al., 2001), and between BG
neurons and cortical activity (Marsden et al., 2001; Williams et al., 2002). Thus, synchronous
beta band oscillations in STN and GPi are a hallmark of PD basal ganglia electrical activity.
Conversely, they are absent, or small, under healthy conditions (Courtemanche et al., 2003;
Sochurkova and Rektor, 2003).

While its origins are still object of debate, the implication of BG synchronous oscillations in PD
physical symptoms is con�rmed by experimental evidences. The reduction of the intensity of



the BG synchronized oscillatory activity at the beta band is roughly proportional to the clinical
improvement in bradikinesia, the slowness in the execution of movements, and akinesia, the
inability to initiate movements (Kühn et al., 2006; Brown et al., 2004). Furthermore, under
healthy conditions, beta band oscillations are suppressed prior and during voluntary movements
(Williams et al., 2003; Priori et al., 2002; Cassidy et al., 2002; Doyle et al., 2005).

Despite these experimental evidences, however, the mechanisms through which STN/GPi syn-
chronous oscillations lead to PD physical symptoms are still unclear. We just mention two
explicative hypothesis. In (Bar-Gad et al., 2003) the authors suggest that the movement-
related desynchronization is associated to a dimensionality reduction in the representation of
cortical inputs. Eliminating correlations, a small group of STN neurons can e�ciently encode
the information originally contained in a large coherently oscillating cortical population. In
(Rubin and Terman, 2004) the authors consider how PD synchronous oscillations transform
the BG network output, and the e�ects of these changes on the target neurons. Computa-
tional evidences suggest, in particular, that beta band synchronized inhibitory inputs from the
GPi to the thalamus compromise the ability of thalamic relay neurons to correctly respond
to cortical inputs. Interestingly, if the synchronization frequency and pattern are changed
through electrical stimulation of the STN, the same pathological e�ect is not observed. Be-
yond these intriguing hypothesis, as a matter of fact, a healthy basal ganglia network exhibits a
desynchronized STN/GPi activity (Courtemanche et al., 2003; Sochurkova and Rektor, 2003).

A �rst-line treatment of PD is the administration of L-dopa, a dopamine promoter drug. This
pharmacological therapy e�ciently compensates for the lack of physiological dopamine, at
least in the �rst few years of the illness (Cotzias et al., 1969). In this period, L-dopa has been
shown to e�ciently suppress the pathological synchronization (Priori et al., 2002; Sydow, 2008;
Doyle et al., 2005). Afterwards, its e�ciency rapidly decreases with the diminishing number
of dopaminergic cells that can bene�t from this chemical boost (Muenter and Tyce, 1971).
Moreover, a series of sever side e�ects come over with time, in particular the generation of
involuntary movements, or dyskinesia (Barbeau, 1974). At this stage pharmacological therapies
are no longer su�cient.

A predecessor and an alternative to drug therapies, used since the early sixties, is the lesioning
of some BG areas. This surgical ablation is e�ective in reducing PD tremors in drug resistant
patients (Jankovic et al., 1995). The physiological mechanism behind the therapeutic e�ects
of BG lesioning, and in particular STN lesion, are not clear. There are anyhow some evidences
that BG ablation suppresses the pathological synchronous oscillation at the lesion site (Tro²t
et al., 2003). At the same time the surgical complication of this invasive and non-reversible
procedure can be severe (Schuurman et al., 2008).

In the early nineties the medical research group of Benabid noticed that the chronic stimulation
of the STN, via a pair of implanted electrodes, drastically reduces tremors and akinesia in
Parkinson's disease (Benabid et al., 1991). Comparative studies show that this type of deep
brain stimulation (DBS) is as e�ective as BG lesioning in reducing PD symptoms, but with
less severe side e�ects (Schuurman et al., 2008) and, more important, in a reversible way.
Since then, DBS has become an alternative to the pharmaceutical and ablative treatments of
synchronization-related parkinsonian motor symptoms, yet, far from being optimized for the
scope.

1.1.2 Open-loop DBS: Its limitations and preliminary generalizations

Nowadays DBS is an open-loop stimulation. The signal injected is similar to that of a stan-
dard cardiac pacemaker (Benabid et al., 1991), that is a train of current pulses of adjustable
amplitude and frequency, on which neurologists must run a day-long empirical tuning in order



Figure 1.1: Present DBS: a pair of electrodes are surgically implanted in central nervous
system. The electrode is guided until its head touches the STN, or, alternatively, the GPi (not
shown in the picture). The injected input is a train of voltage pulses of frequency & 130Hz

and amplitude ∼ 5V . Adapted from (Wikipedia, 2011).

to optimize the patient response to the therapy. Indeed, no automatic optimization algorithm
has yet been developed. The only �feedback� between the stimulation pattern and the patient
response is provided by the physicians during the parameters regulation stage. Once the DBS
apparel is installed, no physiological measurements are exploited to track the therapy e�ciency
and to adapt to possible variations, suggesting that the stimulation pattern might not be op-
timized either for the scope. As a consequence, the present stimulation strategy has di�erent
repercussions (Kumar et al., 2003). Firstly, due to the continuous current injection, the stimu-
lator batteries discharge faster than needed, requiring additional surgical operations to replace
them. Secondly, the permanent electrical stimulation of the BG can have sever psychological
and physiological side e�ects, such as memory decline, psychiatric disturbances, depression,
speech disturbances, and dysequilibrium (Kumar et al., 2003). Finally, roughly a half of the
patients �nd no symptomatic bene�t in DBS (Rodriguez-Oroz et al., 2005).

The electrical measurements obtained with the help of the implanted electrode gives an op-
portunity to track the neuronal state and adapt the therapy on-line. Due to the size of the
electrode with respect to the neuronal scale, the measurement is given by the mean electrical
activity of the neuronal population near the electrode head, or local �eld potential. In the
following we refer at this population measurement as mean-�eld.

A �rst practical attempt to exploit mean-�eld measurement in DBS optimization has already
been worked out by the group of Prof. Tass (Tass, 1999, 2003b,a; Tass and Majtanik, 2006). See
also the USPTO patent (Tass, 2011). In their approach, whenever the pathological synchronous
state is detected, the DBS stimulator is turned on automatically and the standard pulsed DBS
signal is injected in a spatially coordinated way to desynchronize the ensemble. This strategy
helps to extend batteries life and to reduce side e�ects by reducing the amount of injected
current, but it does not optimize the stimulation pattern, which consists of large voltage pulses,
still sent in an open loop fashion.

1.1.3 Closing the loop: Control theory and DBS

In this section, we reformulate as precise control objectives (for a closed-loop DBS) the prob-
lematics discussed in Sections 1.1.1 and 1.1.2. More precisely, we will introduce two distinct
control strategies: neuronal desynchronization and neuronal inhibition.

In most control applications, synchronization is a goal to achieve: for instance, formations of
autonomous vehicles (Sepulchre et al., 2007, 2008), consensus protocols (Scardovi et al., 2007;
Olfati-Saber and Murray, 2004; Sarlette, 2009) and master-slave control of mechanical systems



(Spong, 1996; Nijmeijer and Rodriguez-Angeles, 2003) can all be formulated as a synchroniza-
tion objective. DBS for PD has exactly the opposite goal: given an originally synchronized
ensemble, �nd a control signal to induce it in a disordered desynchronized behavior.

Beside desynchronization, another interesting control strategy is to use the DBS signal to inhibit
the neuronal oscillations, that is to block completely the pathological spiking activity of the
population. This solution mimics the e�ects of a BG lesion, which can be seen as a drastic
and irreversible inhibition. Conversely, a DBS-induced neuronal inhibition is reversible and
could be activated only on demand. Apart from PD (McIntyre et al., 2004; Benazzouz et al.,
2000; Olanow, 2001), the possibility of inhibiting the global synchronous activity of a group
of neurons in a reversible and controlled way may also �nd applications in the treatment of
other synchronization-related neurological diseases, like the block of fast oscillation associated
to epileptic seizures (Traub, 2003; Traub and Wong, 1982).

The originality of the DBS control problem that we address here stands also in the practical
input-output constraints. As already noted above, the only available measurement consist in
the neuron population mean-�eld. For the same reason, all the neurons receive basically the
same input signal. The resulting control setup consists of an extremely large number of units,
the neurons, whose collective behavior has to be regulated relying only on a scalar output,
the mean-�eld, and a scalar input, the injected current (see Figure 1.2). This is in opposition
with classic synchronization (Sepulchre et al., 2007, 2008; Scardovi et al., 2007; Olfati-Saber
and Murray, 2004; Sarlette, 2009) and desynchronization (Angeli and Kountouriotis, 2011)
problems, where each agent is endowed with a controller that can access local information
through a communication graph.

K

yu

Figure 1.2: Proposed proportional mean-�eld feedback DBS control scheme. The mean
electrical activity of a population of neurons, each modeled for simplicity as an oscillator, is
recorder via a DBS electrode. This output is multiplied by a feedback gain and injected back

in the neuronal population.

In order to keep the proposed control scheme simple, we close the loop between the patient
and the DBS controller with a proportional (linear) feedback scheme. In other words, the
injected input is proportional to the measured output (Ogata, 2001, Chapter 5). The resulting
proportional mean-�eld feedback control scheme is summarized in Figure 1.2. The analysis of
the resulting closed-loop system guides the tuning of the feedback gain. Apart from its simple
nature, which ensures mathematical treatability and an easy practical implementation, the
proportional feedback approach is particularly tempting for DBS for energetic concerns. Energy
e�ciency is a crucial issue in DBS. As mentioned above, a too strong injected current has the
twofold drawback of letting the stimulator batteries discharge too fast and of inducing severe
side e�ects. Since the population mean electrical activity is small in both the desynchronized
and inhibited states, a proportional feedback approach ensures, at least for small feedback



gains, a small DBS signal, and thus energy e�ciency and side-e�ects reduction. In a nutshell,
we abstract the control strategy for a closed-loop DBS proposed in Part I as follows:

Objective of Part I: Given a neuronal population exhibiting a highly regular synchronous
activity, explore how it can be brought to either a healthy irregular desynchronized state or to
a silent inhibited state, via proportional mean-�eld feedback. AAAAAA AAAAA AAAAAA
AAAAA AAAAAAAA AAAAA AAAAAAaAA

1.2 State of the art: Eliminating synchronization by control

In recent years, several works have appeared facing the problem of controlling the synchroniza-
tion behavior of an interconnected neuronal population through mean-�eld feedback, propor-
tional or not (Rosenblum and Pikovsky, 2004b,a; Rosenblum et al., 2006; Hauptmann et al.,
2005a,b,c; Popovych et al., 2006b, 2005, 2006a; Popovych and Tass, 2010; Luo et al., 2009).
We share with all these works the same modeling principle, that is to consider periodically
spiking neurons and to model them as simple nonlinear or phase oscillators. Other approaches,
di�erent in philosophy from the work presented in this manuscript, employ optimal control
techniques for the computation of open-loop desynchronizing signals (Danzl et al., 2009) or for
the tuning of open-loop DBS parameters (Schi�, 2010). Finally, some works investigate the
oscillation inhibition, or oscillators death, phenomenon in coupled oscillators population (Er-
mentrout, 1990; Ermentrout and Kopell, 1990). In what follows, we describe those references
in some detail. The aimed extensions are summarized in Section 1.2.5.

1.2.1 Desynchronization via delayed feedback

In (Rosenblum and Pikovsky, 2004b,a; Rosenblum et al., 2006) the authors consider a linear
single-site delayed feedback. That is, they consider a group of neurons stimulated and recorded
with one electrode. The injected signal is taken proportional to the delayed mean-�eld of the
ensemble. Analytical investigations on simpli�ed oscillators and phase models reveal that, de-
pending on the feedback gain and delay, this closed-loop control can enhance or suppress neural
synchrony. In the latter case the stimulation is vanishing when e�ective desynchronization is
achieved, which ensures energy e�ciency and stimulation on demand. Numerical simulation
on detailed neuron models verify this analysis.

The main idea behind the approach proposed in (Hauptmann et al., 2005a,b,c) is to use multiple
stimulation sites and inject in each of them the delayed mean-�eld of the stimulated ensemble
with di�erent delays. This stimulation leads to cluster of neurons, each of them oscillating
synchronously with the delayed mean-�eld of the ensemble for a particular delay value. When
the delays are chosen following a suitable law, the di�erent clusters oscillate out of phase and
a global synchronization index is minimized. This control scheme is tested both on simpli�ed
phase models and on detailed microscopic models.

A natural extension to linear delayed feedback is to consider nonlinear delayed feedback, as
proposed in (Popovych et al., 2006b, 2005, 2006a). The authors show numerically on detailed
models and analytically on phase models, that such a closed-loop stimulation can have a twofold
e�ect. If the ensemble is originally strongly interconnected, then the stimulation e�ectively
desynchronizes it for a broad range of feedback gains and delays. If the ensemble is originally
weakly interconnected, some parameter ranges appear in which synchronization is enhanced.
The case of two interacting populations with di�erent internal connectivity degrees is considered
in (Popovych and Tass, 2010). The important �nding is that, by applying a nonlinear delayed



feedback only to the weakly coupled population, it is possible to �nd parameter ranges for
which the strongly coupled population becomes e�ectively desynchronized via the indirect
control mediated by the populations interaction.

1.2.2 Desynchronization via non-delayed feedback

Proportional-integro-di�erential (PID) feedback is at the basis of the approach proposed in
(Pyragas et al., 2008). The authors assume the existence of a recorded and a stimulated
populations, in which the stimulated population is subject to a PID feedback derived from
the mean behavior of the recorded population. This approach is particularly important in
an experimental framework where practical constraints may forbid the simultaneous recording
and stimulation of the whole network. The authors compute, in the limit of an in�nite number
of oscillators, the gain threshold ensuring the e�ective desynchronization of both populations.
Numerical examples support these theoretical predictions.

In (Tukhlina et al., 2007) the authors exploit the interesting idea that a synchronized neuronal
population can, in �rst approximation, be modeled as a single active oscillator. Then a possible
solution to contrast global oscillations, leading to a desynchronized ensemble, is by dissipating
their energy. This can be achieved by interconnection with a passive oscillator. The obtained
results suggest that this feedback scheme can e�ectively block the global synchronous oscilla-
tion, and thus desynchronize the ensemble, with vanishing stimulation. The last point ensures
stimulation on demand and an energy e�cient policy. Numerical examples validate these re-
sults on realistic neuron models. A more recent work from the same authors (Tukhlina and
Rosenblum, 2008) aims at extending this approach to the case of two interacting populations.
One population is recorded, the other is stimulated. This generalization further increases the
practical soundness of this stimulation scheme.

A similar idea to the one proposed in (Tukhlina et al., 2007) is explored in (Luo et al., 2009).
In this latter reference, instead of a passive oscillator, the authors consider the use of a tradi-
tional washout �lter (or washout circuit), a stable high-pass �lter, which is able to block the
Andronov-Hopf bifurcation exhibited by the mean-�eld at the synchronization transition. The
authors prove the e�ciency of this control scheme through numerical examples.

1.2.3 Optimal control and open-loop stimulation strategies

In (Danzl et al., 2009) the authors rely on a detailed computational model of neurons and em-
ploy optimal control techniques to compute the waveform ensuring convergence toward a small
ball centered around an unstable �xed point in minimum time. Since all the isochrons1 con-
verge in this zone, re�ecting the fact that the unstable �xed point is phase-less, the asymptotic
phase of the controlled system is very sensitive to tiny amounts of perturbations, resulting in
phase-randomization. When applied at the population level, this technique works to transiently
desynchronize an ensemble of identical oscillators in an original perfectly synchronized state.
Nonetheless, the use of optimal control techniques requires a perfect knowledge of the underly-
ing dynamics and leaves no space to parametric uncertainties and heterogeneities, making this
approach di�cult to apply in an experimental framework.

Apart from desynchronization via closed-loop stimulation, other approaches have been explored
in literature. Notably, the control of DBS through model-based approaches aim at exploiting

1Given a system with an almost globally asymptotically stable limit cycle, isochrons are hypersurfaces made
of all the points with the same phase (Guckenheimer, 1975). Unstable �xed points, in particular, are phase-less
and do not belong to any isochron.



computational models of su�cient complexity to emulate the behavior of di�erent brain struc-
tures with enough �delity. Optimization algorithms can then be used in real-time to tune a
limited number of parameters by comparison with experimental data. The resulting tuned
computational model is used to generate an open-loop control signal. We refer the reader to
the recent review of the subject (Schi�, 2010) for more details and a complete list of references.
We stress that this approach is quite di�erent in philosophy to the one explored in Part I of
this thesis. We will, however, come back to it in Part II.

1.2.4 Neuronal inhibiton

The possibility of inhibiting the pathological STN oscillations by blocking the neuronal spiking
is also considered in Part I. A similar oscillation inhibition phenomenon has already been
studied in the literature, even though not with a control objective. In (Ermentrout, 1990) the
author analyzes a population of all-to-all interconnected complex oscillators, of the same type of
the one used in Chapter 2 as a simple representation of periodically spiking neurons. He shows
that if the coupling between the oscillators is strong compared to the attractiveness of the limit
cycle, and the natural frequencies are su�ciently sparse, then di�usive coupling can stabilize
the origin of the interconnected system. This phenomenon corresponds to the disappearance
of the oscillation's amplitude and frequency, and is often referred to as oscillators death. The
mechanism underlying this analysis are thus quite di�erent, if not opposite, to the one analyzed
in Part I of this manuscript, which relies on the assumption that the coupling is su�ciently
weak so to ensure the persistence of the limit cycle (cf. Assumption 1 in Chapter 2).

The analysis presented in our work is nearer in spirit to the one in (Ermentrout and Kopell,
1990). There, the authors show that, under suitable assumptions on the coupling functions,
oscillation inhibition arises in two identical coupled phase oscillators as a supercritical fold
bifurcation on the synchronization line with the coupling strength as the bifurcation parame-
ter. A further non-degeneracy condition ensures that the stable node born in this bifurcation
corresponds to a stable solution of the full system. A similar result is proved with the help
of numerical simulations for couples of general nonlinear oscillators. In the case of a larger
number of oscillators the authors restrict their attention to the chain topology, and focus on a
suitable subclass of coupling functions to prove a similar stability result.

1.2.5 Aimed extensions

Neuronal desynchronization. All the works reviewed in Section 1.2.1 and 1.2.2 consider only
very simple interconnection topologies between the neurons, and do not account for the pos-
sibility that di�erent neurons contribute to the recorded mean-�eld and receive the injected
signal with di�erent intensity. Furthermore, in (Rosenblum and Pikovsky, 2004b,a; Rosenblum
et al., 2006; Hauptmann et al., 2005a,b,c; Popovych et al., 2006b, 2005, 2006a; Pyragas et al.,
2008; Popovych and Tass, 2010) the output and the input of the system are complex, which
does not re�ect the electrical single-input-single-output nature of an experimental DBS control
scheme. Finally, no rigorous de�nition of desynchronization are provided. The analysis in
Part I aims at relaxing these constraints and at providing a more rigorous framework for the
analytical study of desynchronization.

Neuronal inhibition. The analysis (Ermentrout and Kopell, 1990) suggest that oscillation
inhibition is possible, at least for some interconnection topologies and coupling functions.
Inspired by this work, we analyze in Part I whether the coupling induced by a proportional
mean-�eld feedback can obtain the same result.



1.3 Contributions: Coupled oscillators under mean-�eld feed-

back

1.3.1 Model derivation

As introduced in Section 1.1, our goal being to derive analytical results on the control of
synchronization in an interconnected neuronal population via a scalar input that is function of
the population mean-�eld only, we start by deriving a mathematically treatable model.

The main idea guiding our model derivation is to focus on periodically spiking neurons. The
form of the dynamics associated to such a periodic behavior can be quite complicated for
physiological models, hampering the mathematical treatability, in particular for large inter-
connected networks. We thus look for a simple alternative representation of the associated
limit cycle. We refer the reader to (Ermentrout and Terman, 2010, Chapter 8) and (Izhikevich,
2007, Chapter 10), and the exhaustive list of references therein, for an introduction to the
dynamics of periodically spiking neurons and their synchronization properties.

In the spirit of (Rosenblum and Pikovsky, 2004b; Popovych et al., 2006b, 2005, 2006a; Pyragas
et al., 2008), we represent each neuron as a complex Landau-Stuart oscillator. As detailed in
Sections 2.1 and 2.2, we associate the real part of the oscillations to the membrane voltage
and its imaginary part to a recovery variable that represents the e�ects of other physiological
variables. This distinction is crucial to de�ne a biologically meaningful output. More precisely,
as opposed to (Rosenblum and Pikovsky, 2004b,a; Rosenblum et al., 2006; Hauptmann et al.,
2005a,b,c; Popovych et al., 2006b, 2005, 2006a; Pyragas et al., 2008; Popovych and Tass, 2010),
given an oscillators population, we assume that the only available measurement is the mean real
part of the oscillation, corresponding to the mean membrane voltage of the neuronal ensemble,
or local-�eld potential. This measurement is standard in the medical practice (Legatt et al.,
1980), and is imposed by the size of the electrode head, much larger than the neuron scale.
Similarly, the injected input is a scalar that models the injected current and a�ects only the
real part of the oscillation. The obtained model, while not accounting for the dynamical details
of physiological models, still exhibits some important features of periodically spiking neurons,
and maintains a meaningful link with their input-output variables.

Furthermore, in order to account for the heterogeneous and unknown distance of each neuron
from the electrode head, we also assume that the weight with which each oscillator contributes
to the recorded mean-�eld is heterogeneous and unknown. The same experimental constraint
imposes that each oscillator receives the same scalar input, modulo an unknown gain that is
related to its distance from the electrode head. We stress that these modeling assumptions
relax the ones used in all the works reviewed in Section 1.2, where the authors consider only
simple interconnection topologies and registration-stimulation setups.

While neuronal coupling relies on di�erent mechanisms, in our study we consider exclusively
di�usive coupling between the oscillators. Even though this assumption may be too simplistic,
it ensures the mathematical treatability of the resulting model. Some extensions are considered
in Appendix A and in Part II. As for the measurement-stimulation setup, we assume the
interconnection topology between the neurons to be arbitrary. Our working choice is to close the
loop between the oscillator population and the DBS controller via a proportional (linear) mean-
�eld feedback. As already said in Section 1.1, its simple nature guarantees both mathematical
treatability and an easy practical implementation.

The obtained model is presented in Section 2.2. Preliminary numerical observations, reported
in Figures 2.4, 2.5, and 2.6 on page 38), highlight a series of interesting synchronization/desyn-
chronization phenomena. For a generic choice of the interconnection topology and feedback



gain, the system does not exhibit phase-locked solutions with a non-zero frequency of oscilla-
tion. At the same time, if the feedback gain is small compared to both the natural frequencies
and coupling strength, the oscillators remain practically phase-locked, meaning that they ex-
hibit small oscillations around a perfectly phase-locked solution. Conversely, if the feedback
gain is su�ciently large, mean-�eld feedback can block the oscillations, that is the oscillators
phases converge to a constant value (oscillation inhibition). Finally, for a certain range of
feedback gains, mean-�eld feedback is able to desynchronize some pairs of oscillators, while
others remains practically synchronized in small clusters. This type of partial phase-locking,
or partial entrainment, is also studied in (Aeyels and Rogge, 2004; De Smet and Aeyels, 2009;
Aeyels and De Smet, 2010). Part I of this manuscript is devoted to an analytical understanding
of these phenomena.

We informally derive at the end of Section 2.2 the phase model associated to the ensemble
of Landau-Stuart oscillators under mean-�eld feedback. A rigorous derivation is provided in
Section A.2. The resulting system is the following:

θ̇i =

Kuramoto phase dynamics︷ ︸︸ ︷
ωi +

N∑
j=1

kij sin(θj − θi)

Mean-�eld feedback contribution︷ ︸︸ ︷
−

N∑
j=1

γij
Ä

sin(θj + θi)− sin(θj − θi)
ä
.

The scalar θi is the phase of the oscillator i, and describes the evolution of the neuron i along
the periodically spiking limit cycle. The entries of the vector ω := [ωi]i=1,...,N ∈ RN are the
natural frequency of the oscillators and are associated to the endogenous rate of spiking of the
neurons. The matrix k = [kij ]i,j=1,...,N ∈ RN×N is the coupling matrix and contains information
about the interconnection topology between the neurons. The matrix γ = [γij ]i,j=1,...,N ∈
RN×N is the feedback gains and can be computed from the registration-stimulation setup.
This model basically consists of two parts. The �rst one is the standard Kuramoto dynamics
(Kuramoto, 1984), corresponding to di�usive coupling between the oscillators. The second one,
corresponding to the proportional mean-�eld feedback, is original. On one side, depending on
the feedback gain, it reduces or enhances the strength of the e�ective di�usive coupling. On
the other, it introduces a sinusoidal additive coupling sin(θi+θj) between couples of oscillators.
These two distinct e�ects are at the basis of all the phenomena observed in simulations on both
simpli�ed (see Section 2.4.1) and more physiologically sound (see Section A.7) models, as we
are going to brie�y and informally explain in this introduction.

In Section A.1, we consider some generalization of the studied closed-loop dynamics, permitting
to extend the class of modeled neuron networks. We also provide in Section A.2 an analytical
derivation of the associated phase dynamics. We deduce, in particular, an explicit bound on
the coupling and feedback strengths (the small coupling condition) for which the proposed
phase dynamics is a good (�rst order) approximation of the full closed-loop dynamics. This
technical part can however be skipped in a �rst reading2.

1.3.2 De�nition and existence of oscillating phase-locked solutions

After having derived the model equations in Sections 2.1 and 2.2, we de�ne in Section 2.3 its
pathological states in a rigorous manner. We can think of the pathological neuronal activity
a�ecting Parkinson's disease patients as a highly ordered synchronous state, in which a group
of neurons discharge spike trains at the same frequency. In our model, such a behavior is de-
scribed by oscillating phase-locked solutions. See, e.g, (Kuramoto, 1984; Strogatz, 2000; Kopell

2Appendix A was inspired by the comments of Prof. G. B. Ermentrout and Prof. D. Aeyels on the �rst
version of this thesis.



and Ermentrout, 2002; Aeyels and Rogge, 2004; Fradkov, 2007). Such solutions, rigorously pre-
sented in De�nition 2.1, are characterized by all the oscillators evolving with constant phase
di�erences, and thus the same frequency, and exhibiting a global oscillation, that is a non-zero
collective frequency. If the last condition is removed, we simply speak of phase-locked solu-
tion. It is interesting to consider this distinction since phase-locked solution with zero natural
frequency correspond to a silent (inhibited) neuronal ensemble (see Chapter 4).

A �rst positive result supporting closed-loop DBS is contained in Theorem 2.2. It states that
for a generic interconnection topology between the neurons, with both inhibitory and excitatory
links, the existence of any oscillating phase-locked solution is not compatible with the presence
of a non-zero mean-�eld feedback. This result is independent of the weights with which each
neuron contributes to the recorded mean-�eld and of the gains with which it receives the
injected signal. The adjective �generic� should be understood here in the sense of the Lebesgue
measure associated to the space of the interconnection topology and feedback gain matrices, and
natural frequencies vectors. Numerical simulations illustrate this theoretical result. The same
existence result is proved in Section A.3 for the generalized closed-loop dynamics considered
in Section A.1.

We stress that the disappearance of the perfectly oscillating phase-locked solutions may or may
not have a therapeutic interest. The resulting state might indeed correspond to an e�ectively
desynchronized ensemble, but also to an almost (practically) phase-locked oscillator population.
In the latter case, the neurons discharge at approximately the same natural frequency, which
would still correspond to a pathological behavior. Alternatively, the system may converge
to a non-oscillating (inhibited) phase-locked solution. E�ective desynchronization, practical
phase-locking, and neuronal inhibition will all be analyzed in Chapters 3, 4, and 5.

The proof of Theorem 2.2 relies on two points, presented as Lemma 2.3 and Lemma 2.4 in
Section 2.4.2. Lemma 2.3 provides an original characterization of the oscillating phase-locked
solutions in term of a �xed point equation. This equation is composed of two subset of equa-
tions, corresponding, respectively, to the classic Kuramoto �xed point equation (Aeyels and
Rogge, 2004; Jadbabaie et al., 2004) and to the new constraints imposed by the presence of the
mean-�eld feedback. Lemma 2.4 is an invertibility lemma for the Kuramoto �xed point equa-
tion. It states that generically, with respect to the natural frequency and the interconnection
matrix, the Kuramoto �xed point equation can be locally inverted around any of its solutions
in terms of the implicit function theorem.

1.3.3 Robustness of phase-locked solutions

In Chapter 2 we have derived the model equations and analyzed the existence of phase-locked
solutions. Chapter 3 has a twofold objective: justify the persistence of robust practically
phase-locked solutions for small feedback gains and give explicit bounds on the tolerated dis-
turbances to compute necessary conditions for an e�ectively desynchronizing DBS. We address
this problem by analyzing the robustness of phase-locked solutions in the Kuramoto system
with respect to general time-varying inputs, including, as a particular case, the e�ects of a
proportional mean-�eld feedback DBS.

In Section 3.1 we introduce a generalized version of the Kuramoto model characterized by the
presence of time-varying natural frequencies modeling exogenous inputs. A natural mathemat-
ical object to study the robustness of phase-locking is the incremental dynamics associated to
this system. The incremental dynamics rules the evolution of the phase di�erences, and phase-
locking corresponds, in this representation, to a �xed point. As such, standard tools from
nonlinear system analysis are available to analyze its robustness properties. More precisely we
rely on a Lyapunov-based Input-to-State stability analysis (Sontag, 1989, 2006a).



We start by de�ning in Section 3.2 the set of asymptotically stable phase-locked solutions in
terms of the asymptotically stable �xed point of the incremental dynamics, as formalized in
De�nition 3.1. We show that, for a general symmetric interconnection topology, each asymp-
totically stable phase-locked solution is also locally input-to-state stable (Sontag and Wang,
1996) with respect to small inputs (Theorem 3.4). Our proof comes with an explicit Lyapunov
function for the incremental dynamics and permits to derive explicit bounds on the size of the
tolerated inputs, the region of attraction, and the convergence rate for a general asymptot-
ically stable phase-locked solution. We specialize this analysis in Section 3.3 to the case of
all-to-all coupling (Theorem 3.5), and show how the obtained bounds are in line with recently
published results analyzing the case of constant inputs (Chopra and Spong, 2009; Dör�er and
Bullo, 2011). The robustness bounds are computed in Corollary 3.6 for the special case of
proportional mean-�eld feedback for a general symmetric interconnection topology, and the
necessary conditions for an e�ectively desynchronizing DBS are derived. The robustness anal-
ysis of Chapter 3 can be extended to the generalized phase dynamics considered in Section
A.1. A sketch of this extension, along with a generalized version of Theorem 3.5 (see Theorem
A.7) are the subject of Section A.4.

The results presented in Chapter 3 are supported by a speci�c mathematical analysis. The
variables of the incremental dynamics are linked by algebraic relationship that constrain the
evolution of the system on a suitable invariant submanifold. Lemmas 3.7 and 3.8 characterize
the critical points of the incremental Lyapunov function restricted to this submanifold and
relate them to the �xed point of the incremental dynamics. As a general conclusion of this
analysis we propose at the end of Section 3.5 a novel characterization of the robust phase-locked
states in terms of the isolated local minima of the restricted incremental Lyapunov function.

1.3.4 Neuronal inhibition

While Chapters 2 and 3 mainly deal with the analysis of the closed-loop system, Chapter 4
contains su�cient conditions on how to achieve a precise control goal: neuronal inhibition.
With this we mean to bring an originally synchronously oscillating population toward a silent
state, in which no spikes are emitted. This objective has a practical interest since it eliminates
the synchronous oscillatory activity of the STN and may allow a healthier cortical information
�ow in the BG. This strategy is also supported by the fact that the precursor of DBS was the
surgical ablation of the STN, corresponding to a radical neuronal inhibition.

In Section 4.1 we recall the model under analysis. We split the di�usive coupling and the
mean-�eld feedback terms into a homogeneous part, in which the coupling and feedback gains
between each pair of oscillators are all given by the mean of the coupling and feedback gains,
respectively, and a heterogeneous part, accounting for the dispersion of the gains around their
means. The form of the obtained equations suggests that the di�usive coupling term, which is
responsible for the pathological synchronous behavior, can be drastically reduced by matching
the mean of the feedback gains to the mean of the coupling gains. Apart from the natural
frequencies and the heterogeneous parts of the coupling and feedback, the resulting dynamics
is ruled by the sinusoidal additive coupling only, which is small provided that the original
di�usive coupling is small, thus ensuring the persistence of the oscillators limit cycle attractor
(cf. Figure 2.5), provided that the small coupling condition derived in Section A.2 is satis�ed.

We start by noticing that the system under analysis can be written as a gradient system.
The main idea is then to focus on the case of zero natural frequencies and homogeneous
gains, and study the corresponding unperturbed potential function. Natural frequencies and
gain heterogeneities can then be plugged back in as a perturbation. Section 4.2 provides a
complete description, summarized in Lemmas 4.1, 4.2, and 4.3 of the set of critical points of



the unperturbed potential function. We conclude Section 4.2 with a global convergence result,
presented as Proposition 4.4, stating that in the ideal case of zero natural frequencies and
homogeneous gains almost every solution converges to the set of isolated global minima. The
proof is based on the properties of gradient systems (Hirsch and Smale, 1974) and, due to
the presence of non-isolated critical points, on some results on normally hyperbolic invariant
manifolds (Hirsch et al., 1977).

The convergence results derived in Section 4.2 are at the basis of the oscillation inhibition anal-
ysis in the case of non-zero natural frequencies and heterogeneous gains. More precisely, we
consider small natural frequencies and gain heterogeneities, and treat them as a perturbations.
In this case, the isolated hyperbolic �xed points, as well as the normally hyperbolic invari-
ant manifolds of �xed points, persist along with their stable and unstable manifolds (Hirsch
et al., 1977). The main result, presented as Theorem 4.5, then follows from standard results
on gradient systems, and ensures that a small intensity proportional mean-�eld feedback DBS
can inhibit a neuronal population, provided that the natural frequencies and the gain hetero-
geneities are not too large.

An extension of the results of Chapter 4 to the generalized dynamics presented in Section A.1 is
provided in Section A.5. More precisely, we relax the assumption that the gain heterogeneities
are small, and derive conditions on the extended set of parameters and the associated gener-
alized potential function for which oscillation inhibition is still guaranteed. This extension is
formally stated in Theorem A.8.

1.3.5 E�ective desynchronization via mean-�eld feedback

Desynchronization via mean-�eld feedback is the subject of Chapter 5, concluding the list of
numerically observed phenomena in an ensemble of di�usively coupled oscillators under mean-
�eld feedback. We start by examining how desynchronization might be suitably de�ned for an
ensemble of phase-oscillators. Since our mathematical analysis relies on the phase equations
associated to the oscillators, we must �rst answer this question in order to proceed rigorously.

We thus propose in Section 5.1 a short digression on existing concepts of synchronization
and derive a natural and simple de�nition of desynchronization, compactly presented in Def-
inition 5.1 and called Strong Desynchronization. It requires the relative drift between two
oscillators to be uniformly bounded away from zero. This de�nition owns the advantage of
being locally de�ned, and thus suitable for a use both on compact spaces like the N -torus, or
non-compact spaces like RN .

The chapter continues with a mathematical characterization of strong desynchronization. This
characterization is based on the grounded variable associated to the phase dynamics. This vari-
able describes the phase evolution lifted to RN in a reference frame moving with the mean drift
of the population. We show, in particular, that the proposed de�nition of desynchronization
admits a mathematical characterization in terms of instability concepts on Euclidean spaces
that is in perfect opposition to that of synchronization in terms of asymptotic stability, cf. e.g.
(Aeyels and Rogge, 2004; Jadbabaie et al., 2004; Sepulchre et al., 2007).

Strong desynchronization is generally too harsh a constraint to be satis�ed in practical appli-
cations, due to its all-time nature. We thus weaken the notion of strong desynchronization in
De�nition 5.6 by asking the oscillators to be drifting away in average over a suitable time win-
dow. Such a requirement is particularly suited for phase oscillators, characterized by a periodic
internal dynamics. We call this weaker notion of desynchronization practical desynchronization

and characterize it mathematically in Section 5.2.2.



After the having posed the theoretical background for the study of desynchronization, we switch
in Section 5.3 back to the neuronal desynchronization problem. More precisely, we consider
the phase model derived in Chapter 2 with a general interconnection topology and recording-
stimulation setup and study the possibility of inducing a desynchronized activity via mean-�eld
feedback. The result of this analysis consists of a su�cient condition, given in Theorem 5.10,
ensuring that a given pair of oscillators is descynhronized. This condition involves three terms.
The �rst one requires the di�erence in natural frequency to be large, or at least non-zero. The
second imposes the mean natural frequency of the ensemble to be large. Note that this condition
complements the results derived in Chapter 4, by which one expects the mean-�eld feedback to
induce oscillation inhibition rather than desynchronization if the natural frequencies are small
(cf. Theorem 4.5). The third term guides the feedback gain design, in particular the DBS
electrode positioning and the choice of the stimulation intensity, by imposing to minimize the
closed-loop di�usive coupling strength. The same desynchronization analysis is extended in
Section A.6 to the generalized dynamics introduced in Section A.1.

This result is specialized to the all-to-all Kuramoto model in Corollary 5.11. Interestingly, this
result constitutes a complement to the clustering investigation in (Aeyels and Rogge, 2004).
The former provides a su�cient condition for a pair of originally phase-locked oscillators to be
desynchronized by mean-�eld feedback, while the latter gives a su�cient condition for a pair
of oscillators to form a practically phase-locked cluster in the absence of external inputs.

Introduction to Part II - More realistic neuron models

Motivated by the development of a closed-loop DBS, the mathematical analysis in Part I high-
lights and rigorously explains the synchronization and desynchronization phenomena observed
in a population of interconnected oscillators, under the e�ect of its mean-�eld proportional
feedback. The objective of the second part of the manuscript is to explore other modeling ap-
proaches that might permit to extend this analysis to more biologically sound neuron models.

We start by brie�y recalling some essentials on the electrical activity of neurons, and the rich
variety of associated dynamical behaviors beyond the periodically spiking one. The role of a
precise type of ionic current in the neuron membrane, namely the calcium current, is especially
highlighted, in particular in relation to the electrical activity of some PD-related neurons.
A review of some recently proposed modeling and analysis approaches beyond oscillator and
phase models is then presented. Finally, we provide an outline of the two modeling approaches
explored in Part II, and of the obtained results.

1.4 The problem: Modeling and analyzing non-periodically spik-

ing neurons

1.4.1 Ionic basis of spiking

Let us brie�y recall some basic physiological facts about the ionic mechanisms underlying the
electrical activity of neurons. A more detailed discussion can be found in Section 6.1. All the
information presented here, and many more details can be found in (Hille, 1984, Chapters 1-5).

The neuron membrane is permeable to di�erent types of ions, mainly sodium Na+, potas-
sium K+, and calcium Ca2+ ions. Ions cross the neuron membrane through protein ionic
channels, generating in this way ionic membrane currents. The ionic channels permeability to
the di�erent ions determines the membrane conductance with respect to a given ionic current.



Figure 1.3: Electrical circuit equivalent to a model. Cm denotes the neuron membrane
capacitance. VNa and VK are, respectively, the sodium and potassium equilibrium potential.
The nonlinear conductances gNa and gK changes dynamically according to voltage changes.
IC = CmdV/dt is the current at membrane capacitance. INa and IK are the ionic currents
generated by, respectively, sodium and potassium ions. The leak current IL approximates

passive properties of the cell. Adapted from (Skinner, 2006), with permission.

At the same time, the di�erence in ions concentration between the intracellular and extracellu-
lar mediums generates a potential di�erence, or membrane voltage. Finally, the lipid bilayer of
the neuron membrane acts as an insulator, or capacitance, between the two charged mediums.

Speci�c ionic channels properties render the obtained conductive-capacitive circuit, sketched
in Figure 1.3, nonlinear. More precisely, the ionic channels permeability to the di�erent ions
is dynamically and nonlinearly regulated by voltage changes. Consequently, the membrane
conductance too changes dynamically according to voltage dependent nonlinear equations.
The nonlinear nature of the resulting electrical circuit is at the basis of the rich behavior of
neurons illustrated in the next section.

1.4.2 A rich variety of behaviors

We include in this section a few examples of the di�erent behaviors associated to the intrin-
sically nonlinear nature of neurons dynamics. The interested reader can �nd in (Ermentrout
and Terman, 2010, Chapters 1-7) and (Izhikevich, 2007, Chapters 5-9) an exhaustive list of
electrical phenomena occurring in neurons membrane, along with a complete analysis of the
underlying dynamical mechanisms.

Neural excitability (Figure 1.4a) describes the abrupt and large excursion of the membrane
voltage (spike) of an originally resting neuron in response to small and brief stimuli (in red
in the �gure). This nonlinear behavior relies on the interaction of the fast reacting inward
(positive) Na+ current and the slower outward (negative) K+ current. As the stimulus in-
duces a positive voltage change, the sodium current activates much faster than the potassium
current. As a consequence, a net inward current is activated that tends to further increase the
membrane voltage (upstroke). This positive feedback continues until the potassium current
is large enough. At this point the two currents are equilibrated, and the membrane voltage
starts to decrease. Both potassium and sodium currents then decrease as well, and the system
relaxes back to rest (downstroke).

Periodic spiking (Figure 1.4b) appears when, due to an injected dc-current (in red in the
�gure), the stable resting state disappears. In this case, the mechanism is essentially the same
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Figure 1.4: Neuronal excitability and periodic spiking

as the one described for neuronal excitability, apart that, after the spike, the injected current
triggers again the fast positive feedback mediated by Na+ currents, and the cycle continues.

Bursting (Figure 1.5a) describes the alternation of resting/excitable spiking and periodic spik-
ing. It is mainly due to the slow adaptation mechanism provided by changes in the intracellular
Ca2+ concentration (in green in the �gure). Indeed, while other ions concentrations barely in-
�uence the cell electrical properties, variations in Ca2+ concentration can switch the neuron
from a resting excitable state to a periodically spiking one, and vice-versa.

After-depolarization potential (Figure 1.5b). While relaxing to rest, after a spike has been
generated, the membrane voltage exhibits a second small bump (depolarization). This sec-
ond depolarization is usually much smaller then a real spike. The ionic mechanism involves
Ca2+ currents. Together with sodium, Ca2+ currents provide a further, but slower, source of
depolarizing currents. Consequently, during the spike downstroke, inward Ca2+ currents are
still active and, if the number of calcium channels is su�ciently large, they can temporarily
overcome the hyperpolarizing e�ects of K+ currents and generate a small depolarization.

Plateau oscillations (Figure 1.6). If depolarizing calcium currents are su�ciently strong, they
might trigger the fast positive feedback mediated by sodium currents and transform the ADP
in a real spike. The resulting sustained oscillations lie on a �plateau� above the rest membrane
voltage (dashed gray line in the �gure). Plateau oscillations continue until the slow modulation
from intracellular Ca2+ (green in the Figure) ends the burst.

Calcium channels play a fundamental role in some of the spiking behavior described above.
Citing (Hille, 1984):

�. . . (voltage-regulated) Ca channels are found in almost every excitable cell. . . �

They directly participate in the spiking pattern by providing, together with sodium channels, an
extra source of depolarizing currents. But, as opposite to sodium channels that inactivate very
fast, calcium channels contribution last longer, on a similar timescale as potassium channels.
As described above, the antagonistic cooperation of the resulting depolarizing calcium currents
and hyperpolarizing potassium currents regulates the afterspike cell excitability, and is involved,
for instance, in the generation of ADPs (Chen and Yaari, 2008; Brown and Randall, 2009) and
plateau oscillation (Rekling and Feldman, 1997; Beurrier et al., 1999).

Intracellular Ca2+ variation due to calcium currents have also a slower modulating e�ect on
the global cell properties. Citing (Hille, 1984):
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Figure 1.6: Plateau oscillations.

�. . . excitable cells translate their electricity into action by Ca2+ �uxes modulated
by voltage-sensitive Ca-permeable channels. Calcium ions are intracellular messen-
ger capable of activating many cell function.�

The slow Ca modulation thus permits to shape and adapt the cell activity. In this regard,
bursting and plateau oscillations are just examples. Changes in Ca2+ ions concentration a�ect
as well neurotransmitters release, and ionic channels permeability (Hille, 1984, Chapter 4).

Calcium channels are important also from a PD/DBS perspective. They abound indeed in
STN and dopaminergic neurons cells, where they are believed to participate in the regulation
of the neuronal pacemaking, excitability, and bursting. See for instance: STN (Beurrier et al.,
1999; Hallworth et al., 2003; Song et al., 2000; Zhu et al., 2004); DA (Amini et al., 1999; Cui
et al., 2004; Foehring et al., 2009; Waroux et al., 2005)

1.4.3 Searching simple models of complex dynamics

All the phenomenology presented in Section 1.4.2 is usually described via detailed conductance-
based models of the Hodgkin-Huxley type (Hodgkin and Huxley, 1952). The number of vari-
ables and parameters of such models rapidly increases with the sought level of realism, with
the risk of obscuring the essential �ring mechanisms and hampering the mathematical under-
standing of the observed phenomena, in particular for large networks. It is thus of fundamental



importance to derive simple models able to capture the basic properties of neuronal dynamics.
In this regard, the complex oscillator model used in Part I is a simple model for oscillatory
dynamics.

In Part II of this manuscript we explore the mathematical abstraction of some neuron dynam-
ics from detailed to simple models, with the aim of combining physiological soundness and
mathematical understanding. The objective of this investigation is to extend to more realistic
neuron models the synchronization and desynchronization analysis developed in Part I.

Objective of Part II: Given a neuron type exhibiting some electrophysiological properties,
�nd a simple model exhibiting and explaining these properties. Based on the simple model, in-
vestigate analytically synchronization and desynchronization phenomena observed in the com-
plex model. AAAA AAAA AAAA AAAA AAAA AAAA AAAA AAAA AAAA AAAA AAAA
AAAA

1.5 State of the art: Simple models of complex dynamics

We recall in this section some existing modeling and analysis strategies that allows the simpli-
�ed modeling of many of the neuronal properties described in Section 1.4.2.

1.5.1 Reduced neuron models

In (FitzHugh, 1961), FitzHugh derives a two-dimensional reduced model of the Hodgkin-Huxley
dynamics. His reduction is mainly based on the observation, obtained through analogical elec-
tronic simulations, that the system spends most of the time near a two-dimensional subman-
ifold. Even though not rigorously derived, his simple model, later known as the FitzHugh-
Nagumo equation, captures all the qualitative properties of the Hodgkin-Huxley dynamics,
in the sense that they possess the same bifurcation diagram. The bifurcation diagram de-
scribes how the limit sets (in the past and in future) of a dynamical system change as a given
parameter, or set of parameters, changes.

The interest of Fitz-Hugh reduction is that it permits to visualize and understand complex
physiological behaviors through a planar phase-portrait analysis, that FitzHugh called the
�physiological state diagram�. The same phenomena are obscured in the Hodgkin-Huxley model
by the four dimensions of the underlying dynamics.

The principle of FitzHugh reduction have been extended and formalized in (Kepler et al., 1992).
The authors develop an algorithm to replace variables having similar timescales and similar
e�ects on the membrane voltage dynamics by their weighted mean. Thus, for instance, in the
Hodgkin-Huxley model the variables describing the inactivation of the inward Na+ current and
the activation of the outward K+ current, both providing a negative feedback on membrane
voltage variations and evolving on similar time scales, can be embedded in a single variable still
providing a negative feedback on membrane voltage variations. Heuristically, FitzHugh per-
formed the same reduction, obtaining the famous �recovery variable� of the FitzHugh-Nagumo
model. The algorithm in (Kepler et al., 1992) fails, however, to embed variables with opposite
e�ects, called in that paper �antisynergistic�. An example is provided by the activation of the
calcium (inward) and potassium (outward) currents on a similar time scale, whose antisynergis-
tic cooperation is responsible for the generation of ADPs and plateau oscillations, as described
in Section 1.4.2.



1.5.2 Hybrid neuron models

Recent works, in particular (Izhikevich, 2010) and (Izhikevich, 2007, Chapter 8), have revived
the interest for reduced hybrid models that are amenable to a comprehensive mathematical
analysis and yet o�er su�cient �delity to the quantitative model to allow for e�ective large-
scale simulations. The hybrid3 nature of the Izhikevich model adequately captures the fast
(almost discontinuous) behavior of spiking neurons. Hybrid quantitative modeling can also
�nd applications in the DBS computational model-based approach (Schi�, 2010) discussed in
Section 1.2, where computational e�ciency and quantitative �delity are essential.

Izhikevich's reduction relies on the fundamental observation that the (fast) voltage dynamics
of many reduced models, including the aforementioned FitzHugh-Nagumo, exhibit, near the
resting state, a fold bifurcation, while the (slow) dynamics of the recovery variable is essentially
linear. By picking a normal form of the fold bifurcation for the voltage dynamics, a linear
equation for the recovery variable, and a reset mechanism for the spike down-stroke, Izhikevich
model is able to reproduce the qualitative and quantitative behavior of a large class of neurons
(Izhikevich, 2003). The resulting phase-portrait is characterized by a quadratic voltage nullcline
and a linear recovery variable nullcline, and its rich phase-portrait permits to explain a number
of physiological phenomena.

1.5.3 Incremental passivity and convergent/contracting dynamics

In recent years, control theorists have shown a growing interest in the analysis and control
of interconnected nonlinear oscillators, in particular in relation to neuronal oscillators. In
this framework, ideas derived from standard stability analysis are adapted to the study of
synchronization, and the related control tools thoroughly exploited.

A �rst approach relies on passivity techniques. More precisely, in (Stan and Sepulchre, 2007;
Hamadeh et al., 2008; Stan et al., 2007; Oud and Tyukin, 2004) the authors investigate passiv-
ity (Van der Schaft, 1999; Byrnes et al., 1991; Ortega, 1991), semi-passivity (Pogromsky and
Nijmeijer, 2001), and their incremental counterparts of neuronal and other biological oscilla-
tors. Roughly speaking, a system is (strictly output) passive if it dissipates the perturbations'
energy, which ensures asymptotic stability in the absence of perturbations and robustness if
exogenous inputs are present (Van der Schaft, 1999). Clearly, an oscillator can not be passive,
or it would rather converge to some �xed point. It turns out, however, that many oscillators
are semi-passive, that is they are passive only out of the region of oscillation. By di�usive
interconnection, it can also be shown that the semi-passivity property extends to the incre-
mental dynamics (incremental semi-passivity), ruling states di�erences between the oscillators.
Moreover, di�usive coupling tends to shrink the region of the incremental state space where
strict incremental output passivity does not hold, and, for su�ciently large coupling strength,
di�usive coupling makes the incremental dynamics strictly output passive, which ensures syn-
chronization. In conclusion, passivity and its generalization have proved to be a valid tool for
the analysis of di�usively interconnected neural and nonlinear oscillators.

A second approach for the analysis of synchronization relies on convergent dynamics and con-
traction theory (Demidovich, 1967; Pavlov et al., 2004, 2006; Spong, 1996; Wang and Slotine,
2004; Pham and Slotine, 2007; Lohmiller and Slotine, 1998). Both concepts deal with incremen-
tal stability, that is the stability of motion of one trajectory with respect to an other. Roughly
speaking a system is called convergent, or its dynamics contractive, if locally trajectories ap-
proach each other exponentially. The application to synchronization is thus straightforward

3A system is said to be hybrid if its dynamics is ruled by both continuous di�erential equations and discrete
upgrades (Van der Schaft, 2000; Lygeros et al., 2003; Goebel et al., 2009).



by comparing the trajectories of di�erent subsystems. We point out, however, that these re-
quirements, originally formulated for the control of robot manipulators, might be too strong
for biological oscillators.

Works that combine both approaches are (Pogromsky and Nijmeijer, 2001) and (Steur et al.,
2009). In (Steur et al., 2009) the authors show that many neuron models, including physio-
logical models like the Hodgkin-Huxley dynamics, can be decomposed in a scalar dynamics,
receiving external inputs, and a convergent dynamics, associated to membrane conductances.
Based on the results in (Pogromsky and Nijmeijer, 2001), they are able to provide su�cient
conditions for synchronization in networks of di�usively coupled neuronal oscillators.

1.6 Contributions: A preliminary exploration of two new mod-

eling approaches

Most of the results collected in Part I come from preliminary unpublished works. They stem
from two collaborations undertaken during the last year of this PhD thesis. The results con-
tained in Chapter 6 were obtained under the supervision of Prof. R. Sepulchre at the University
of Liège, Belgium. The results contained in Chapter 7 were obtained under the supervision of
Prof. L. Scardovi at the Technische Universität München, Germany. Further details about the
available research fundings can be found in the relative chapters.

1.6.1 Reduced and hybrid modeling of calcium gated neurons

Recent results (Drion et al., 2011a,b) have highlighted the importance of voltage-regulated
calcium currents and calcium-regulated potassium channels in the pacemaking, excitability, and
synchronization properties of midbrain dopaminergic neurons. More precisely, these currents
have been shown to participate in the generation of the endogenous neuron rhythm (Drion
et al., 2011a) and in the regulation of the synchronizability of neurons with an external input
(Drion et al., 2011b), as shown in Figure 1.7. This latter property might have an importance
also for DBS. One of the conjectures behind the functioning of present DBS is that indeed STN
neurons synchronize with the DBS signal to a high non-pathological frequency (Hammond et al.,
2008). While STN and dopaminergic neurons do not exhibit exactly the same families of ionic
channels, in both types of neurons voltage-regulated calcium currents and calcium-regulated
potassium channels play a signi�cant role (see page 1.4.2). Motivated by these experimental and
numerical evidences, we proceed further with the mathematical reduction of a dopaminergic
(DA) neuron model, mimicking the reduction of the (four-state) Hodgkin-Huxley (HH) model
to the (two-state) FitzHugh-Nagumo model, and the recent work by Izhikevich on spiking
neurons to reduced HH-type models with a calcium dynamics to a two-state hybrid model.
Even though we do not treat the DBS computational model-based approach (Schi�, 2010) in
this thesis, the potentiality of a quantitative, computationally e�cient, hybrid modeling of the
neurons involved in PD/DBS might be relevant also in that framework.

As recalled in Section 1.5.2, the Izhikevich model (Izhikevich, 2010) is a hybrid model of neu-
rons that permits to reproduce with �delity the spiking pattern of a vast family of neurons.
The parameters of the Izhikevich model can also be tuned to reproduce with �delity the spik-
ing pattern of dopaminergic neurons, that is a slow periodic spiking (pacemaking) with ADPs.
Interestingly, however, when some external inputs are applied, the behavior of the obtained hy-
brid dynamics is extremely sensitive, and even tiny amounts of current, which barely in�uence
the behavior of detailed computational models of dopaminergic neurons, completely disrupt
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its regular spiking activity. This behavior is not satisfactory in biologically meaningful condi-
tions and makes the obtained dynamics not suitable for the analysis of the neuron response to
external inputs. See Figure 6.13 on page 153.

In Chapter 6 we show that this de�ciency is due to the absence, in the Izhikevich model,
of a speci�c type of bifurcation exhibited by calcium-gated and, in particular, dopaminergic
neurons. Furthermore, we propose an alternative reduced model embedding this bifurcation,
and exhibiting robust pacemaking and ADPs. More precisely, after a brief recall of the ionic
basis of neuron dynamics (Section 6.1), we present in Section 6.2 a modi�ed version of the
Hodgkin-Huxley model, including a voltage-regulated calcium current and exhibiting the typi-
cal behavior of calcium-gated neurons. The obtain model can be reduced in a standard way to a
planar dynamics, exhibiting the same behavior. Phase portrait and numerical bifurcation anal-
ysis are then exploited in Sections 6.2.2 and 6.2.3 to investigate the dynamics of calcium-gated
neurons and some typical physiological phenomena.

A deeper phase portrait investigation reveals that the voltage nullcline4 has a self intersection
for a particular value of the input current. We explain in Section 6.3.1 how this self-intersection
is associated to a singular transcritical bifurcation of the fast voltage dynamics. This bifurca-
tion is absent in other existing simple models of neurons, including Izhikevich, and might be
identi�ed as a mathematical signature of calcium-gated neurons. Furthermore, we show ana-
lytically in Section 6.3.3 through normal forms and geometrical singular perturbations (Jones,
1995; Krupa and Szmolyan, 2001b) that this singular transcritical bifurcation is closely related
to the saddle homoclinic bifurcation highlighted by the numerical bifurcation analysis.

4Given a planar dynamics ẋ = f(x, y) and ẏ = g(x, y), the x-nullcline is de�ned as the set {(x, y) ∈ R2 :
ẋ = 0} and, similarly, the y-nullcline as {(x, y) ∈ R2 : ẏ = 0}.
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Figure 1.8: Input-output model of the neuron memebrane. The membrane voltage inter-
acts with the di�erent ionic currents via parallel feedback loops. In turn, calcium currents
change the intracellular Ca2+ concentration, providing a further slower feedback on the volt-
age dynamics (see Section 1.4.2, page 16). The interconnection with other neurons is due to
electrical coupling and to the di�usion of Ca2+ ions in the extracellular medium. Other forms

of internal and external interaction can similarly be modeled.

Apart from the mathematical interest of this phenomenon, which appears to be new in neurons
modeling, the computed normal form is used to derive in Section 6.4 a novel reduced hybrid

model of neurons. The parameters of this model can be chosen in order to reproduce the
behavior of a dopaminergic neuron. We �nish with a comparison of the detailed computational
model of dopaminergic neurons, the novel reduced model, and the Izhikevich model. We rely
on the mathematical analysis developed in the rest of the chapter to show that the transcritical
bifurcation discussed above is crucial in generating robust pacemaking and ADPs, and that its
absence is at the basis of the non-robust behavior exhibited by the Izhikevich model.

As a conclusion, we propose the novel reduced model as a simple choice for the modeling of
dopaminergic neurons, and, more generally, calcium-gated neurons, and the analysis of their
response to external stimuli.

1.6.2 An input-output approach to neuronal synchronization

As discussed in Section 1.5, passivity and convergent dynamics techniques proved to be an
e�ective tool to analyze and control synchronization between neurons. At the same time, all
the cited works heavily use a state-space formalism, which requires a detailed knowledge of
the underlying dynamics, while biological systems are intrinsically a�ected by uncertainties,
variability, and noise.

In (Scardovi et al., 2010), the authors propose a purely input-output approach based on the
theory of nonlinear operators to model and analyze robust synchronization between intercon-
nected systems. This approach requires minimal knowledge of the physical laws governing the
systems, and is therefore particularly well suited to applications displaying high uncertainties
such as biological systems and in particular neuronal populations.

In cellular networks the signaling occurs both internally (through the interaction of electri-
cal, chemical, and other types of species) and externally (through intercellular signaling). In
neurons, in particular, the membrane voltage interacts dynamically with the di�erent ionic
currents and with intracellular Ca2+ variations, as described in Sections 1.4.1 and 1.4.2. See
also Section 6.1. This internal type of signaling is at the basis of the neuron endogenous
behavior. Meanwhile, interneuronal electrical and chemical signals travel among large popula-
tions. Figure 1.8 illustrates how these intracellular and intercellular interactions can naturally
be modeled as the interconnection of di�erent units that model electrical, ionic, and chemical
species.



In the framework developed in (Scardovi et al., 2010), each species involved in the neuron
dynamics is modeled as an input-output operator. The input/output interconnection of these
operators forms a compartment that models the whole neuron. The operators associated to
each species are then interconnected among di�erent compartments via di�usive coupling,
modeling electrical and chemical neuronal interaction (Figure 7.1). The obtained system is
naturally suited for the study of open- and closed-loop controls, and in particular DBS, due
to the input-output nature of its constituting elements and the rich control theory literature
available in this domain. See, for instance, (Vidyasagar, 1981; Moylan and Hill, 1978; Van der
Schaft, 1999) and references therein.

Relying on this modeling principle, we provide in Chapter 7 a theoretical extension of the work
in (Scardovi et al., 2010) to take into account heterogeneous populations, and accordingly
adapt the main result in in that reference. More precisely, we provide in Theorem 7.3 su�cient
conditions for a network of heterogeneous interconnected systems to achieve robust synchro-
nization and compute explicitly the bound on the synchronization error, given the strength of
disturbances.

Finally, we illustrate these techniques in the neuronal synchronization context. We show that
the Hindmarsh-Rose neuron can be naturally modeled as the negative feedback interconnection
of two nonlinear operators modeling, respectively, the fast excitable membrane dynamics, and
the slow intracellular calcium dynamics. As an application of Theorem 7.3, Proposition 7.9
provides su�cient conditions for the robust synchronization in a network of di�usively coupled
Hindmarsh-Rose neurons. This result thus constitutes a �rst extension of the main result
in Chapter 3 to more realistic neuron models. A numerical example is �nally considered,
in which we model the interaction of two heterogeneous neuronal population with di�erent
electrical properties (Section 7.4.3).
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Notation

We respectively denote by Z, N and R the sets of all integers, all nonnonegative integers, and
all real numbers. If A ∈ N or A ∈ R, and a ∈ A, A≥a denotes the set {x ∈ A : x ≥ a}. Given
N ∈ N≥1, we let N 6=N :=

{
(i, j) ∈ {1, . . . , N}2 : i 6= j

}
. If I ⊂ Z, #I denotes the number of its

elements.

Given n ∈ N≥1, T
n denotes the n-dimensional torus, or simply n-torus.

Given a set A ⊂ Rn (resp. A ⊂ Tn), ∂A denotes its boundary.

Given tow sets X,Y , a function f : X → Y , and A ⊂ X, we denote by f |A : A → Y the
restriction of f to A, which is de�ned by fA(x) = f(x), for all x ∈ A.
We denote by 1n×m ∈ Rn×m the n ×m matrix with all unitary entries, and 1n := 1n×1. In
denotes the identity matrix in dimension n. Given any square matrix A, spect(A) denotes the
set of its eigenvalues.

Given i ∈ {1, . . . , N}, ei ∈ RN is the vector with only zero entries, except the i-th which is
equal to 1. Given x ∈ RN , x⊥ :=

¶
z ∈ RN : x>z = 0

©
.

For all x ∈ Rn, the Euclidean norm of x is denoted by |x|2 :=
»∑n

i=1 x
2
i and its in�nity norm

by |x|∞ := maxi=1,...,N |xi|. When clear from the context, we simply denote the Euclidean
norm as |x|. For A ⊂ Rn and x ∈ Rn, the Euclidean point-to-set distance is denoted by
|x|A := infy∈A |y − x|. Given A,B ⊂ RN the Euclidean set-to-set distance is denoted by
|A|B := infx∈A,y∈B |x− y|. For A ⊂ Rn and r ≥ 0, B(A, r) denotes the closed ball centered at
A of radius r in the Euclidean norm, that is B(A, r) := {x ∈ Rn : |x|A ≤ r}.
If u : R≥0 → Rn denotes a measurable signal, locally essentially bounded, its essential supre-
mum norm is denoted by ‖u‖ := ess supt≥0|u(t)|.
We denote by ∇x the vector of partial derivatives (gradient) with respect to x, i.e. ∇x =Ä
∂
∂x1

, . . . , ∂
∂xn

ä
.

For all x, y ∈ R, z = x mod y if z = x + ky for some k ∈ Z. Given x ∈ Rn and a ∈ R, (x
mod a) := [xi mod a]i=1,...,n ⊂ Rn.

A continuous function α : R≥0 → R≥0 is said to be of class K if it is increasing and α(0) = 0.
It is said to be of class K∞ if it is of class K and α(s) → ∞ as s → ∞. A function β :
R≥0 × R≥0 → R≥0 is said to be of class KL if β(·, t) ∈ K for any �xed t ≥ 0 andβ(s, ·) is
continuous decreasing and tends to zero at in�nity for any �xed s ≥ 0.

We denote by µn the Lebesgue measure on Rn (resp. Tn), and for almost all (∀a.a.) denotes the
equivalence operation with respect to this measure. When no confusion can arise, we simply
denote the Lebesgue measure as µ.

The solution of a system ẋ = f(x, t) starting at x0 ∈ Rn at time t0 ∈ R is denoted by
x(·; t0, x0) everywhere it exists. In the autonomous case, the solution of a system ẋ = f(x)
starting at x0 ∈ Rn at t = 0 is denoted as x(·, x0) everywhere it exists. Given a set U ⊂ Rn,
x(t; t0, U) := {x(t; t0, x0) : x0 ∈ U}. Given a set A ⊂ Rn, we de�ne its stable (resp. unstable)
set with respect to a given dynamics ẋ = f(x) as As := {x0 ∈ Rn : limt→∞ |x(t;x0)|A = 0}
(resp. Au := {x0 ∈ Rn : limt→−∞ |x(t;x0)|A = 0}).
Let Lm2e denotes the extended L2 space Van der Schaft (1999) of signals w : R≥0 → Rm, such
that the truncation wT := w|[0,T ] is in L

m
2 ([0, T ]), for all T ≥ 0. In other words, Lm2e is made of

all signals that are square-integrable on any �nite interval. Given any T ≥ 0, for all w, v ∈ Lm2e,
the scalar product of wT and vT is denoted by 〈w, v〉T . We write ‖w‖T for the Lm2 norm of
w|T .





Part I

Neurons as oscillators





Chapter 2

Model derivation and phase-locking

under mean-�eld feedback

With the aim of approaching the closed-loop DBS control problem described in Section 1.1 in
an analytical way, we derive in this chapter a simpli�ed model of an interconnected neuronal
population under the e�ect of a closed-loop electrical stimulation. Some useful de�nitions and
a preliminary analysis of this system are then provided.

Let us brie�y recall the problem under analysis. A more complete discussion and more refer-
ences can be found in Section 1.1. Under healthy conditions the subthalamic nucleus (STN)
neurons �re in an uncorrelated (i.e., desynchronized) manner (Nini et al., 1995; Sarma et al.,
2010). In PD patients, STN neurons form a cluster of synchronous periodic activity that leads
to the PD's physical symptoms (Volkmann et al., 1996; Hammond et al., 2007). In order to
overcome tolerance to pharmaceutical therapies, many patients undergo Deep Brain Stimu-
lation (DBS). Through a pair of implanted electrodes, a low voltage �high"-frequency (>100
Hz) electrical input is permanently injected in the STN. This leads to a drastic reduction of
the physical symptoms (Benabid et al., 1991). At present this electrical signal is periodic and
generated by a standard arti�cial pacemaker (open-loop control) and is consequently not opti-
mized for the purpose. For each patient an empirical parameter tuning is needed, which may
take up to several days and which is not guaranteed to be e�ective (Rodriguez-Oroz et al.,
2005). Moreover patients can develop side e�ects or tolerance to DBS (Kumar et al., 2003)
along the treatment. Also, the permanent electrical stimulation leads to a fast discharge of the
pacemaker batteries and, consequently, to further surgical operations to change them.

In order to both provide theoretical justi�cations to DBS and to overpass the above limitations
by exploiting cerebral measurements, we develop a rigorous analysis based on a simpli�ed
model. More precisely, we analyze a network of Landau-Stuart oscillators, modeling the neuron
population, subject to a scalar input, modeling the e�ect of DBS. The DBS signal is taken
proportional to the mean-�eld of the neuronal population (mean-�eld feedback).

Due to heterogeneities in the medium, the contribution of each neuron to the mean-�eld is seen
as an unknown parameter. In the same way, the in�uence of the DBS signal on each neuron
is modeled as an unknown gain. The coupling topology is also taken to be arbitrary, allowing
for a general time-invariant synaptic interconnection. This approach thus allows to represent
any recording-stimulation setup as well as any coupling topology. Nonetheless, we point out
that it does not detail the neuronal dynamics, nor the electrode setup.

Under standard assumptions, our model reduces to a modi�ed version of Kuramoto coupled
oscillators. This model, originally developed in the seminal work (Kuramoto, 1984), has been
already extensively exploited to analyze synchronization phenomena in networks of oscillators



(Pyragas et al., 2008; Daniels, 2005; Acebrón et al., 2005; Kuramoto, 1984; Brown et al., 2003;
Cumin and Unsworth, 2007; Maistrenko et al., 2005; Chopra and Spong, 2009; Van Hemmen
and Wreszinski, 1993; Jadbabaie et al., 2004; Dör�er and Bullo, 2011). Only recently the
interest of the scienti�c community has focused on desynchronization phenomena, in particular
in relation with neurological pathologies (Maistrenko et al., 2005; Pyragas et al., 2008; Tukhlina
et al., 2007; Tass, 2003b).

Motivated by the same problem, we introduce in Section 2.1 the Landau-Stuart oscillator as a
simple representation of the limit cycle associated to periodically spiking neurons. Relying on
this mathematically treatable abstraction of the neuronal rhythm, in Section 2.2 we derive an
original model of interconnected oscillators under mean-�eld feedback. After having formally
de�ned di�erent types of phase-locked solutions (Section 2.3), we show that, for a generic class
of interconnections between the oscillators, the existence of perfectly phase-locked oscillating
solutions is not compatible with any non-zero mean-�eld proportional feedback (Section 2.4.1).
This analytical result, illustrated through simulations, con�rms the expectations of a closed-
loop DBS desynchronizing strategy. We present the lemmas needed for the proof of the main
result in Section 2.4.2. The proofs of major results are given in Section 2.5, while technical
proofs are provided in Section 2.6

2.1 A simple representation of the periodic spiking limit cycle

As anticipated in Section 1.3, in Part I we focus on periodically spiking neurons, that is
neurons generating an in�nite regular train of action potentials. Even though a rich variety
of behaviors exist beside this, periodic neurons are commonly considered for the analysis of
neuronal synchronization. See for instance (Ermentrout and Terman, 2010, Chapter 8) and
(Izhikevich, 2007, Chapter 10), and references therein. As a �rst step in exploring the control
of neuronal synchronization, we thus start by focusing on this particular type of neurons, and
postpone possible extensions to more realistic neuron models in Part II.

The dynamics underlying periodic spiking behavior can be extremely complicated. Even basic
physiological models, such as the Hodgkin-Huxley model (Hodgkin and Huxley, 1952) depicted
in Figure 2.1, consist of four coupled nonlinear di�erential equations. If the mathematical anal-
ysis of some isolated physiological neuron models, or small networks of them, is still feasible1,
the only realistic analysis of large networks is through numerical simulation. With the aim of
establishing analytical results on networks with an arbitrary number of neurons controlled via
electrical stimulation, we look for a simpler model still exhibiting some of the peculiarities of
its complex counterparts.

A hallmark of periodically spiking neurons is the existence of a (locally) exponentially stable
limit cycle attractor, as it is evident in the two dimensional INa,p + IK (persistent sodium plus
potassium) neuron model depicted in Figure 2.2. One could look for a simple representation of
the periodically spiking limit cycle relying on analytical tools, like center manifolds reduction
and topological equivalence arguments. See (Guckenheimer and Holmes, 2002, Sections 1.7, 1.8,
and 1.9, and Chapter 3) and (Guckenheimer, 1995), and references therein for an introduction
to these techniques. Such a rigorous derivation would go beyond the motivation and the goal
of this modeling section. Our goal is to �nd a mathematically treatable representation of a
locally exponentially stable limit cycle attractor.

Apart from exhibiting a stable oscillation, we require the simple model to exhibit another
basic property, dictated by control theoretical needs. All the physiological models possess an
electrical variable associated to the neuron membrane voltage, while the rest of the variables

1See for instance Part II of the book (Coombes and Bresslo�, 2005), and references therein.
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Figure 2.1: Periodic spiking in the Hodgkin-Huxley model. Equations and parameters as in
(Hodgkin and Huxley, 1952).
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Figure 2.2: Periodic spiking and associated limit cycle in the INa,p + IK model. Equations
and parameters as in (Izhikevich, 2007, Figure 4.1)

describe the membrane permeability to the di�erent ions involved in the spiking generation
mechanism. This distinction is crucial when we have to de�ne a meaningful output. In the
DBS practice, indeed, only electrical measurements are available. We thus require the simple
model to possess at least two variables. So, one can be associated to the membrane voltage, and
constitutes the model output, while the other is associated to the other variables of physiological
models.

Consider, the following complex oscillator, known as Landau-Stuart oscillator,

ż = (iω◦ + ρ2 − |z|2)z, z ∈ C, (2.1)

where ω◦ ∈ R and ρ > 0. In its simple form this model captures the two aforementioned basic
properties of periodically spiking neurons. First, it exhibits an exponentially stable oscillation
of radius ρ and frequency ω◦ (Guckenheimer and Holmes, 2002, Theorem 3.4.2). More precisely,
the local convergence rate, which measures the limit cycle attractivity, is 2ρ2 (see the proof
of Proposition A.1, in Chapter A). Thus, the radius, the frequency, and the attractivity of
the oscillation can easily be tuned by changing ω◦ and ρ. Secondly, we can associate its real



part to the membrane voltage, representing the measured output, and its imaginary part to a
recovery variable, embedding the e�ects of the other variables of physiological neuron models. A
similar simpli�cation of the neural rhythm has been extensively used in the synchronization and
desynchronization literature. See for instance (Kuramoto, 1984; Ermentrout, 1990; Winfree,
1980; Rosenblum et al., 2006; Hauptmann et al., 2005a; Popovych et al., 2006b; Pyragas et al.,
2008), just to name a few references. Figure 2.3 summarizes this modeling approach. However,
(2.1) constitutes a simpli�cation of more complex models under di�erent aspects. For instance,
its phase phase-dynamics is invariant with respect to natural radius re-scaling. This fact is
re�ected in the model's radial �isochrons� (Guckenheimer, 1975), which leads to consistent
simpli�cations in the form of the coupled phase dynamics. More complex limit cycle oscillators
do not share the same simple structure, and the consequence of this di�erence on the form of
the phase coupling can be important, see e.g. (Ermentrout and Terman, 2010, Sections 8.1.3
and 8.1.4, and references therein).

We stress that, throughout Part I, we use (2.1) in the strong attractivity regime, that is
for su�ciently large natural radius ρ. Other works, e.g. Aronson et al. (1990), study the
dynamics of coupled Landau-Stuart oscillators (2.1) as a normal form of coupled oscillators
near a supercritical Hopf bifurcation, corresponding to small natural radius, when the limit
cycle attractivity is small. The behavior in the two regime is rather di�erent, as we further
discuss in Sections A.1 and A.3.4.
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Figure 2.3: Limit cycle in the Landau-Stuart oscillator

2.2 Coupled oscillators under mean-�eld feedback

Relying on the simple representation (2.1) of periodically spiking neurons, in this section we
derive a phase model describing a neuronal population under the e�ect of mean-�eld feedback.

While the coupling between real neurons can rely on di�erent physical mechanisms (electrical
di�usive coupling or gap-junction, impulsive coupling, synaptic coupling, chemical coupling,
etc.), we assume di�usive coupling between the oscillators, in order to derive a mathematically
treatable model. The same approach has been exploited, for instance, in (Maistrenko et al.,
2005; Pyragas et al., 2008; Tukhlina et al., 2007; Tass, 2003b). The model for N ∈ N≥1 coupled



oscillators is then given by

żi = (iωi + ρ2
i − |zi|2)zi +

N∑
j=1

κij(zj − zi), ∀i = 1, . . . , N,

where κij , i, j = 1, . . . , N , denotes the coupling gain from oscillator j to oscillator i. We
denote ω := [ωi]i=1,...,N ∈ RN as the vector of natural frequencies. As in practice the neuronal
interconnection is poorly known, we allow κij , i, j = 1, . . . , N , to be arbitrary in our study.
The possibility of considering any interconnection topology is an interesting particularity of
the approach presented here. Furthermore, the presence of a limited number of electrodes and
their large size with respect to the neuronal scale, makes the mean-�eld (i.e. the mean neurons
membrane voltages) the only realistic measurement for DBS. In the same way, the unknown
distances from the neurons to the electrodes and the unknown conductivity of nearby tissues
make the contribution of each neuron to the overall recording both heterogeneous and unknown.
Consequently the only measurement assumed to be available for DBS is the weighted sum of
the neuron membrane voltages. Associating the real part of (2.1) to the voltage, the output of
our system is therefore

y :=
N∑
j=1

αjRe(zj), (2.2)

which is referred to as the mean-�eld of the ensemble, where α := [αj ]j=1,...,N ∈ RN≥0 describes
the in�uence of each neuron on the electrode's recording. Similarly, we de�ne β := [βj ]j=1,...,N ∈
RN , as the gain of the electrical input on each neuron. It is assumed to be unknown. The pair
(α, β) thus de�nes the stimulation-registration setup. The dynamics of N coupled oscillators
under mean-�eld feedback then reads:

żi = (iωi + ρ2
i − |zi|2)zi +

N∑
j=1

κij(zj − zi) + βi

N∑
j=1

αjRe(zj), (2.3)

for all i = 1, . . . , N . Let us brie�y compare the above model to existing ones. A complete
review of other related works can be found in Section 1.2. In (Rosenblum and Pikovsky, 2004a;
Tukhlina et al., 2007) the global dynamics of the network is modeled as a single Landau-Stuart
oscillator, exploiting the fact that oscillators are synchronized. Hence that model is valid
only near the synchronous state. On the contrary (2.3) is valid for both synchronized and
desynchronized behaviors. In (Popovych et al., 2006b) the authors use a population approach
with all-to-all coupling that makes the results valid only for large number of oscillators with
an homogeneous interconnection topology. Our paper allows for general coupling topology
and number of agents. Finally, we consider a real output as opposed to the complex output
assumed in (Popovych et al., 2006b).

In order to simplify the analysis, we make the assumption that each oscillator evolves with
constant radius.

Assumption 1. For all i = 1, . . . , N there exists a constant ri > 0 such that the solution of

(2.3) satis�es |zi(t)| = ri, for all t ≥ 0.

This assumption is equivalent to neglecting the radius dynamics. It is commonly made in
synchronization studies (Acebrón et al., 2005; Aeyels and Rogge, 2004; Jadbabaie et al., 2004;
Van Hemmen and Wreszinski, 1993; Brown et al., 2003; Kuramoto, 1984; Ermentrout and
Kopell, 1990), and is justi�ed by the normal hyperbolicity of the stable limit cycle of (2.1) that
let the oscillation persist under su�ciently small external perturbations (cf. e.g. (Hoppensteadt
and Izhikevich, 1997, Chapter 4.3)). More precisely, as we rigorously show in Section A.2,



given ρi > 0, i = 1, . . . , N , it is possible to �nd an upper bound δh(ρ) > 0 on the coupling and
feedback strength, such that, if

|(κ, β, α)| < δh, (2.4)

where κ := [κij ]ij=1,...,N , then the oscillator radius variations around their natural radius are
bounded by

|r(t)− ρ| < Ch|(κ, β, α)|, ∀t ≥ 0, (2.5)

for some positive constant Ch = Ch(ρ). Thus, Assumption 1 can be veri�ed with an arbitrary
precision, provided that the coupling and the feedback gains are su�ciently small. Note that
the small coupling condition (2.4) and the radius variation bound (2.5) solely depend on the
natural radius ρ. In particular they are independent of the oscillator natural frequencies.
By relying on Assumption 1 we can derive the phase dynamics of (2.3). A more rigorous
derivation can be found in Section A.2. By letting zi = rie

iθi , which de�nes the phase θi ∈ T 1

of each oscillator, we get from Assumption 1 that żi = ṙie
iθi + iriθ̇ie

iθi = iriθ̇ie
iθi . Dividing

each side of this equation by rie
iθi , and extracting the imaginary part of both sides, we get

from (2.3) that

θ̇i = ωi +
N∑
j=1

κij
rj
ri

sin(θj − θi)− βi sin(θi)
N∑
j=1

αj
rj
ri

cos(θj).

We can now use the trigonometric identity sin θi cos θj = 1
2 sin(θj +θi)− 1

2 sin(θj−θi) to derive

θ̇i = ωi +
N∑
j=1

(kij + γij) sin(θj − θi)−
N∑
j=1

γij sin(θj + θi), (2.6)

for all i = 1, . . . , N , where

k = [kij ]i,j=1,...,N :=

ï
κij

rj
ri

ò
i,j=1,...,N

∈ RN×N (2.7)

is referred to as the coupling matrix, and

γ = [γij ]i,j=1,...,N :=

ï
βi
2

αjrj
ri

ò
i,j=1,...,N

∈ RN×N (2.8)

de�nes the feedback gain. We also de�ne the modi�ed coupling matrix, Γ ∈ RN×N , as

Γ := [Γij ]i,j=1,...,N = [kij + γij ]i,j=1,...,N . (2.9)

Our study is based on the incremental dynamics of (2.6), de�ned, for all i, j = 1, . . . , N , by

θ̇i− θ̇j = ωi−ωj−
N∑
n=1

Ä
γin sin(θj+θi) + γjn sin(θn+θi)

ä
+

N∑
n=1

Ä
Γin sin(θn−θi)−Γjn sin(θn−θj)

ä
.

(2.10)
The model (2.6) appears to be new in the literature and allows, by properly choosing α, β
and κ, to encompass all kinds of interconnection topologies and recording-stimulation setups.
We stress that the use of a nonzero feedback gains γ breaks the T 1 (i.e global phase shift
(Sepulchre et al., 2007, Eq. (8))) symmetry of the original Kuramoto system. As it will be
clearer in the sequel, this complicates the analysis, but allows for new desynchronization and
inhibition expectations.



2.3 Di�erent types of phase-locked solutions

In this section we formally de�ne the concept of phase-locking. From a modeling point of
view, phase-locking describes the pathological STN synchronous activity. Roughly speaking, a
phase-locked solution can be interpreted as a �xed point of the incremental dynamics (2.10).
We distinguish solutions that exhibit collective oscillations (pathological case for DBS) from
non-oscillating ones, corresponding to a neuronal inhibition.

De�nition 2.1. A solution {θ∗i }i=1,...,N of (2.6) is said to be phase-locked if it satis�es

θ̇∗j (t)− θ̇∗i (t) = 0, ∀ i, j = 1, . . . , N, ∀t ≥ 0. (2.11)

A phase-locked solution is oscillating if, in addition, θ̇∗i (t) 6= 0, for almost all t ≥ 0 and all
i = 1, . . . , N .

In other words, for oscillating phase-locked solutions, the discharge rhythm is the same for
each neuron, which corresponds to a synchronous (pathological) activity, while in the non os-
cillating case the neurons are in a quiescent (non pathological) state. The above de�nition of
phase-locking corresponds to that of �Frequency (Huygens) Synchronization" (Fradkov, 2007,
De�nition 5.1 and Example 5.1), which is the most widely studied in the analysis of syn-
chronization between coupled oscillators (Kopell and Ermentrout, 2002; Scardovi et al., 2007;
Chopra and Spong, 2009; Acebrón et al., 2005; Aeyels and Rogge, 2004; Jadbabaie et al., 2004;
Van Hemmen and Wreszinski, 1993; Brown et al., 2003; Assisi et al., 2005; Sepulchre et al.,
2007; Sarlette, 2009; Fradkov, 2007; Pikovsky et al., 2001; Dör�er and Bullo, 2011; Ko and
Ermentrout, 2009). It is trivially equivalent to the existence of a matrix ∆ := [∆ij ]i,j=1,...,N ,
such that

θ∗j (t)− θ∗i (t) = ∆ij , ∀ i, j = 1, . . . , N, ∀t ≥ 0, (2.12)

or to the existence of a measurable function Ω : R≥0 → R such that, for each i = 1, . . . , N ,

θ∗i (t) =

∫ t

0
Ω(s)ds+ θ∗i (0), ∀t ≥ 0, (2.13)

where Ω is the instantaneous collective frequency of oscillation, that is θ̇∗i (t) = Ω(t) for all
i = 1, . . . , N . In case of oscillating phase-locking, Ω(t) 6= 0 for almost all t ≥ 0.

In the original Kuramoto system, i.e. without mean-�eld feedback, the oscillating and non-
oscillating cases are equivalent due to the T 1 symmetry, which guarantees invariance to a
common phase drift such as a nonzero mean natural frequency. More precisely, if ν ∈ R is
the synchronization frequency of a Kuramoto phase-locked solution, one can introduce a new
variable θν(t), de�ned by θi = (θν)i(t) + νt, for all t ≥ 0, which corresponds to switching to a
rotating reference frame. Due to the invariance of the Kuramoto system with respect to a global
phase-shift, it is easy to verify that θν is ruled by an autonomous dynamics and that it converges
to a non-oscillating phase-locked solution. See also (Jadbabaie et al., 2004; Sepulchre et al.,
2007) for the Kuramoto model and (Ermentrout, 1990) for a similar discussion in di�usively
coupled complex Landau-Stuart oscillators. Conversely, the sinusoidal additive term brought
by the mean-�eld feedback breaks the T 1 invariance, and oscillating and non-oscillating phase-
locked solutions become physically and mathematically distinct objects. This distinction is
crucial for the achievement of oscillation inhibition (Chapter 4) and desynchronization (Chapter
5) via mean-�eld feedback. In both cases indeed, the magnitude of the oscillators natural
frequencies plays a fundamental role.



Example 2.1. Consider the following system2 of two oscillators:

θ̇1 = 1 + sin(θ1 + θ2) + sin(2θ1)

θ̇2 = 2 + 2 sin(θ1 + θ2) + 2 sin(2θ2),

that is, with the above notations, ω1 = 1, ω2 = 2, Γ = 0, γ11 = γ12 = 1, γ21 = γ22 = 2. For

θ1(0) = θ2(0) = π/12, it can be seen that θ̇1(t) = θ̇2(t) = 0, for all t ≥ 0. This corresponds to

a non-oscillating (inhibited) phase-locked solution.

We note that a simple su�cient condition to avoid non-oscillating phase-locking is given by

max
i=1,...,N

|ωi| > max
i=1,...,N

N∑
j=1,j 6=i

|kij + γij |+ max
i=1,...,N

N∑
j=1

|γij |,

meaning that at least one natural frequency is su�ciently large with respect to the coupling
and feedback gain. This condition ensures that the phase dynamics (2.6) does not have �xed
points.

2.4 Phase-locked solutions under mean-�eld feedback

2.4.1 Existence of oscillating phase-locking

We now present a general result on phase-locking under mean-�eld feedback.

Theorem 2.2. For almost all natural frequencies ω ∈ RN , for almost all interconnection

matrices k ∈ RN×N , and for almost all feedback gains γ ∈ RN×N , system (2.6) admits no

oscillating phase-locked solution.

Theorem 2.2, whose proof can be found in Section 2.5.3, states that, for a generic neuronal
interconnection, the use of a proportional mean-�eld feedback prevents the oscillators to all
evolve at the exact same frequency. Generically, under mean-�eld feedback, only two situations
may thus occur: either no phase-locking or no oscillations. This result therefore constitutes
a promising feature of mean-�eld feedback DBS. We stress that the result of Theorem 2.2 is
meaningful for the full dynamics (2.3) only if the small coupling condition (2.4) is satis�ed,
which ensures that the phase dynamics (2.6) is a good approximation of (2.3). More precisely,
the result of Theorem 2.2 extend to (2.3) only if k and γ are su�ciently small, independently
of the natural frequencies ω.

On the one hand, the strength of Theorem 2.2 stands in the generality of its assumptions:
it holds for generic interconnections between neurons, including negative weights (inhibitory
synapses), and does not require any knowledge neither on the contribution αj of each neuron on
the overall measurement nor on the intensity βj of the stimulation on each neuron. On the other
hand, the disappearance of the phase-locked states does not prevent a pathological behavior.
Indeed, while Theorem 2.2 states that the perfectly synchronized behavior is not compatible
with mean-�eld feedback, it does not exclude the possibility of some kind of �practical� phase-
locking, such as solutions whose mean behavior is near to that of a phase-locked one, but
with small oscillations around it. For instance, they may correspond to phase di�erences
which, while not remaining constant, stay bounded at all time. From a medical point of view,
such a behavior for the neurons in the STN would anyway lead to tremor. We address this

2This example was suggested by an anonymous reviewer of the CDC 2010 conference version of the result
presented in this chapter. We are very thankful to him for this suggestion.



problem in Chapter 3. Moreover, as illustrated in Example 2.1, and discussed in details in
Chapter 4, if the feedback gain is too large with respect to the natural frequencies, mean-
�eld feedback may leads to non-oscillating phase-locked solution, corresponding to neuronal
inhibition. Conversely, when the natural frequencies are su�ciently large there exists a range
of feedback gains for which mean-�eld feedback can induce full desynchronization. We provide
in Chapter 5 a su�cient condition to ensure full desynchronization in the Kuramoto system
under mean-�eld feedback for a general interconnection topology and feedback setup.

Numerical simulations illustrate these features. We simulate an ensemble of N=20 coupled
Landau-Stuart oscillators (2.3). Their natural radius is ρi = 10 for all i = 1, . . . , N . De�ning
randn×m ⊂ Rn×m as the ensemble of matrices whose elements are randomly chosen on the
interval [0, 1] according to a uniform distribution, the interconnection matrix is chosen as
k = 1

2K0R, where K0 ∈ R is the coupling strength and R ∈ randN×N . In the simulation
K0 is chosen su�ciently large to yield the existence of an asymptotically stable phase-locked
solution in the absence of an external stimulation. The weight of each neuron on the measured
mean-�eld (2.2) is chosen as α = randN×1. The in�uence of the input on each neuron (see
(2.3)) is chosen as β = β̃B, with B ∈ randN×1, where β̃ ∈ R denotes the feedback gain. This
choice for α and β de�nes a generic and imprecise recording and stimulation setup. In order
to have a heterogeneous ensemble, the natural frequencies are randomly chosen on the interval
[ωmin, ωmin + 3π] according to the uniform distribution, where ωmin is either 0.2π or 2π.
We quantify the synchronization of the system, by de�ning the collective radius r∞ (Kuramoto,
1984) and the mean phase ψ of the network as

r∞(t)eiψ(t) :=
1

N

N∑
i=1

eiθi(t), ∀t ≥ 0. (2.14)

The mean-�eld feedback is switched on at t = 3.

As shown in Figure 2.4(a), for a su�ciently large negative feedback gain β̃ = −K0 and if the nat-
ural frequencies are large, i.e. ωmin = 2π, mean-�eld feedback induces full-desynchronization.
Indeed, by noting that θi−θj = θi−ψ−(θj−ψ), for all i, j = 1, . . . , N , the plot in Figure 2.4(b)
shows that the phase di�erences between most pairs of oscillators, at the exception of small
clusters (Aeyels and Rogge, 2004; Aeyels and De Smet, 2010; De Smet and Aeyels, 2009), tend
to grow inde�nitely and with uniformly non-zero drift, at least in average, which corresponds
to a fully desynchronized behavior3 (cf. De�nitions 5.1 and 5.6 in Chapter 5). As shown in
the inset of Figure 2.4(b), the disordered behavior of the collective radius r∞ is also similar to
that of an uncoupled ensemble.
Conversely, if the natural frequencies are small, i.e. ωmin = 0.2π, the mean-�eld feedback
blocks the oscillations, as shown in Figure 2.5(a). We stress that this type of oscillation inhi-
bition does not correspond to an oscillator death, as the one discussed in (Ermentrout, 1990),
when also the oscillation amplitude goes to zero. Indeed, as imposed by Assumption 1, and
con�rmed by Figure 2.5(b), in the case under analysis here only the frequency of oscillation
goes to zero, while the oscillation radius remains practically unchanged during the oscillators
evolution. A similar oscillation inhibition is considered in (Ermentrout and Kopell, 1990).
The system remains however practically phase-locked if a too small feedback gain β̃ = −0.5K0

is used (cf. Figure 2.6), that is the oscillators exhibit small oscillations around a perfectly
phase-locked state. We stress that also in this case, as stated by Theorem 2.2, the oscillating
phase-locked solution disappears as soon as we activate the mean-�eld feedback. Indeed, from

3For the sake of clarity, these plots are given with the phases evolving in R rather than in T 1



De�nition 2.1, and Equation (2.12), if the system is phase-locked we have

r∞(t) :=

∣∣∣∣∣∣ 1

N

N∑
i=1

eiθi(t)

∣∣∣∣∣∣ =

∣∣∣∣∣∣ 1

N
eiθ1(t)

(
1 +

N∑
i=2

e∆i1

)∣∣∣∣∣∣ ≡
∣∣∣∣∣∣1 +

N∑
i=2

e∆i1

∣∣∣∣∣∣ , (2.15)

that is r∞ has to be constant, which is the case for neither small (Figure 2.6(b)) nor large
(Figure 2.4(b)) feedback gain.
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Figure 2.4: Large feedback gain and natural frequencies: full desynchronization.
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Figure 2.5: Large feedback gain and small natural frequencies: neuronal inhibition.

2.4.2 Characterizations

The proof of Theorem 2.2 is based on two main steps, which are presented here as Lemmas 2.3
and 2.4. Their interest goes beyond the technical aspects of the proof, as they underline some
intrinsic properties of the Kuramoto system under mean-�eld feedback, and permit to give a
characterization of its phase-locked solutions in terms of an associated �xed point equation.
Lemma 2.3 states that the problem of �nding a phase-locked solution can be reduced to solving
a set of nonlinear algebraic equations in terms of the phase di�erences ∆ and the collective
frequency of oscillation Ω. Its proof is provided in Section 2.5.1.
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Lemma 2.3. For all initial conditions θ∗(0) ∈ TN , all natural frequencies ω ∈ RN , all coupling
matrices k ∈ RN×N , and all feedback gains γ ∈ RN×N , if system (2.6) admits an oscillating

phase-locked solution starting in θ∗(0) with phase di�erences ∆ and collective frequency of

oscillation Ω satisfying (2.12)-(2.13), then, for all 1 ≤ i < j ≤ N , it holds that

ωj − ωi +
N∑
h=1

î
(kjh + γjh) sin(∆jh)− (kih + γih) sin(∆ih)

ó
= 0,(2.16a)

N∑
h=1

ñ
γjh sin

Ç
2

∫ t

0
Ω(s)ds+ ∆jh + 2θ∗j (0)

å
−γih sin

Ç
2

∫ t

0
Ω(s)ds+ ∆ih + 2θ∗i (0)

åô
= 0.(2.16b)

While this fact is trivial for the Kuramoto system without inputs (i.e. γ = 0), its generalization
to the presence of mean-�eld feedback is not straightforward. The �rst set of equations (2.16a)
can be seen as the classical �xed point equation for a Kuramoto system with natural frequencies
ω and coupling matrix Γ = k + γ. It may or may not lead to the existence of a phase-locked
solution (see (Jadbabaie et al., 2004) for necessary and su�cient conditions). The second set
of equations (2.16b) is linked to the action of the mean-�eld feedback. It trivially holds if
the feedback gain γ is zero. Intuitively, we can expect that if the frequency of the collective
oscillation Ω is not zero then (2.16b) admits no solution for any γ 6= 0. This fact becomes
evident in the following example involving only two neurons.

Example 2.2. For N=2,Equation (2.16b) boils down to a single condition. Consider ω1 6= ω2,

γij = 1 and kij = 2 for all i, j ∈ {1, 2}. In view of (2.12), condition (2.16b) reads

sin

Ç
2

∫ t

0
Ω(s)ds+ 2θ∗2(0)

å
− sin

Ç
2

∫ t

0
Ω(s)ds+ 2θ∗2(0) + 2∆21

å
= 0,

or, by invoking the trigonometric identity sin a− sin b = 2 cos
Ä
a+b

2

ä
sin
Ä
a−b

2

ä
,

2 cos

Ç
2

∫ t

0
Ω(s)ds+ 2θ∗2(0) + ∆21

å
sin(∆12) = 0,

for all t ≥ 0. In addition, (2.12) imposes that ∆21 = −∆12. Consequently (2.16a) reads

ω1−ω2 = 2 sin(∆21). Since ω1 6= ω2, it also holds that ∆21 6∈ {0, π}. We conclude that (2.16b)

admits no solution for any Ω which is not zero almost everywhere and thus, in particular, (2.6)

admits no oscillating phase-locked solutions.



The second main step in the proof of Theorem 2.2 con�rms that indeed, if (2.16) admits
a solution (∆,Ω), then ∆ is fully determined by the �standard" part (2.16a) of this �xed
point equation and is thus independent of the collective oscillation frequency Ω. In particular
the following lemma states that, around almost any solution of (2.16a), the phase di�erences
that de�ne a phase-locked con�guration ∆ can be locally expressed as a smooth function of
the natural frequencies ω and of the interconnection matrix Γ. The proof of this lemma,
mostly relying on the implicit function theorem (Lee, 2006) and elementary measure theory
(Billingsley, 1995), is provided in Section 2.5.2.

Lemma 2.4. There exists a set N ⊂ RN × RN×N , and a set N0 ⊂ N satifying µ(N0) = 0,
such that (2.16a) with natural frequencies ω∗ ∈ RN and modi�ed interconnection matrix Γ∗ :=
k∗ + γ∗ ∈ RN×N admits a solution ∆∗ ∈ RN×N if and only if (ω∗,Γ∗) ∈ N . Moreover, for

all (ω∗,Γ∗) ∈ N \N0, there exists a neighborhood U of (ω∗,Γ∗), a neighborhood W of ∆∗, and
a smooth function f : U → W , such that, for all (ω,Γ) ∈ U ,

Ä
ω, Γ, ∆ := f(ω,Γ)

ä
is the

unique solution of (2.16a) in U ×W .

In other words, Lemma 2.4 states that the standard, i.e. without mean-�eld feedback, Ku-
ramoto �xed point equation (Aeyels and Rogge, 2004; Jadbabaie et al., 2004) is invertible for
a generic choice of natural frequencies and interconnection topology.

We close this section by stressing a limitation of Theorem 2.2, due to its generic nature.
Some particular con�gurations may indeed allow for phase-locking even under a mean-�eld
feedback stimulation. The following counter-example illustrates this fact, by showing that all-
to-all homogeneous interconnections preserves phase-locking under mean-�eld feedback if all
the neurons have the same natural frequencies. We stress that the heterogeneity of neurons and
the complexity in their coupling make this example irrelevant for practical neural modeling.

Example 2.3. (Oscillating phase-locking despite mean-�eld feedback) Consider the

system (2.6) with ωi = ωj, kij = k and γij = γ 6= −k for all i, j = 1, . . . , N . This choice

corresponds to the all-to-all coupling of identical Kuramoto oscillators, and is well studied in the

literature, cf. e.g. (Kuramoto, 1984; Sepulchre et al., 2007; Aeyels and Rogge, 2004; Sarlette,

2009; Brown et al., 2003).The system of equations (2.16a) then reads, for all 1 ≤ 1 < j ≤ N ,

N∑
h=1

(k + γ)
Ä

sin(∆jh)− sin(∆ih)
ä

= 0.

A solution to this equation is ∆ij = 0 for all 1 ≤ 1 < j ≤ N . In view of (2.12), this is

equivalent to the existence of θ0 ∈ T 1 such that θ∗i (0) = θ0, for all i = 1, . . . , N . The system of

equations (2.16b) then reads

γ
N∑
h=1

ñ
sin

Ç
2

∫ t

0
Ω(s)ds+ θ0

å
− sin

Ç
2

∫ t

0
Ω(s)ds+ θ0)

åô
= 0,

which is trivially satis�ed for any collective frequency of oscillation Ω. Lemma 2.4 thus ensures

that oscillating phase-locking is preserved despite the mean-�eld stimulation.



2.5 Main proofs

2.5.1 Proof of Lemma 2.3

From (2.12)-(2.13), phase-locked solutions of (2.6) satisfy, for all t ≥ 0 and all i, j = 1, . . . , N ,

θ∗j (t) + θ∗i (t) = θ∗j (t)− θ∗i (t) + 2θ∗i (t)

= 2ΛΩ(t) + ∆ij + 2θ∗i (0), (2.17)

where ΛΩ(t) :=
∫ t

0 Ω(s)ds, for all t ≥ 0. In view of (2.10), (2.12)-(2.13), and noting that the
�xed point equation equation is trivial if i = j and that, due to the antisymmetric dependence
of (2.16) on i and j, �nding a solution for some i = i∗ and j = j∗ gives a solution also for
i = j∗ and j = i∗, �nding a phase-locked solution is equivalent to solving the set of equations

ωj − ωi +
N∑
h=1

[(kjh + γjh) sin(∆jh)− (kih + γih) sin(∆ih)]

−
N∑
h=1

[
γjh sin

Ä
2ΛΩ(t) + ∆jh + 2θ∗j (0)

ä
− γih sin (2ΛΩ(t) + ∆ih + 2θ∗i (0))

]
= 0. (2.18)

for all t ≥ 0 and all 1 ≤ i < j ≤ N , in terms of ∆ and Ω. Note that the �rst line of the last
equation is constant, that is there exist constants {cij}i,j=1,...,N,i<j such that

ωj − ωi +
N∑
h=1

[(kjh+γjh) sin(∆jh)−(kih + γih) sin(∆ih)]=cij . (2.19)

Equation (2.18) then reads

N∑
h=1

[
γjh sin

Ä
2ΛΩ(t) + ∆jh + 2θ∗j (0)

ä
− γih sin (2ΛΩ(t) + ∆ih + 2θ∗i (0))

]
= cij , (2.20)

for all t ≥ 0 and all 1 ≤ i < j ≤ N . Hence, if a phase-locked solution exists, then there
must exist a solution to the set of equations (2.19) and (2.20) in terms of ∆, Ω and c :=
{cij}i,j=1,...,N,i<j . By time-di�erentiating (2.20), one gets, for all t ≥ 0 and all 1 ≤ i < j ≤ N ,

2Ω(t)
N∑
h=1

[
γjh cos

Ä
2ΛΩ(t) + ∆jh + 2θ∗j (0)

ä
− γih cos (2ΛΩ(t) + ∆ih + 2θ∗i (0))

]
= 0. (2.21)

Since Ω is a non identically zero continuous function, there exists an open interval (t, t), 0 ≤
t < t, such that Ω(t) 6= 0 for all t ∈ (t, t). Hence (2.21) implies that

N∑
h=1

[
γjh cos

Ä
2ΛΩ(t) + ∆jh + 2θ∗j (0)

ä
− γih cos (2ΛΩ(t) + ∆ih + 2θ∗i (0))

]
= 0, (2.22)

for all t ∈ (t, t). By di�erentiating (2.22) with respect to time and considering once again
that Ω(t) 6= 0 for all t ∈ (t, t), one gets that (2.20) holds true for all t ∈ (t, t), and for
all 1 ≤ i < j ≤ N . cij being a constant this implies that, for all t ≥ 0, cij = 0, for all
1 ≤ i < j ≤ N . �



2.5.2 Proof of Lemma 2.4

For notational purposes, de�ne yi := ∆iN , i = 1, . . . , N − 1, and y := [yi]i=1,...,N−1. Since it
holds that ∆mn = yn − ym, for all m,n = 1, . . . , N , we can express all the phase di�erences in
(2.16a) in terms of the components of y. Analogously, since θ̇n − θ̇m = θ̇n − θ̇N − (θ̇m − θ̇N ),
it su�ces to �nd a solution to the set of equation in (2.16a), relative to the pairs of index
(i,N), i = 1, . . . , N − 1. For the vectors y, we use the su�x ∗ when it refers to ∆∗. De�ne, for
i = 1, . . . , N − 1,

Fi(ω,Γ, y) := ωN − ωi −
N−1∑
h=1

î
Γih sin(yh − yi)− ΓNh sin yh

ó
− ΓiN sin yi. (2.23)

With this notation, the equations in (2.16a) relative to the pairs of index (i,N), i = 1, . . . , N−1,
can be written as

F (ω,Γ, y) = 0. (2.24)

In order to solve (2.24)in the form y = f(Γ, ω) through the implicit function theorem , we have
to show that the matrix

J(Γ, y) :=

ñ
∂Fi
∂yj

(Γ, y)

ô
i,j=1,...,N−1

, (2.25)

has full rank on the solutions of (2.24). De�ne, for y ∈ RN−1,

S(y) := {Γ ∈ RN×N : det J(Γ, y) = 0}. (2.26)

Since det J(Γ, y) is a non-identically zero analytical function (for example it is non-zero for
y = 0 and Γij = 1, for all i, j = 1, . . . , N), it is zero only on sets of zero measure (Krantz and
Parks, 2002, Chapter 4). In particular µ(S(y)) = 0, for all y ∈ RN−1. Let the sets N and N0

be de�ned as

N :=
¶

(ω,Γ) ∈ RN × RN×N : ∃y ∈ RN−1 : F (ω,Γ, y) = 0
©

(2.27)

and
N0 :=

¶
(ω,Γ) ∈ RN × RN×N ∃y ∈ RN−1 : F (ω,Γ, y) = 0,Γ ∈ S(y)

©
, (2.28)

that is N contains all the natural frequencies and modi�ed interconnection matrices that admit
a solution to (2.16a), and N0 all the natural frequencies and modi�ed interconnection matrices
that admit a solution to (2.16a) such that (2.25) is singular. The next claim, proved in Section
2.6.1, shows that N0 is of zero Lebesgue measure.

Claim 2.5. Let N0 be de�ned as in (2.28). Then µ(N0) = 0.

The lemma then follows directly from the implicit function theorem. Indeed, given any point
(ω∗,Γ∗) ∈ N \ N0, since Γ∗ 6∈ S(y∗), the matrix J(Γ∗, y∗), de�ned in (2.25), is invertible, and
the existence of the neighborhoods U and W , and of the function f with the properties of
the statement of the lemma follows directly from the implicit function theorem (Lee, 2006,
Theorem 7.9). �

2.5.3 Proof of Theorem 2.2

The proof consists in explicitly constructing a zero Lebesgue measure set of natural frequen-
cies and coupling and feedback gains, out of which the system of equations (2.16) admits no
solutions. The theorem then follows from Lemma 2.3.



Since the interconnection matrix k, the modi�ed interconnection matrix Γ, and the feedback
gain γ are linked by the linear relation k = Γ− γ, we can independently �x Γ and γ, and set
k accordingly. For all ω ∈ R, let

M0(ω) := {Γ ∈ RN×N : (ω,Γ) ∈ N0} (2.29)

where N0 ⊂ RN × RN×N is de�ned in the statement of Lemma 2.4 and has zero Lebesgue
measure. Let

S0 := {ω ∈ RN : µ(M0(ω)) > 0}. (2.30)

If µ(S0) > 0, then µ(N0) =
∫
S0 µ(M0(ω))dω > 0, which contradicts Lemma 2.4. Hence

µ(S0) = 0.
Consider any ω ∈ RN \ S0 and any Γ ∈ RN×N \ M0(ω). In view of what precedes, this
constitutes a generic choice or ω and Γ and it holds that (ω,Γ) /∈ N0. Suppose that there exists
an oscillating phase-locked solution starting in θ∗(0), with phase di�erences ∆ and collective
frequency of oscillation Ω. From Lemma 2.3, a necessary condition for the existence of an
oscillating phase locked solution θ∗ is that (ω,Γ,∆) is a solution of (2.16a). From Lemma 2.4,
(ω,Γ) ∈ N . Since (ω,Γ) ∈ N \ N0, Lemma 2.4 guarantees that the phase di�erences ∆
of θ∗ can locally be uniquely expressed in the form ∆ = f(ω,Γ), for some smooth function
f : RN × RN×N → RN×N . In particular ∆ does not depend on the feedback gain γ. Consider
now the line of (2.16b) relative to the pair of indices (1, 2):

N∑
i=1

î
γ1i sin(ΛΩ(t) + ∆1i + 2θ∗1(0))−γ2i sin(ΛΩ(t) + ∆2i + 2θ∗2(0))

ó
= 0, ∀t ≥ 0, (2.31)

where ΛΩ(t) := 2
∫ t

0 Ω(s)ds, for all t ≥ 0. Using the identity sin(a+ b) = sin a cos b+ cos a sin b
and de�ning

Σ1 :=
N∑
i=1

γ1i cos(∆1i + 2θ∗1(0))− γ2i cos(∆2i + 2θ∗2(0))

Σ2 :=
N∑
i=1

γ1i sin(∆1i + 2θ∗1(0))− γ2i sin(∆2i + 2θ∗2(0)),

Equation (2.31) reads Σ1 sin ΛΩ(t)−Σ2 cos ΛΩ(t) = 0. Since sin ΛΩ(0) = 0 and cos ΛΩ(0) = 1,
Σ2 has to be zero. Moreover, since the phase-locked solution θ∗ is oscillating, there exists t > 0
such that sin ΛΩ(t) 6= 0. Hence, Σ1 = 0 as well. De�ne b1, b2 ∈ R2N as

b1(∆) : =
î
[cos(∆1i + 2θ∗1(0))]Ti=1,...,N , −[cos(∆2i + 2θ∗2(0))]Ti=1,...,N

óT
,

b2(∆) : =
î
[sin(∆1i + 2θ∗1(0))]Ti=1,...,N , −[sin(∆2i + 2θ∗2(0))]Ti=1,...,N

óT
.

Note that b1 and b2 depend only on ∆ = f(ω,Γ) and on the initial conditions. They do

not depend on γ. Hence, by de�ning γ̃ :=
Ä
[γ2i]

T
i=1,...,N , [γ1i]

T
i=1,...,N

äT ∈ R2N , the condition

Σ1 = Σ2 = 0 can be re-written as γ̃T b1 = γ̃T b2 = 0 or, equivalently,

γ̃ ∈ b1(f(ω,Γ))⊥ ∩ b2(f(ω,Γ))⊥. (2.32)

Let
L0(ω,Γ) := b1(f(ω,Γ))⊥ ∩ b2(f(ω,Γ))⊥ ⊂ R2N . (2.33)

Noticing that b1, b2 can not be both zero, µ(L0(ω,Γ)) = 0 for all ω,Γ ∈ R× RN×N . Recalling
(2.32), for all ω ∈ RN \ S0, for all Γ ∈ RN×N \ M0(ω), and for all γ ∈ RN×N \ L0(ω,Γ),



system (2.6) admits no oscillating phase-locked solution, whereM0,S0, and L0 are de�ned in
(2.29),(2.30), and (2.33), respectively, and are all of zero Lebesgue measure. The theorem is
proved by noticing that, given ω ∈ R \ S0, for any Γ ∈ RN×N \M0(ω), the set {γ ∈ RN×N :
γ = Γ − k, k ∈ RN×N} = RN×N , that is, given any Γ ∈ RN×N \ M0(ω), γ 6∈ L0(ω,Γ) for
almost all k. �

2.6 Technical proofs

2.6.1 Proof of Claim 2.5

We start by introducing the notation that will be used along the proof. The two sets E and G
are de�ned as follows E := RN×N ×RN−1 and G := RN−1×RN×N . We recall that, if A ⊂ Rn,
µ(A) denotes the Lebesgue measure of A in Rn.

Given ω ∈ RN , let ω̂i := ωi − ωN , i = 1, . . . , N − 1, and

ω̂ := [ω̂i]i=1,...,N−1. (2.34)

The set N and N0, de�ned, respectively, in (2.27) and (2.28), can be characterized in terms of
ω̂ as follows. Let, for all ω ∈ RN , all Γ ∈ RN×N , and all y ∈ RN−1,

F̂i(ω̂i,Γ, y) :=
N−1∑
h=1

[Γih sin(yh − yi)− ΓNh sin yh]− sin yi − ω̂i, i = 1, . . . , N − 1,

and de�ne
F̂ (ω̂,Γ, y) :=

î
F̂i(ω̂,Γ, y)

ó
i=1,...,N

. (2.35)

Moreover, let the set of all pairs (ω̂,Γ) that admit a solution y to F̂ (ω̂,Γ, y) = 0 be denoted as

Σ := {(ω̂,Γ) ∈ G : ∃y ∈ RN−1 : F̂ (ω̂,Γ, y) = 0}, (2.36)

and let the subset Σ0 ⊂ Σ be de�ned as

Σ0 := {(ω̂,Γ) ∈ G : ∃y ∈ RN−1 : F̂ (ω̂,Γ, y) = 0, Γ ∈ S(y)}, (2.37)

where, for each y ∈ RN−1, the set S(y) is de�ned in (2.26). We are going to show that the sets
Σ and Σ0 completely characterize, respectively, the sets N and N0.

Step 1:We claim that the set N and N0, de�ned, respectively, by (2.27) and (2.28), are the

images of, respectively, Σ× R and Σ0 × R by a linear map of determinant 1. In particular, if

µ(Σ0) = 0, then µ(N0) = 0.

Given ω̂ ∈ RN−1, let

Iω̂ := {ω ∈ RN : ωi = ω̂i + ωN . i = 1, . . . , N − 1, ωN ∈ R}. (2.38)

Let the linear map M : RN → RN be de�ned as

Mx :=

ñ
IN −

ñ
1N−1

0

ô
[0, . . . , 0, 1]

ô
x, ∀x ∈ RN .



Note that M has determinant 1. The set ω̂ × R is the image of the set Iω̂ through the linear
invertible map M , that is

ω̂ × R = M(Iω̂). (2.39)

By de�nitions (2.23),(2.34),(2.35),(2.38), it follows that F̂ (ω̂,Γ, y) = F (ω,Γ, y), for all ω ∈ Iω̂.
Hence,

F (ω,Γ, y) = 0 ⇒ F̂ (ω̂,Γ, y) = 0, (2.40)

and
F̂ (ω̂,Γ, y) = 0 ⇒ F (ω,Γ, y) = 0, ∀ω ∈ Iω̂. (2.41)

Relation (2.41) implies that, if ω̂ ∈ Σ, then Iω̂ ⊂ N . Since, from (2.39), Iω̂ = M−1(ω̂×R) this
also implies that, for all ω̂ ∈ Σ, M−1(ω̂ × R) ⊂ N , which shows that

M−1(Σ× R) ⊂ N .

The converse inclusion follows by noticing that, given ω ∈ N , (2.40) implies that ω̂ ∈ Σ. It
follows that, given ω ∈ N , ω̂ × R ⊂ Σ × R, that is, from (2.39), M(Iω̂) ⊂ Σ × R. Since, by
construction, ω ∈ Iω̂, we conclude that, for all ω ∈ N , M(ω) ∈ Σ× R, that is

M(N ) ⊂ Σ× R,

which shows the �rst part of Step 1 for N . The statement for N0 follows similarly.

To show that µ(N0) = 0 whenever µ(Σ0) = 0, recall that the Lebesgue measure is invariant
under linear maps of determinant 1 and note that, given a collection of open intervals {Ii}i∈N,
such that

⋃
i∈N Ii = R, Σ0 × R can be written as the countable union Σ0 × R =

⋃
i∈N Σ0 × Ii.

Thus, since, for all i ∈ N, µ(Σ0 × Ii) = µ(Σ0)µ(Ii) (see for instance (Billingsley, 1995, Section
12)), if µ(Σ0) = 0, then µ(Σ0 × Ii) = 0, for all i ∈ N. That is, if µ(Σ0) = 0, then N0 is the
image through an invertible linear map of the union of a countable collection of sets of zero
Lebesgue measure, and, hence, of zero Lebesgue measure, which shows Step 1.

Before introducing the second step of the proof we need the following notation. Let E0 be the
set of matrices Γ and phase-di�erences y such that the Jacobian of F is singular, that is

E0 := {(Γ, y) ∈ E : Γ ∈ S(y)}, (2.42)

where, for all y ∈ RN−1, the set S(y) is de�ned in (2.26).

Let F , be the set of triplet (ω̂,Γ, y) that are solution to F = 0, that is

F := {(ω̂,Γ, y) ∈ G × RN−1 : F̂ (ω̂,Γ, y) = 0}, (2.43)

and F0 the set of triplet (ω̂,Γ, y) that are solution to F = 0, and, moreover, such that the
Jacobian of F is singular, that is

F0 := {(ω̂,Γ, y) ∈ G × RN−1 : F̂ (ω̂,Γ, y) = 0,Γ ∈ S(y)}, (2.44)

The next step shows that Σ is the image of E through a smooth mapping T , and that Σ0 is
the image of E0 through T . This will allow to study the measure of Σ0 as a function of the
measure of E0.

Step 2:There exists a smooth map T : E → G, such that Σ = T (E), and Σ0 = T (E0).

Consider the set F de�ned in (2.43). Since ∂F̂i
∂ω̂j

= δij , where δij denotes the Kroenecker symbol,

it follows from (Lee, 2006, Theorem 8.8) that F is an embedded submanifold of codimension



N − 1. In particular F can be described as the graph of the smooth function

g := −F (0, ·, ·) : E → RN−1,

as
F = {(ω̂,Γ, y) ∈ G × RN−1 : ω̂ = g(Γ, y)}.

Similarly F0 = {(ω̂,Γ, y) ∈ G × RN−1 : (Γ, y) ∈ E0, ω̂ = g(Γ, y)}. Hence, the point of F are
the image of the point of E through the smooth mapping (lift) L : E → G ×RN−1, de�ned by

L(Γ, y) := (g(Γ, y),Γ, y).

Moreover, it follows directly from the de�nition of Σ that Σ = PGF and Σ0 = PGF0, where PG
is the projection of G × RN−1 on G, de�ned by PG(ω̂,Γ, y) = (ω̂,Γ).
Hence, by de�ning T := PG ◦ L : E → G, as

T (Γ, y) = (g(Γ, y), Γ), ∀(Γ, y) ∈ E

(see also �g. 2.7), we conclude that, Σ = T (E), and Σ0 = T (E0).

Step 3:The Lebesgue measure of Σ0 is zero.
Since E0 is given by the zeros of an analytic function, µ(E0) = 0. Since Σ0 is the image through
a smooth map T : E → G of a set of zero measure (cf. Step 2), Σ0 has zero measure (Lee,
2006, Lemma 10.2).

The statement of the claim follows directly from Step 1 and Step 3 �

y
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Figure 2.7: Construction of the smooth map T : E → G.



Chapter 3

Phase-locking robustness and

necessary conditions for

desynchronization

The main result of Chapter 2 ensures the disappearance of the perfectly phase-locked states
under mean-�eld feedback. This makes closed-loop DBS promising from a therapeutic point
of view. However, for small feedback gains, the numerical observations reported in Figure 3.1
(see also Section 2.4.1) highlights the persistence of nearly phase-locked states. Even though
not phase-locked, these solutions are not yet desynchronized either. In particular, they are
associated to a neuronal ensemble approximately discharging action potential in a synchronous,
and thus still pathological, manner.
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Figure 3.1: Practical phase-locking in Equation (2.3).

The evidence of this �practical" phase-locking imposes to compute necessary conditions on the
feedback gain which would assure e�ective desynchronization. This leads us to a robustness
analysis of phase-locked solutions in an oscillators population with respect to general time-
varying inputs, thus including mean-�eld feedback as a special case. For this analysis, we rely
on the phase model derived in Section 2.2. In the absence of mean-�eld feedback, this model
reduces to the standard Kuramoto system (Kuramoto, 1984).

The robustness of phase-locking in the Kuramoto model has already been partially addressed
in the literature both in the case of in�nite and �nite number of oscillators. On the one
hand, the in�nite dimensional Kuramoto model allows for an easier analytical treatment of
the robustness analysis (see for example (Acebrón et al., 2005) for a complete survey). This



approach has been used to analyze the e�ect of delayed (Hauptmann et al., 2005a) and multisite
(Pyragas et al., 2008) mean-�eld feedback approaches to desynchronization. In the case of
stochastic inputs it allows to �nd the minimum coupling to guarantee phase-locking in the
presence of noise (Daniels, 2005). However, this approach is feasible only in the case of the
all-to-all interconnection. On the other hand, the �nite dimensional case has been the object
of both analytical and numerical studies. In particular, (Cumin and Unsworth, 2007) proposes
a complete numerical analysis of robustness to time-varying natural frequencies, time-varying
interconnection topologies, and non-sinusoidal coupling. It suggests that phase-locking exhibits
some robustness to all these types of perturbations. Analytical studies on the robustness of
phase-locking in the �nite Kuramoto model have been addressed only for constant natural
frequencies (Jadbabaie et al., 2004; Chopra and Spong, 2009; Dör�er and Bullo, 2011). The
existence and explicit expression of the �xed points describing stable and unstable phase-
locked states is studied in (Aeyels and Rogge, 2004). The Lyapunov approach proposed in
(Van Hemmen and Wreszinski, 1993) for an all-to-all coupling suggests that an analytical
study of phase-locking robustness can be deepened. To the best of our knowledge the problem
of the robustness of phase-locking with respect to time-varying natural frequencies has still
not been analytically addressed in the �nite Kuramoto model with arbitrary bidirectional
interconnection topologies.

In this chapter we establish (Theorem 3.4) that phase-locking is locally input-to-state stable
(ISS) with respect to small inputs (Sontag, 1989, 2006a), a property also referred to as total sta-
bility (Malkin, 1958). Roughly speaking, a system is ISS if its origin is globally asymptotically
stable when no inputs are applied, and the steady-state error in presence of inputs is somewhat
proportional to their magnitude. Total stability, or local ISS, imposes this behavior only for
small initial conditions and inputs magnitude. The proof of this result, provided in Section
3.6.3, is based on the existence of a local ISS-Lyapunov function for the incremental dynamics
of the system. This analysis provides a general methodology to build explicit estimates on the
size of the region of convergence, the ISS gain, and the tolerated input bound. It applies to
general symmetric interconnection topologies and to any asymptotically stable phase-locked
state. In practice, these bounds, together with an approximate knowledge of the interconnec-
tion topology between the oscillators and their natural frequencies' distribution, can be used to
compute the necessary minimum value of the gain of the mean-�eld feedback to desynchronize
the ensemble (Corollary 3.6). As an illustrative application of the main theorem, we extend
in Proposition 3.5 some recent results in (Chopra and Spong, 2009; Dör�er and Bullo, 2011)
to the time-varying case. We prove, in particular, the exponential ISS of synchronization in
the all-to-all Kuramoto system when all the initial phase di�erences lie in the interval

[
−π

2 ,
π
2

]
,

and we give explicit bounds on the convergence rate and the tolerated disturbances magnitude.
The size of the region of convergence, the su�cient bound on the coupling strength and the
convergence rate are compared to those obtained in (Chopra and Spong, 2009; Dör�er and
Bullo, 2011). Furthermore, the Lyapunov function for the incremental dynamics allows for
a new characterization of the phase-locked states of the unperturbed system. In particular,
when restricted to a suitable invariant manifold, it allows to completely characterize the robust
phase-locked states in terms of its isolated local minima, as discussed in Section 3.5 through
Lemmas 3.7 and 3.8.

The chapter is structured as follows. In Section 3.1 we extend the simpli�ed neurons population
model (2.6) introduced in Chapter 2 in order to include exogenous time-varying inputs. In
Section 3.2 we prove local input-to-state stability of the phase-locked states with respect to
small inputs (total stability) for general bidirectional interconnection topologies. We specialize
this result in Section 3.3 to the case of all-to-all coupling. In Section 3.4 we derive necessary
conditions on the mean-�eld feedback gain assuring e�ective desynchronization. Section 3.5



introduces the incremental Lyapunov function used in the analysis, and further characterizes
the robust phase-locked states. The proofs of the main results are given in Section 3.6.

3.1 Modeling exogenous inputs and uncertainties

We start by slightly generalizing system (2.6) to take into account general time-varying inputs:

θ̇i(t) = $i(t) +
N∑
j=1

k̃ij sin(θj(t)− θi(t)), (3.1)

for all t ≥ 0 and all i = 1, . . . , N , where $i : R → R denotes the input of the i-th oscillator,
and k̃ = [k̃ij ]i,j=1,...,N ∈ RN×N≥0 is the coupling matrix. We stress that, in this section, only
nonnegative interconnection gains are considered; negative gains are assumed minoritary and
are trated as perturbations. Beyond the e�ect of the mean-�eld feedback, the system (3.1)
encompasses the heterogeneity between the oscillators, the presence of exogenous disturbances
and the uncertainties in the interconnection topology (time-varying coupling, negative inter-
connection gains, etc.). To see this clearly, let ωi denote the (constant) natural frequency of the
agent i, let pi represent its additive external perturbations, and let εij denote the uncertainty
on each coupling gain k̃ij . We assume that pi, εij : R≥0 → R are bounded piecewise continuous
functions for each i, j = 1, . . . , N . Then the e�ects of all these disturbances, including mean-
�eld feedback, can be analyzed in a uni�ed manner by (3.1) by letting, for all t ≥ 0 and all
i = 1, . . . , N ,

$i(t) = ωi+pi(t)+
N∑
j=1

εij(t) sin(θj(t)−θi(t))+
N∑
j=1

î
γij sin(θj(t)−θi(t))−γij sin(θj(t)+θi(t))

ó
,

(3.2)
which is well de�ned due to the forward completeness of (3.1)1. In De�nition 2.1, the problem
of �nding a phase-locked solution has been translated into the search of a �xed point for the
incremental dynamics (2.10). In the same spirit, the robustness analysis of phase-locked states
is translated into some robustness properties of these �xed points. We de�ne the common drift

ω of (3.1) as

ω(t) =
1

N

N∑
j=1

$j(t), ∀t ≥ 0 (3.3)

and the grounded input as ω̃ := [ω̃i]i=1,...,N , where

ω̃i(t) := $i(t)− ω(t), ∀i = 1, . . . , N, ∀t ≥ 0. (3.4)

Noticing that $i−$j = ω̃i− ω̃j , the evolution equation of the incremental dynamics ruled by
(3.1) then reads

θ̇i(t)− θ̇j(t) = ω̃i(t)− ω̃j(t) +
N∑
h=1

k̃ih sin(θh(t)− θi(t))−
N∑
h=1

k̃jh sin(θh(t)− θj(t)), (3.5)

for all i, j = 1, . . . , N and all t ≥ 0. As expected, the incremental dynamics is invariant to
common drifts, which explain why the results of this section hold for all kinds of phase-locking

1The forward completeness of (3.1) follows by the fact that (3.1) is a Lipschitz continuous periodic dynamics,
and thus bounded and globally Lipschitz, and (Khalil, 2001, Theorem 3.2).



(oscillating or not). In the sequel we use θ̃ to denote the incremental variable

θ̃ := [θi − θj ]i,j=1,...,N,i6=j ∈ T (N−1)2 . (3.6)

3.2 Robustness analysis of Kuramoto oscillators

When the same input is applied to the oscillators, i.e. ω̃ ≡ 0, we expect the solutions of (3.5)
to converge to some asymptotically stable �xed point or, equivalently, the solution of (3.1)
to converge to some asymptotically stable phase-locked solution at least for some coupling
matrices k. To make this precise, we start by de�ning the notion of 0-asymptically stable (0-
AS) phase-locked solutions, which are described by asymptotically stable �xed points of the
incremental dynamics (3.5) when no incremental inputs are applied.

De�nition 3.1. Given a coupling matrix k̃ ∈ RN×N≥0 , let Ok̃ ⊂ T (N−1)2 denote the set of
all asymptotically stable �xed points of the unperturbed (i.e. ω̃ ≡ 0) incremental dynamics
(3.5). A phase-locked solution θ∗ of (3.1) is said to be 0-asymptotically stable if and only if the
incremental state θ̃∗ :=

î
θ∗i − θ∗j

ó
i,j=1,...,N,i6=j ∈ T

(N−1)2 belongs to Ok̃.

A similar de�nition of asymptotically stable phase-locked solutions, valid in the case of constant
inputs, is provided in (Aeyels and Rogge, 2004). A characterization of 0-AS phase-locked
solutions of (3.1) for general interconnection topologies can be found in (Sepulchre et al.,
2008) and (Sarlette, 2009). In Section 3.5, we characterize the set Ok̃ in terms of the isolated
local minima of a suitable Lyapunov function. The reason for considering only asymptotically

stable �xed points of the incremental dynamics lies in the fact that only those guarantee the
robustness property of local Input-to-State Stability with respect to small inputs (Sontag and
Wang, 1996), also referred to as Total Stability (Malkin, 1958; Loría and Panteley, 2005). On
the contrary, (non 0-AS) stable �xed points may exhibit non-robust phase-locked states, as
illustrated by the following example.

Example 3.1. Consider the case where N > 2 and let k̃12 = k̃21 > 0, and k̃ij = 0 for all

(i, j) ∈ N≤N × N≤N \ {(1, 2), (2, 1)}, that is oscillators 1 and 2 are mutually coupled with the

same positive gain, while all the other interconnection links are absent. When ω̃ = 0, the

dynamics (3.5) reads

θ̇i − θ̇j = 0,

for all (i, j) ∈ N≤N × N≤N \ {(1, 2), (2, 1)}, and

θ̇1 − θ̇2 = −2k̃12 sin(θ1 − θ2).

In this case, all the solutions of the form θ1(t) − θ2(t) = 0, for all t ≥ 0, and θi(t) − θj(t) =
θi(0)−θj(0), for all t ≥ 0 and all (i, j) ∈ N≤N×N≤N \{(1, 2), (2, 1)} are phase-locked. They can
be shown to be stable, but not asymptotically. By adding any (arbitrarily small) constant inputs

ω̃l 6= 0 to one of the agent l ∈ N≤N \ {1, 2}, the system becomes completely desynchronized,

since θ̇l− θ̇i ≡ ω̃l for all i = 1, . . . , N, i 6= l. In particular, the set Ok̃ is empty for this particular

case.

De�nition 3.2 ((Sontag and Wang, 1996)). For a system ẋ = f(x, u), a compact set A ⊂ Rn
is said to be locally input-to-state stable (LISS) with respect to small inputs i� there exist some
constants δx, δu > 0, a KL function β and a K∞ function ρ, such that, for all |x0|A ≤ δx and
all u satisfying ‖u‖ ≤ δu, its solution satis�es

|x(t, x0, u)|A ≤ β(|x0|A, t) + ρ(‖u‖), ∀t ≥ 0.



If this holds with β(r, s) = Cre−
s
τ for all r, s ≥ 0, where C, τ are positive constants, then A is

locally exponentially Input-to-State Stable with respect to small inputs.

Local input-to-state stability (LISS) of a setAmeans that the steady-state distance between the
set A and the trajectories starting in a spheric neighborhood of radius δx is smaller than ρ(‖u‖),
as dictated by the decreasing term β(|x0|A, t), provided the input intensity ‖u‖ is smaller than
δu. This property is called exponential if the function β can be picked as β(r, s) ≤ q1re

−q2s for
all r, s ≥ 0, where q1 and q2 denote positive constants. In particular, LISS guarantees some
system's robustness with respect to the set A, provided the initial state is su�ciently near to
A, and the perturbation are su�ciently small.

Remark 3.3. De�nition 3.2 is given on Rn, which is not well adapted to the context of this
chapter. Its extension to the n-Torus is natural since Tn is locally isometric to Rn through the
identity map I (i.e. |θ|Tn := |I(θ)| = |θ|). In particular this means that the n-Torus can be
equipped with the local Euclidean metric and its induced norm. Hence, De�nition 3.2 applies
locally to the n-Torus.

The next theorem, whose proof is given in Section 3.6.3, states the LISS of Ok̃ with respect to
small inputs ω̃.

Theorem 3.4. Let k̃ ∈ RN×N≥0 be a given symmetric interconnection matrix. Suppose that

the set Ok̃ of De�nition 3.2 is non-empty. Then the the set Ok̃ is LISS with respect to small

grounded inputs ω̃ for (3.5). In other words, there exist δθ̃, δω > 0, β ∈ KL and ρ ∈ K∞, such
that, for all ω̃ : R≥0 → RN and all θ̃0 ∈ T (N−1)2 satisfying ‖ω̃‖ ≤ δω and |θ0|Ok̃ ≤ δθ̃,

|θ̃(t)|Ok̃ ≤ β(|θ̃0|Ok̃ , t) + ρ(‖ω̃‖), ∀t ≥ 0. (3.7)

Theorem 3.4 guarantees that, if a given con�guration is asymptotically stable for the unper-
turbed system, then solutions starting su�ciently close to that con�guration remain near it at
all time, in presence of su�ciently small perturbations ω̃. Moreover, the steady-state distance
of the incremental state θ̃ from Ok̃ is somewhat �proportional� to the amplitude of ω̃ with
nonlinear gain ρ. This means that the phase-locked states are robust to time-varying natural
frequencies, provided that they are not too heterogeneous. In terms of the full dynamics (2.3),
Theorem 3.4 applies, provided that the coupling strength |κ|, where the matrix κ ∈ RN×N
is de�ned as in (2.4), is su�ciently small that the open-loop small coupling condition (2.4) is
satis�ed, that is

|κ| < δh,

where δh is de�ned as in (2.4). See Appendix A for more details.

We stress that, while local ISS with respect to small inputs is a natural consequence of asymp-
totic stability (Loría and Panteley, 2005), the size of the constants δx and δu in De�nition 3.2,
de�ning the robustness domain in terms of initial conditions and inputs amplitude, are po-
tentially very small. As we show explicitly in the next section in the special case of all-to-all
coupling, the Lyapunov analysis used in the proof of Theorem 3.4 (cf. Section 3.6.3) provides
a general methodology to build these estimates explicitly. In particular, while the region of
attraction depends on the geometric properties of the �xed points of the unperturbed system,
the size of admissible inputs can be made arbitrarily large by taking a su�ciently large coupling
strength. This is detailed in the sequel. See Equations (3.23), (3.24), (3.28) and (3.29) below.



3.3 Robustness of the synchronized state in the case of all-to-all

coupling

In this section we focus the Lyapunov analysis used in the proof of Theorem 3.4 (cf. Section
3.6.3) to the case of all-to-all coupling. In this case, it is known (Sepulchre et al., 2008) that
the only asymptotically stable phase-locked solution is the exact synchronization

θ̃(t) = 0, ∀t ≥ 0, (3.8)

corresponding to a zero phase di�erence between each pair of oscillators. The following proposi-
tion states the local exponential input-to-state stability of the synchronized state with respect
to small inputs, and provides explicit estimates of the region of convergence, of the size of
admissible inputs, of the ISS gain, and of the convergence rate. Its proof can be found in
Section 3.6.4.

Proposition 3.5. Consider the system (3.1) with the all-to-all interconnection topology, i.e.

k̃ij = K > 0 for all i, j = 1, . . . , N . Then, for all ε ∈
[
0, π2

]
, and all ω̃ satisfying

‖ω̃‖ ≤ δεω :=
K
√
N

π2

Å
π

2
− ε
ã
, (3.9)

the following facts hold:

1. the set Dε :=
¶
θ̃ ∈ T (N−1)2 : |θ̃|∞ ≤ π

2 − ε
©
is forward invariant for the system (3.5);

2. for all θ̃0 ∈ D0, the set Dε is attractive, and the solution of (3.5) satis�es

|θ̃(t)| ≤ π

2
|θ̃0|e−

K
π2
t +

π2

K
‖ω̃‖, ∀t ≥ 0.

Proposition 3.5 establishes the exponential ISS of the synchronized state in the all-to-all Ku-

ramoto model with respect to time-varying inputs whose amplitudes are smaller than K
√
N

2π .
It holds for any initial condition lying in D0, that is when all the initial phase di�erences lie
in
[
−π

2 ,
π
2

]
. Moreover, if the inputs amplitude is bounded by δεω, for some 0 ≤ ε ≤ π

2 , then the
set Dε is forward invariant and all the solutions starting in D0 actually converge to Dε.
Recently, necessary and su�cient conditions for the exponential synchronization of the Ku-
ramoto system with all-to-all coupling and constant di�erent natural frequencies were given
in (Chopra and Spong, 2009; Dör�er and Bullo, 2011). We stress that the estimated region
of attraction provided by Proposition 3.5 is strictly larger than the one obtained in (Chopra
and Spong, 2009, Theorem 4.1), which does not allow ε to be picked as zero. For initial con-
ditions lying in Dε, with a strictly positive ε, it is interesting to compare the convergence rate
obtained in Proposition 3.5, K

π2 , with the one obtained in (Chopra and Spong, 2009, Theorem
3.1), NK sin(ε). While the convergence rate of Proposition 3.5 is slower than the one obtained
in (Chopra and Spong, 2009, Theorem 3.1) for large ε, it provides a better estimate for small
values of ε. Furthermore, for any �xed amplitude ‖ω̃‖, the bound (3.9) allows to �nd the
su�cient coupling strength Kε which ensures the attractivity of Dε:

Kε =
π2(π

2 − ε
)√

N
‖ω̃‖.



Noticing that
√
N maxi,j=1,...,N ‖$i −$j‖ ≥ ‖ω̃‖, we get that

Kε ≤
π2(π

2 − ε
) max
i,j=1,...,N

‖$i −$j‖.

Since
(π

2 − ε
)
≥ 2

π cos(ε), for all 0 ≤ ε ≤ π
2 , it results that

Kε ≤
π3

2 cos(ε)
max

i,j=1,...,N
‖$i −$j‖ < π3Kinv,

where Kinv is the su�cient coupling strength provided in (Chopra and Spong, 2009, Proof of
Theorem 4.1). This observation shows that, while the estimate Kε may be more restrictive
than the one proposed in (Chopra and Spong, 2009), both are of of the same order, in the
sense that Kε

Kinv
< π3.

For the same region of attraction, a tighter bound Ksuff for the su�cient coupling strength
has recently been given in (Dör�er and Bullo, 2011), where this bound is inversely proportional
to the number of oscillators, that is Kε

Ksuff
∼ N . Nonetheless, similarly to (Chopra and Spong,

2009), their rate of convergence is proportional to sin(ε), leading to a worse bound than ours
for large regions of attraction.

In conclusion, Proposition 3.5 partially extends the main results of (Chopra and Spong, 2009;
Dör�er and Bullo, 2011) to time-varying inputs. On the one hand, it allows to consider sets of
initial conditions larger than those of (Chopra and Spong, 2009), and bounds the convergence
rate by a strictly positive value, independently of the region of attraction. On the other hand
the required coupling strength is comparable to the one given in (Chopra and Spong, 2009),
but more conservative than the lower bound in (Dör�er and Bullo, 2011). Finally for small
regions of attraction, the bound on the convergence rate obtained in Proposition 3.5 is not as
good as the one of (Chopra and Spong, 2009; Dör�er and Bullo, 2011).

3.4 Robustness of neural synchrony to mean-�eld feedback

As a corollary of Theorem 3.4 we derive necessary conditions on the intensity of a desyn-
chronizing mean-�eld feedback. To that end consider the Kuramoto system under mean-�eld
feedback (2.6), and let γ and ω⊥ represent the intensity of the mean-�eld feedback DBS and
the heterogeneity of the ensemble of neurons:

γ := max
i,j=1,...,N

|γij |, (3.10)

ω⊥ :=

ωi − 1

N

N∑
j=1

ωj


i=1,...,N

. (3.11)

We also de�ne the grounded mean-�eld input ĨMF of the incremental dynamics associated to
(2.6) as

ĨMF (t) := IMF (t)− IMF (t)1N , ∀t ≥ 0, (3.12)

where, for all t ≥ 0, IMF (t) := [IMFi(t)]i=1,...,N ,

IMFi(t) :=
N∑
j=1

γij
(

sin(θi(t)− θj(t))− sin(θi(t) + θj(t)
)
,



is the input of the mean-�eld feedback (cf. (3.2)) and

IMF (t):=
1

N

N∑
i,j=1

γij
(

sin(θi(t)− θj(t))− sin(θi(t) + θj(t)
)
,

for all t ≥ 0, represents the common drift among the ensemble of neurons due to the mean-
�eld feedback. The grounded mean-�eld input ĨMF is the quantity of interest for the aim of
desynchronization. Indeed, as already pointed out in (3.5), it is this input, along with the
intrinsic heterogeneity of the ensemble (i.e. ω⊥), which is responsible for the destabilization
of the incremental dynamics of the Kuramoto system under mean-�eld feedback. An upper
bound on the norm of ĨMF can be easily found as in the proof of Corollary 3.6 (Section 3.6.5),
and reads

|ĨMF | ≤ 2γN
√
N.

The following result, whose proof is given in Section 3.6.5, stresses the robustness of phase-
locking with respect to mean-�eld feedback. It provides a negative answer to the question
whether mean-�eld feedback DBS with arbitrarily small amplitude can e�ectively desynchronize
a network of Kuramoto oscillators.

Corollary 3.6. Let k ∈ RN×N≥0 be a given symmetric interconnection matrix and ω ∈ RN be

any (constant) vector of natural frequencies. Let γ ∈ RN×N be any feedback gain. Let γ, ω⊥,
and ĨMF be de�ned as in (3.10)-(3.12). Let the set Ok be de�ned as in De�nition 3.1 and

suppose that it is non-empty. Then there exist a class KL function β, a class K∞ function σ,
a positive constant δω, and a neighborhood P of Ok, such that, for all natural frequencies and

all mean-�eld feedback satisfying

|ω⊥|+ 2 γ N
√
N ≤ δω,

the solution of (2.6) satis�es, for all θ̃0 ∈ P,

|θ̃(t)|Ok ≤ β(|θ̃0|Ok , t) + σ(|ω⊥|+ ‖ĨMF ‖), ∀t ≥ 0,

where θ̃ is de�ned in (3.6).

Corollary 3.6 states that the phase-locked states associated to the Kuramoto system with any
symmetric interconnection topology are robust to su�ciently small mean-�eld feedbacks. The
intensity of the tolerable feedback gain γ depends on the distribution of natural frequencies,
re�ecting the fact that a heterogeneous ensemble can be more easily brought to an incoherent
state. Similarly to Theorem 3.4, Corollary 3.6 ensures the robustness of the full dynamics (2.3)
to small mean-�eld proportional feedback, only if the coupling strength |κ| is su�ciently small
to verify condition (2.4), i.e. |κ| < δh.

As stressed in Section 1.1, energy consumption is a critical issue in the DBS framework
(Rodriguez-Oroz et al., 2005), mainly due to the short life of the stimulator's batteries and to
the side e�ects that a too strong current injection can bring. Corollary 3.6, along with the
explicit input bound δω, which can be computed as in the proof of Theorem 3.4, provides a
lower bound on the intensity of a proportional mean-�eld feedback DBS to achieve e�ective
desynchronization for a general symmetric interconnection between the neurons and recording-
stimulation setup. Even if hard to know in practice, also an approximate knowledge of the
distribution of natural frequencies of the neurons in the STN, of their interconnection topology
and of the electrical characteristics of the recording-stimulation setup can be used to compute



this value. In conclusion, Corollary 3.6 answers negatively to the question weather an arbitrar-
ily small feedback gain su�ces to induce e�ective desynchyronization in a neuronal ensemble
via mean-�eld feedback DBS.

A su�cient condition on the feedback gain to bring a neuronal ensemble in a desynchronized
state for a generic interconnection topology and feedback setup is provided in Section 5.3.

3.5 A Lyapunov function for the incremental dynamics

In this section, we introduce the Lyapunov function for the incremental dynamics (3.5), that
will be referred to as the incremental Lyapunov function. It will be used in the proof of Theorem
3.4. We start by showing that the incremental dynamics (3.5) possesses an invariant manifold,
that we characterize through some linear relations. This observation allows us to restrict the
analysis of the critical points of the Lyapunov function to this manifold. Beyond its technical
interest, this analysis shows that phase-locked solutions correspond to these critical points. In
particular, it provides an analytic way of computing the set Ok̃ of De�nition 3.1, completely
characterizing the set of robust asymptotically stable phase-locked solutions.

3.5.1 The incremental Lyapunov function

We start by introducing the normalized interconnection matrix associated to k̃

E = [Eij ]i,j=1,...,N :=
1

K

î
k̃ij
ó
i,j=1,...,N

, (3.13)

where the constant K > 0 is de�ned as

K :=

®
1 if k̃ = 0

maxi,j=1,...,N k̃ij if k̃ 6= 0.
(3.14)

Inspired by (Sarlette, 2009), let VI : T (N−1)2 → R≥0 be the incremental Lyapunov function
de�ned by

VI(θ̃) := 2
N∑
i=1

N∑
j=1

Eij sin2
Å
θi − θj

2

ã
, (3.15)

where the incremental variable θ̃ is de�ned in (3.6). We stress that VI is independent of the
coupling strength K.

3.5.2 The invariant manifold

The presence of an invariant manifold (Lee, 2006; Hirsch et al., 1977) comes from the fact
that the components of the incremental variable θ̃ are not linearly independent. Indeed, we
can express (N − 1)(N − 2) of them in terms of the other N − 1 independent components.
More precisely, by choosing, for instance, ϕi := θi − θN , i = 1, . . . , N − 1, as the independent
variables, it is possible to write, for all i = 1, . . . , N − 1,

θi − θN = ϕi, (3.16a)

θi − θj = ϕi − ϕj , ∀j = 1, . . . , N − 1. (3.16b)



These relations can be expressed in a compact form as

θ̃ = B̃(ϕ) := Bϕ mod 2π, ϕ ∈M, (3.17)

where ϕ := [ϕi]i=1,...,N−1, B ∈ R(N−1)2×(N−1), rankB = N−1, B̃ is continuously di�erentiable,

and M ⊂ T (N−1)2 is the submanifold de�ned by the embedding (3.17). The continuous
di�erentiability of B̃ :M→ T (N−1)2 comes from the fact that ϕi ∈ T 1, for all i = 1, . . . , N−1,
and from the additive group structure of T 1. Formally, this means that the system is evolving
on the manifoldM⊂ T (N−1)2 of dimension N − 1. In particularM is di�eomorphic to TN−1.

3.5.3 Restriction to the invariant manifold

In order to conduct a Lyapunov analysis based on VI it is important to identify its critical
points. Since the system is evolving on the invariant manifoldM, only the critical points of the
Lyapunov function VI restricted to this manifold are of interest. Hence we focus on the critical
points of the restriction of VI toM, which is de�ned by the function VI |M : TN−1 → R≥0 as

VI |M(ϕ) := VI(Bϕ), ∀ϕ ∈M. (3.18)

The analysis of the critical points of VI |M is not trivial. To simplify this problem, we exploit
the fact that the variable ϕ can be expressed in terms of θ by means of a linear transformation
A ∈ R(N−1)×N , with rankA = N − 1, in such a way that

ϕ = Ã(θ) := Aθ mod 2π. (3.19)

Based on this, we de�ne the function V : TN → R as

V (θ) := VI |M(Aθ) , ∀θ ∈ TN . (3.20)

In contrast with VI |M, the function V owns the advantage that its critical points are already
widely studied in the synchronization literature, see for instance (Sepulchre et al., 2007) and
(Sarlette, 2009, Chapter 3). The following lemma allows to reduce the analysis of the critical
points of VI onM to that of the critical points of V on TN . Its proof is given in Section 3.6.1.

Lemma 3.7. LetM, VI |M, A and V be de�ned by (3.17)-(3.20). Then θ∗ ∈ TN is a critical

point of V (i.e. ∇θV (θ∗) = 0) if and only if ϕ∗ = Aθ∗ ∈ M is a critical point of VI |M (i.e.

∇ϕVI |M(ϕ∗) = 0). Moreover if θ∗ is a local maximum (resp. minimum) of V then ϕ∗ is a local

maximum (resp. minimum) of VI |M. Finally the origin ofM is a local minimum of VI |M.

3.5.4 Lyapunov characterization of robust phase-locking

The above development allows to characterize phase-locked states through the incremental
Lyapunov function VI . The following lemma, proved in Section 3.6.2, states that the �xed
points of the unperturbed incremental dynamics are the critical points of VI |M, modulo the
linear relations (3.16), i.e. the critical points of VI |M completely characterize phase-locked
solutions.

Lemma 3.8. Let k ∈ RN×N≥0 be a given symmetric interconnection matrix. Let B and VI |M be

de�ned as in (3.17) and (3.18). Then ϕ∗ ∈M is a critical point of VI |M (i.e. ∇ϕVI |M(ϕ∗) =

0) if and only if Bϕ∗ ∈ T (N−1)2 is a �xed point of the unperturbed (i.e. ω̃ ≡ 0) incremental

dynamics (3.5).



Remark 3.9. When no inputs apply (i.e., ω̃ ≡ 0), the Lyapunov function VI is strictly
decreasing along the trajectories of (3.5) if and only if the state does not belong to the set
of critical points of VI |M (cf. Claim 3.11 below). It then follows directly from Lemma 3.8
that isolated local minima of VI |M correspond to asymptotically stable �xed points of (3.5).
By De�nition 3.1 and Theorem 3.4, we conclude that the robust asymptotically stable phase-
locked states are completely characterized by the set of isolated local minima of VI |M. The
computation of this set is simpli�ed through Lemma 3.7.

3.5.5 Consequence for the system without inputs

At the light of Lemma 3.8, we can state the following corollary, which recovers, and partially
extends, the result of (Sarlette, 2009, Proposition 3.3.2) in terms of the incremental dynamics
of the system. It states that, for a symmetric interconnection topology, any disturbance with
zero grounded input (3.4) preserves the almost global asymptotic stability of phase-locking for
(3.1).

Corollary 3.10. Let $ : R≥0 → RN be any signal satisfying ω̃(t) = 0, for all t ≥ 0, where
ω̃ is de�ned in (3.4). If the interconnection matrix k̃ ∈ RN×N≥0 is symmetric, then almost all

trajectories of (3.1) converge to a stable phase-locked solution.

We stress that Corollary 3.10 is an almost global result. It follows from the fact that almost all
trajectories converge to the set of local minima of VI |M. From Lemma 3.8, this set corresponds
to asymptotically stable �xed points of the incremental dynamics, that is to asymptotically
stable phase-locked solutions. The precise proof is omitted here.

3.6 Main proofs

3.6.1 Proof of Lemma 3.7

By the de�nition (3.20) of V (θ), it holds that ∇θV (θ) = ∇θVI |M(Aθ) = AT∇AθVI |M(Aθ).
Hence

∇AθVI |M(Aθ) = 0 ⇒ ∇θV (θ) = 0.

Since rankA = N − 1, kerAT = {0}, it follows that

∇θV (θ) = 0 ⇒ ∇AθVI |M(Aθ) = 0,

which proves the �rst part of the lemma. To prove the second part, we note that if θ∗ is a
local minimum of V then there exists a neighborhood U of θ∗ such that V (θ) ≥ V (θ∗) for all
θ ∈ U . That is, VI |M(Aθ) ≥ VI |M(Aθ∗) for all θ ∈ U . That is VI |M(ϕ) ≥ VI |M(ϕ∗) for all
ϕ ∈ W = AU , where ϕ∗ = Aθ∗. A similar proof holds for maxima. The third part of the
lemma follows from the fact the function VI |M is positive de�nite and VI |M(0) = 0, i.e. ϕ∗ = 0
is a local minimum of VI |M. �

3.6.2 Proof of Lemma 3.8

From Lemma 3.7, ϕ∗ ∈M is a critical point of VI |M if and only if θ∗ ∈ TN is a critical point of
V , where ϕ∗ = Aθ∗, and A is de�ned in (3.19). Moreover, when ω̃ = 0, (3.5) can be re-written
as

θ̇i − θ̇j = K (χj(θ)− χi(θ)) , ∀i, j = 1, . . . , N,



where χ(θ) = [χi(θ)]i=1,...,N := ∇θV (θ) =
∑N
j=1Eij sin(θj − θi), and E is de�ned in (3.13).

Hence, χ(θ∗) = ∇θV (θ∗) = 0 if and only if ϕ∗ = Aθ∗ is a critical point of VI |M; and χj(θ
∗)−

χi(θ
∗) = 0, for all i, j = 1, . . . , N , if and only if Bϕ∗ = BAθ∗ is a �xed point of the unperturbed

incremental dynamics, where B is de�ned in (3.17). To prove the lemma it thus su�ces to
show that

χ(θ∗) = 0 ⇔ χj(θ
∗)− χi(θ∗) = 0, ∀i, j = 1, . . . , N.

One implication is straightforward: if χ(θ∗) = 0, then in particular all of its components are
zero, which implies that χj(θ

∗) − χi(θ∗) = 0, for all i, j = 1, . . . , N . On the other hand, if
χj(θ

∗)−χi(θ∗) = 0 for all i, j = 1, . . . , N , then there exists a constant χ, such that χi(θ
∗) = χ

for all i = 1, . . . , N . Hence, it holds that

Nχ =
N∑
i=1

χi(θ
∗) =

N∑
i=1

∂V

∂θi
(θ∗) =

N∑
i=1

N∑
j=1

Eij sin(θ∗j − θ∗i ).

Since the matrix k̃ is symmetric, so is the matrix E (cf. (3.13)), and thus
∑N
i=1

∑N
j=1Eij sin(θ∗j−

θ∗i ) = 0. Consequently, χi(θ
∗) = χ = 0 for all i = 1, . . . , N , which proves the converse

implication. �

3.6.3 Proof of Theorem 3.4

In order to develop the robustness analysis we consider the Lyapunov function (3.15), where
the incremental variable θ̃ is de�ned in (3.6), and the matrix E is given by (3.13)-(3.14). The

derivative of VI yields V̇I(θ̃) = (∇θ̃VI)
T ˙̃
θ, where

˙̃
θ is given by (3.5). The following claim, whose

proof is given in Section 3.7.1 provides an alternative expression for V̇I .

Claim 3.11. If k̃ ∈ RN×N is symmetric, then V̇I = −2(KχTχ+ χT ω̃), where

χ(θ̃) := ∇θV
Ä
θ̃) =

 N∑
j=1

Eij sin(θj − θi)


i=1,...,N

.

From Claim 3.11, it holds that, if |χ| ≥ 2|ω̃|
K , then V̇I ≤ −KχTχ. However, LISS does not

follow yet as these regions are given in terms of χ rather than θ̃. In order to estimate these
regions in terms of θ̃, we de�ne F as the set of critical points of VI |M (i.e. F := {ϕ∗ ∈ M :
∇ϕVI |M(ϕ∗) = 0}), whereM and VI |M are de�ned in (3.17) and (3.18), respectively. Then,
from Lemma 3.7 and recalling that χ = ∇θVI , it holds that |χ| = 0 if and only if θ̃ ∈ F .
Since |χ| is a positive de�nite function of the distance from θ̃ to the set F and is de�ned on a
compact set, (Khalil, 2001, Lemma 4.3) guarantees the existence of a K function σ such that

|χ| ≥ σ(|θ̃|F ), ∀θ̃ ∈ T (N−1)2 . (3.21)

The function σ can then be taken as K∞ by choosing a suitable extension outside T (N−1)2 .
Let U := F \Ok̃, where the set Ok̃ is given in De�nition 3.1. In view of Lemma 3.8, U denotes
the set of all the critical points of VI |M which are not asymptotically stable �xed points of the
incremental dynamics. Since ∇VI |M is a Lipschitz function de�ned on a compact space, it can
be di�erent from zero only on a �nite collection of open sets. That is, U and Ok̃ are the �nite
disjoint unions of closed sets:

U =
⋃
i∈IU

νi, Ok̃ =
⋃

i∈IO
k̃

{φi}, (3.22)



where IU , IOk̃ ⊂ N are �nite sets, {νi, i ∈ IU} is a family of closed subsets of M, and¶
{φi}, i ∈ IOk̃

©
is a family of singletons ofM. We stress that a 6= b implies a ∩ b = ∅ for any

a, b ∈ {νi, i ∈ IU}
⋃¶{φi}, i ∈ IOk̃© =: FS . De�ne

δ := min
a,b∈FS ,a6=b

inf
θ̃∈a
|θ̃|b, (3.23)

which represents the minimum distance between two critical sets, and, at the light of Lemma
3.8, between two �xed points of the unpertubed incremental dynamics (3.1). Note that, since
FS is �nite, δ > 0. De�ne

δ′ω =
K

2
σ

Å
δ

2

ã
, δθ̃ :=

δ

2
. (3.24)

δθ̃ then gives an estimate of the radius of attraction, modulo the shape of the level sets of VI .
The following claim is proved in Section 3.7.2.

Claim 3.12. For all i ∈ IOk̃ , θ̃ ∈ B(φi, δθ̃), and |ω̃| ≤ δ
′
ω,

|θ̃ − φi| ≥ σ−1

Ç
2|ω̃|
K

å
⇒ V̇I ≤ −Kσ2(|θ̃ − φi|).

For all i ∈ IOk̃ , the function VI(θ̃) − VI(φi) is zero for θ̃ = φi, and strictly positive for all
θ ∈ B(φi, δθ̃) \ {φi}. Noticing that B(φi, δθ̃) is compact, (Khalil, 2001, Lemma 4.3) guarantees

the existence of K functions αi, αi de�ned on [0, δθ̃] such that, for all θ̃ ∈ B(φi, δθ̃),

αi(|θ̃ − φi|) ≤ VI(θ̃)− VI(φi) ≤ αi(|θ̃ − φi|). (3.25)

The two functions can then be picked as K∞ by choosing a suitable prolongation on R≥0.
De�ne the K∞ functions

α(s) := min
i∈IO

k̃

αi(s), α(s) := max
i∈IO

k̃

αi(s), ∀s ≥ 0. (3.26)

It then holds that, for all i ∈ IOk̃ and all θ̃ ∈ B(φi, δθ̃),

α(|θ̃ − φi|) ≤ VI(θ̃)− VI(φi) ≤ α(|θ̃ − φi|). (3.27)

In view of Claim 3.12 and (3.27), it follows from (Isidori, 1999, Remark 10.4.3) that an estimate
of the ISS gain and on the tolerated input bound are given by

ρ(s) := α−1 ◦ α ◦ σ−1
Å

2

K
s

ã
, ∀s ≥ 0 (3.28)

δω := ρ−1(δθ̃) ≤ δ
′
ω, (3.29)

where σ is de�ned in (3.21). From (Isidori, 1999, Section 10.4) and Claim 3.12, it follows that,
for all ‖ω̃‖ ≤ δω, the set B(Ok̃, δθ̃) is forward invariant for the system (3.5). Furthermore,
invoking (Sontag and Wang, 1996) and (Isidori, 1999, Section 10.4), Claim 3.12 thus implies
LISS with respect to inputs satisfying ‖ω̃‖ ≤ δω, meaning that there exists a class KL function
β such that, for all ‖ω̃‖ ≤ δω, and all θ̃0 ∈ B(Ok̃, δθ̃), the trajectory of (3.5) satis�es |θ̃(t)| ≤
β(|θ̃0|, t) + ρ(‖ω̃‖), for all t ≥ 0. �



3.6.4 Proof of Proposition 3.5

Input-to-State Gain

We start by computing the ISS gain ρ, de�ned in (3.28), in the particular case of all-to-all
coupling and show that it can be taken as a linear function. The �rst step is to compute the
function σ, de�ned in (3.21), with respect to the origin of the incremental dynamics. That is
we have to �nd a class K∞ function σ, such that |χ(θ̃)| ≥ σ(|θ̃|) for all θ̃ in some neighborhood
of the origin of the incremental dynamics, where χ is de�ned in Claim 3.11. The following
claim, whose proof is given in Section 3.7.3, gives an explicit expression of this function on the
set D0 = {θ̃ ∈ T (N−1)2 : |θ̃|∞ ≤ π

2 }, as de�ned in the statement of Proposition 3.5.

Claim 3.13. In the case of all-to-all coupling , the function χ de�ned in Claim 3.11 satis�es,

for any θ̃ ∈ D0, |χ(θ̃)| ≥ |θ̃|π , that is the function σ in (3.21) can be picked as σ(r) = r
π , for all

r ≥ 0.

At the light of Claim 3.13, the ISS gain ρ can be easily computed through (3.28). Indeed, in
the all-to-all case, the entries of the matrix E, introduced in (3.13), are all equal to 1, and the
Lyapunov function VI , provided in (3.15), thus becomes

VI(θ̃) = 2
N∑

i,j=1

sin2
Å
θi − θj

2

ã
.

Using the fact that z ≥ sin z ≥ 2
πz, for all 0 ≤ z ≤ π

2 , it follows that, for all θ̃ ∈ D0,

2

π2
|θ̃|2 ≤ VI(θ̃) ≤

1

2
|θ̃|2. (3.30)

Recalling the de�nition of the upper α and lower α estimates of the Lyapunov function with
respect to the set of asymptotically stable �xed point (3.26), and that, in the all-to-all case,
this set reduces to the origin, we conclude that

α(r) =
2

π2
r2, α(r) =

1

2
r2, ∀r ≥ 0.

In view of Claim 3.13 and (3.28), it follows that the ISS gain ρ in the statement of Theorem
3.4, can be chosen as

ρ(r) =
π2

K
r. (3.31)

Input bound and invariant set

For Claim 3.13, the ISS gain computed in the previous section is valid as soon as θ̃ belongs to
D0. In the following we compute an input bound which guarantees that trajectories starting
in D0 remain inside D0. For the sake of generality, we actually show the forward invariance of
Dε for any ε ∈

[
0, π2

]
. To that end, we start by the following technical claim, whose proof is

given in Section 3.7.4.

Claim 3.14. Given any 0 ≤ δ ≤ π, the following holds true:

|θ̃| ≤
√
Nδ ⇒ max

i,j=1,...,N
|θi − θj | ≤ δ.



At the light of Claim 3.14, and in view of (3.7) and (3.31), we can compute the input bound
δεω which lets Dε be invariant for the systems (3.5) by imposing ρ(δεω) =

√
N
(π

2 − ε
)
, where

ρ(s) = π2

K s is the ISS gain in the statement of Theorem 3.4. This gives

δεω =
K
√
N

π2

Å
π

2
− ε
ã
. (3.32)

Exponential convergence and attractivity of Dε

From Claims 3.12 and 3.13, and (3.30), it holds that, for all |ω̃| ≤ δεω, and all θ̃ ∈ D0,

|θ̃| ≥ 2π

K
|ω̃| ⇒ V̇I ≤ −

K

π2
|θ̃|2 ≤ −2K

π2
VI .

Invoking the comparison Lemma (Khalil, 2001, Lemma 3.4), it follows that, for all t ≥ 0,

min
0≤s≤t

|θ̃(s)| ≥ 2π

K
‖ω̃‖ ⇒ VI(θ̃(t)) ≤ VI(θ̃(0))e−

2K
π2
t.

From (3.30), this also implies that, for all t ≥ 0

min
0≤s≤t

|θ̃(s)| ≥ 2π

K
‖ω̃‖ ⇒ |θ̃(t)| ≤ π

2
|θ̃(0)|e−

K
π2
t.

Recalling the explicit expression of ISS gain (3.31), this implies that the system is exponentially
input-to-state stable (see for instance (Isidori, 1999, Section 10.4) and (Khalil, 2001, Lemma
4.4 and Theorem 4.10)), and in particular that for all ‖ω̃‖ ≤ δεω and all θ̃0 in D0,

|θ̃(t)| ≤ π

2
|θ̃0|e−

K
π2
t +

π2

K
‖ω̃‖, ∀t ≥ 0.

Noticing �nally that, if ‖ω̃‖ ≤ δεω, (3.32) guarantees that

|θ̃(t)| ≤ π

2
|θ̃0|e−

K
π2
t +
√
N

Å
π

2
− ε
ã
, ∀t ≥ 0,

Claim 3.14 implies the attractivity of Dε for all ‖ω̃‖ ≤ δεω. �

3.6.5 Proof of Corollary 3.6

The Corollary is a trivial consequence of Theorem 3.4 by noting that, since |(ĨMF )i| = |(IMF )i−
1
N

∑
j(IMF )j | ≤ maxj |(IMF )j | and |(IMF )i| < 2Nγ, for all i = 1, . . . , N , it results that

|ĨMF | < 2γ
√
NN . By letting δω be de�ned as in (3.29), from Theorem 3.4, the system is LISS,

provided that |ω⊥|+ |ĨMF | < |ω⊥|+ 2γ
√
NN ≤ δω. �



3.7 Technical proofs

3.7.1 Proof of Claim 3.11

Consider the derivative of the incremental Lyapunov function VI , de�ned in (3.15), along the
trajectories of the incremental dynamics (3.5):

V̇I(θ̃) := (∇θ̃VI)
T ˙̃
θ

=
N∑

i,j=1

Eij sin(θj − θi)(θ̇j − θ̇i)

= −2
N∑

i,j=1

Eij sin(θj − θi)θ̇i,

where the last equality comes from the fact that, sinceE is a symmetric matrix,
∑N
i,j=1Eij sin(θj−

θi)θ̇j = −∑N
i,j=1Eij sin(θj−θi)θ̇i. For the same reason it holds that ω

∑N
i,j=1Eij sin(θj−θi) =

0. Since, from (3.1), θ̇i = ω + ω̃i +K
∑N
h=1Eih sin(θh − θi), we get that

V̇I = −2
N∑
i=1

Ñ
N∑
j=1

Eij sin(θj − θi)

é(
K

N∑
h=1

Eih sin(θh − θi) + ω̃i

)
= −2(K∇V T∇V +∇V T ω̃),

which proves the claim. �

3.7.2 Proof of Claim 3.12

From Claim 3.11 it holds that V̇I = −2K|χ|2 − 2χT ω̃ ≤ −2K|χ|2 + 2|χ||ω̃|. That is

|χ| ≥ 2|ω̃|
K

, ⇒ V̇I ≤ −K|χ|2. (3.33)

In view of (3.24), |ω̃| ≤ δ′ω implies that σ−1
(

2|ω̃|
K

)
≤ δθ̃. Recalling that, for all θ̃ ∈ B(φi, δθ̃),

|θ̃|F = |θ̃ − φi|, it results that

|θ̃ − φi| ≥ σ−1

Ç
2|ω̃|
K

å
⇒ |χ| ≥ 2|ω̃|

K
. (3.34)

Since (3.21) ensures that −|χ|2 ≤ −σ2(|θ̃−φi|), at the light of (3.33) and (3.34), it results that

|θ̃ − φi| ≥ σ−1

Ç
2|ω̃|
K

å
⇒ V̇I ≤ −Kσ2(|θ̃ − φi|).

3.7.3 Proof of Claim 3.13

In the case of all-to-all coupling, the vector χ de�ned in Claim 3.11 reads

χ(θ̃) =

 N∑
j=1

sin(θj − θi)


i=1,...,N

.



Therefore, the norm inequality |θ̃|2 ≥ |θ̃|∞ implies

|χ(θ̃)|2 ≥ max
i=1,...,N

∣∣∣∣∣∣
N∑
j=1

sin(θj − θi)

∣∣∣∣∣∣ .
Now, since θ̃ ∈ D0, we have |θi−θj | ≤ π

2 , which implies that the phases of all oscillators belong
to the same quarter of circle. We can thus renumber the indexes of the oscillator phases in
such a way that θi ≤ θj whenever i < j.

First step � For a given θ̃, in order to �nd a tight lower bound on |χ(θ̃)|2, we are going to
show that

max
i=1,...,N

∣∣∣∣∣∣
N∑
j=1

sin(θj − θi)

∣∣∣∣∣∣ = max


N∑
j=1

sin |θj − θ1|,
N∑
j=1

sin |θj − θN |

 . (3.35)

On the one hand, for all j = 1, . . . , N , we have 0 ≤ θj−θ1 ≤ π
2 and 0 ≤ θN −θj ≤ π

2 . It follows
that ∣∣∣∣∣∣

N∑
j=1

sin(θj − θ1)

∣∣∣∣∣∣ =
N∑
j=1

sin |θj − θ1|, (3.36)

and ∣∣∣∣∣∣
N∑
j=1

sin(θj − θN )

∣∣∣∣∣∣ =
N∑
j=1

sin |θj − θN |. (3.37)

On the other hand, for any i ∈ {1, N}, we have that, for any j < i, 0 ≤ θi − θj ≤ π
2 ; while, for

any j > i, 0 ≤ θj − θi ≤ π
2 . That is∣∣∣∣∣∣

N∑
j=1

sin(θj − θi)

∣∣∣∣∣∣ =

∣∣∣∣∣∣
N∑

j=i+1

sin |θj − θi| −
i−1∑
j=1

sin |θj − θi|

∣∣∣∣∣∣ .
Now, for all θ̃ ∈ D0, if i > j, then |θj − θi| ≤ |θj − θN |, while, if i < j, then |θj − θi| ≤ |θj − θ1|.
Hence, for all θ̃ ∈ D0,

i−1∑
j=1

sin |θj − θi| ≤
N∑
j=1

sin |θj − θN |, ∀i ∈ {1, N},

and
N∑

j=i+1

sin |θj − θi| ≤
N∑
j=1

sin |θj − θ1|, ∀i ∈ {1, N}.

Recalling that, for all a, b ≥ 0, |a− b| ≤ max{a, b}, it then follows that, for any i ∈ {1, N},∣∣∣∣∣∣
N∑
j=1

sin(θj − θi)

∣∣∣∣∣∣ ≤ max


i−1∑
j=1

sin |θj − θi|,
N∑

j=i+1

sin |θj − θi|


≤ max


N∑
j=1

sin |θj − θ1|,
N∑
j=1

sin |θj − θN |

 . (3.38)

Therefore, combining (3.36), (3.37), and (3.38), we obtain (3.35), which ends the �rst step of
the proof.



Second step � Using the fact that sin z ≥ 2
πz, for all z ∈

[
0, π2

]
, Equation (3.35) yields

|χ(θ̃)|2 ≥ max


N∑
j=1

sin |θj − θ1|,
N∑
j=1

sin |θj − θN |


≥ 2

π
max


N∑
j=1

|θj − θ1|,
N∑
j=1

|θj − θN |


≥ 2

π
max


N∑
j=1

(θj − θ1),
N∑
j=1

(θN − θj)

 .
Or, equivalently, by de�ning δ := θN − θ1, with 0 ≤ δ ≤ π

2 ,

|χ(θ̃)|2 ≥
2

π
max


N∑
j=1

(θj − θ1),
N∑
j=1

[δ − (θj − θ1)]

 . (3.39)

For notation purposes, de�ne Iθ̃ := [0, δ]N−2, xi := θi+1 − θ1, for all i = 1, . . . , N − 2, and
x := [xi]i=1,...,N−2 ∈ Iθ̃. Then

max


N∑
j=1

(θj − θ1),
N∑
j=1

[δ − (θj − θ1)]

 = max

{
δ +

N−2∑
i=1

xi, δ +
N−2∑
i=1

(δ − xi)
}

= δ + max

{
N−2∑
i=1

xi,
N−2∑
i=1

(δ − xi)
}
. (3.40)

In order to obtain the desired bound, we minimize the function f : Iθ̃ → R≥0, de�ned by

f(x) := max
¶∑N−2

i=1 xi,
∑N−2
i=1 (δ − xi)

©
. De�ne the functions

a(x) :=
N−2∑
i=1

xi and b(x) :=
N−2∑
i=1

(δ − xi),

and the sets

A := {x ∈ Iθ̃ : a(x) > b(x)}
B := {x ∈ Iθ̃ : b(x) > a(x)}
C := {x ∈ Iθ̃ : a(x) = b(x)}.

It then results that Iθ̃ = A ∪ B ∪ C, with A ∩ B = B ∩ C = C ∩ A = ∅. Observe, moreover,

that we obviously have f |A = a|A and f |B = b|B. By the fact that, for all x ∈ C, ∑N−2
i=1 xi =∑N−2

i=1 (δ − xi), we have

f(x) = a(x) = b(x) =
N − 2

2
δ, ∀x ∈ C. (3.41)

Moreover, since b(x) = (N − 2)δ − a(x), it results that

a(x) >
N − 2

2
δ, ∀x ∈ A,

and

b(x) >
N − 2

2
δ, ∀x ∈ B.



That is, since f |A = a|A, f |B = b|B, and A ∪B = Iθ̃ \ C,

f(x) >
N − 2

2
δ, ∀x ∈ Iθ̃ \ C.

From (3.41), this also implies that, for all x ∈ Iθ̃,

f(x) ≥ N − 2

2
δ. (3.42)

From (3.39), (3.40), and (3.42), we obtain

|χ(θ̃)|2 ≥
2

π

Å
δ +

N − 2

2
δ

ã
=
N

π
δ.

Finally, recalling that δ = |θ̃|∞, by the norm inequality |θ̃|∞ ≥ |θ̃|2
N−1 , we conclude that, for all

θ̃ ∈ D0,

|χ(θ̃)|2 ≥
N

π(N − 1)
|θ̃|2 ≥

|θ̃|2
π
,

which proves the claim.

3.7.4 Proof of Claim 3.14

Since we want to prove that |θ̃|2 ≤
√
Nδ ⇒ |θ̃|∞ ≤ δ, we are going to prove that |θ̃|∞ ≥ δ ⇒

|θ̃|2 ≥
√
Nδ. It is enough to show that, for all δ ∈ [0, π],

|θ̃|∞ = δ ⇒ |θ̃|2 ≥
√
Nδ. (3.43)

Indeed, given δ′ ≥ δ, (3.43) implies that, if |θ̃|∞ = δ′ ≥ δ, then |θ̃|2 ≥
√
Nδ′ ≥

√
Nδ. In

order to prove (3.43) we minimize the Euclidean norm |θ̃|2 (or, equivalently, |θ̃|22), with the
constraint that |θ̃|∞ = δ. For the sake of simplicity, renumber the oscillator phases indexes in
such a way that θi ≤ θj whenever i < j, as in the proof of Claim 3. The problem can then be
translated into minimizing |θ̃|22, with the constraint that θN − θ1 = δ. Since the square of the
Euclidean norm and the constrained function are smooth, we can apply the method of Lagrange
multipliers2. That is, we can �nd critical points of |θ̃|22, under the constraint θN − θ1 = δ, by
solving the set of equations

∂

∂θi
F (θ, λ) = 0, i = 1, . . . , N, (3.44)

∂

∂λ
F (θ, λ) = 0, (3.45)

where F (θ, λ) :=
∑N
i,j=1(θi−θj)2−λ(θN −θ1−δ), and λ ∈ R is the Lagrange multiplier. (3.44)

gives, for i ∈ {1, N}, gives
N∑
j=1

(θi − θj) = 0. (3.46)

2We present a brief recall of this method in Appendix A on page 67



While (3.45) gives the constraint θN − θ1 = δ. In addition, (3.44) gives, for i = 1, 4
∑N
j=1(θ1−

θj) + λ = 0, and, for i = N , 4
∑N
j=1(θN − θj)− λ = 0,. By solving with respect to λ, we get

N∑
j=1

(θ1 − θj) +
N∑
j=1

(θN − θj) = 0. (3.47)

Equations (3.46)-(3.47), with the constraint θN − θ1 = δ, admit a unique solution, modulo a
common phase shift among the ensemble (i.e θi → θi + α for all i):

θ∗i − θ∗j = 0, ∀(i, j) 6∈ {(1, N), (N, 1)}, (3.48a)

θ∗i − θ∗1 =
δ

2
, θ∗i − θ∗N = −δ

2
, ∀i 6∈ {1, N}. (3.48b)

By computing the Hessian of F with respect to the vector (θ̃T , λ)T , it is easy to show that its
symmetric part is positive semide�nite for all (θ̃T , λ)T . Hence the solution (3.48) corresponds
to a minimum. To show the uniqueness of this critical point, modulo a common phase shift,
note that the set of equations (3.44) can be rewritten as the linear system

Gθ :=



N − 1 −1 . . . −1 −1
−1 N − 1 . . . −1 −1
...

...
. . .

...
...

−1 −1 . . . N − 1 −1
−1 −1 . . . −1 N − 1
−1 0 . . . 0 1





θ1

θ2
...

θN−2

θN−1

θN


(3.49)

=



λ
4
0
...
0

−λ
4
δ


. (3.50)

The matrix G ∈ R(N+1)×N has rank N − 1, since the minor given by the �rst N rows is the
Laplacian matrix associated to a complete graph, which has rank N −1. In particular, it holds
that G1N = 0. Hence the solution to (3.49) is of the form θ∗ = θ∗⊥ + α1N , α ∈ R, where θ∗⊥
belongs to the ortogonal space to 1N , and is uniquely determined by (3.49). This con�rms
that the solution (3.48) is unique, modulo a common phase shift. We can then conclude that,
if |θ̃|∞ = δ, then

|θ̃|22 ≥
N∑

i,j=1

(θ∗i − θ∗j )2

≥ 2δ2 + 2
N−2∑
j=2

δ2

4
+ 2

N−2∑
j=2

δ2

4

≥ Nδ2,

which proves the claim. �



Appendix A - Lagrange Multipliers

An extremum of a continuously di�erentiable function f : Rn → R, under the constraints
gi(x) = bi, i = 1, . . . ,m, where gi : Rn → R is continuously di�erentiable, and bi ∈ R belongs
to the image of gi, for all i = 1, . . . ,m, can be found by constructing the Lagrangian function
F through the Lagrangian multipliers λi, i = 1, . . . ,m,

F (x, λ1, . . . , λm) = f(x)−
m∑
i=1

λi(gi(x)− bi)

and by solving the set of equations

∂

∂xi
F (x, λ1, . . . , λm) = 0,

∂

∂λj
F (x, λ1, . . . , λm) = 0,

for all i = 1, . . . , n and all j = 1, . . . ,m. The optimal value x∗, is found together with the
vector of Lagrangian multipliers λ∗ = (λ∗1, . . . , λ

∗
m). See for example (Bliss, 1947).





Chapter 4

Oscillation inhibition via mean-�eld

feedback

Chapters 2 and 3 are mainly concerned with the analysis of network of oscillators under the
e�ect of a closed-loop control signal. They show that no oscillating phase-locked solution
can co-exist with the presence of a mean-�eld feedback (Theorem 2.2). Yet, we have seen
that if the feedback gain is too small, the system may converge to an almost phase-locked
oscillating solution, still corresponding to a pathological state (Theorem 3.4). In this chapter
we investigate a �rst control goal that can be e�ectively achieved via closed-loop stimulation
of oscillators population.

More precisely, we work under the assumption that the pathological synchronization charac-
terizing neuronal populations in Parkinson's disease can be eliminated by inhibiting the global
oscillation. In other words, our aim here is to use the DBS signal to inactivate STN neurons,
meaning that the stimulation acts by impeding pathological bursting and spiking (Filali et al.,
2004). Such an approach basically results as a functional lesion of the STN. This hypothesis
is also supported by the fact that, before the invention of DBS, the surgical PD treatment
consisted in an ablation of the cerebral zone under concern (Jankovic et al., 1995; Benabid
et al., 1996), which corresponds to a radical neuronal inhibition.

The aim of this chapter is thus to provide some insights on how the collective oscillation of a
network of nonlinear oscillators, modeling a neuronal population, can be inhibited by propor-
tional feedback when only its average behavior is measured. We rely on the simpli�ed neuron
model derived in Chapter 2 to provide preliminary theoretical justi�cations on how mean-�eld
feedback DBS may yield neuronal inhibition in the STN. We show that for su�ciently small
natural frequencies the closed-loop system exhibits a set of almost globally asymptotically sta-
ble �xed points, which corresponds to an e�ective oscillation inhibition. In the case of zero
natural frequencies, the feedback signal is vanishing on the stable set, and remains small for
small natural frequencies, thus assuring an e�cient energy policy of the proposed stimulation
signal.

The analysis relies on a gradient dynamics approach. We develop an extensive analysis of the
critical sets of the potential function, and completely characterize their stability. The presence
of non-isolated equilibria makes the stability analysis rather tricky and tools from invariant
normally hyperbolic manifolds theory are used in order to obtain global results. The situation
is more involved in the case when the number of oscillators is even, in which case the set of
non-isolated critical points is not globally a manifold.

The chapter is structured as follows. In Section 4.1 we recall the mathematical form of the
system under studies. In Section 4.2 we consider the ideal case of zero natural frequencies and



homogeneous coupling and feedback gains, and develop an extensive �xed-point and conver-
gence analysis. In Section 4.4, we use the result obtained in Section 4.2 to derive conclusions
in the general case of non-zero natural frequencies and heterogeneous gains. The proofs of the
main results are provided in Section 4.5, technical proofs are given in Section 4.6.

4.1 Problem formulation

In the following, we consider the Kuramoto system under mean-�eld feedback (2.6), and let

k0 :=
1

N2

N∑
i,j=1

kij

be the mean of the coupling strengths and

γ0 :=
1

N2

N∑
i,j=1

γij

denote the mean of feedback gains. De�ne moreover the deviations

k̃ := [kij − k0]ij=1,...,N ∈ RN×N

and
γ̃ := [γij − γ0]ij=1,...,N ∈ RN×N

of, respectively, the coupling strengths and feedback gains around their means. If the feedback
gain γ0 can be picked in such a way that γ0 = −k0, then (2.6) can be rewritten as

θ̇i = k0

N∑
j=1

sin(θi + θj) + fηi (θ), ∀i = 1, . . . , N . (4.1)

where the vector function

fη(θ) :=

ωi +
N∑
j=1

(k̃ij + γ̃ij) sin(θj − θi)−
N∑
j=1

γ̃ij sin(θj + θi)


i=1,...,N

, (4.2)

is parametrized by the matrix

η := (ω, k̃, γ̃) ∈ RN×(1+2N). (4.3)

In this particular situation, one intuitively expects that, if fη is small, then the synchronization
of the network of oscillators is compromised, yielding either an oscillating desynchronized state
or the end of oscillations. Numerical simulations support these expectations. They reveal that,
when fη is small compared to the coupling strength k0, mean-�eld feedback inhibits oscillations
when γ0 is picked as −k0: the phase of each oscillator goes to a �xed point (cf. Fig. 4.1 left,
in which the feedback is activated at t = 4), thus eventually stopping oscillations. On the
contrary, when fη is large with respect to the coupling strength k0, the use of a mean-�eld
feedback with gain γ0 = −k0 desynchronizes the network (cf. Fig. 4.2 left). This problem is
addressed in Chapter 5. We stress that the choice γ0 = −k0 implies that the feedback gain is
small provided that the original di�usive coupling is small, thus ensuring, in accordance with
Assumption 1, the persistence of the oscillators limit cycle attractors in (2.3). The numerical
simulations in Figures 4.1(left) and 4.2(left) illustrate this behavior. They show that, even if
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Figure 4.1: Small natural frequencies: oscillations inhibition.

the oscillations are blocked or desynchronized, the single oscillators remain near the original
limit cycles, where the phase approximation is valid. More precisely, if the coupling strength
|κ|, where the matrix κ ∈ RN×N is de�ned as in (2.4), is su�ciently small that the small
coupling condition (2.4) is satis�ed, i.e. |κ| < δh, then the choice γ0 = −k0 automatically
ensures that the same condition is satis�ed for the closed-loop system. To summarize, the
analysis contained in this chapter extends to the full dynamics (2.3), provided that the open-
loop di�usive coupling strength is su�ciently small. The reader is referred to Appendix A for
more details.
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Figure 4.2: Large natural frequencies: desynchronization.

Robust oscillation inhibition can be formalized as the existence of an (almost globally) attrac-
tive set of �xed points for (4.1). In order to develop an existence and stability analysis of such
a set, we start by identifying the �xed points of (4.1) and study their nature in the �ctitious
case fη ≡ 0. Stability properties in the general case (i.e. in presence of fη with su�ciently
small amplitude) are derived as a second step, by relying on robustness arguments.

In the remainder of this chapter we lift the oscillators phases from TN to RN . This is necessary
in view of the gradient analysis developed for fη 6= 0. As detailed in Section 4.4, in this case,
(4.1) de�nes a gradient dynamics on RN , but not necessarily on TN . We stress that the derived
results are independent of this choice, since the 2π-periodicity of the vector �eld in (4.1) allows
to project the lifted vector �eld, and the associated trajectories, back to the N -torus.



4.2 The case of zero natural frequencies

When fη ≡ 0, i.e. when the natural frequencies are zero and the coupling is all-to-all, (4.1)
reduces to

θ̇i = k0

N∑
j=1

sin(θi + θj), ∀i = 1, . . . , N . (4.4)

We note that (4.4) can equivalently be written as the gradient system

θ̇i = −∂W
∂θi

(θ), ∀i = 1, . . . , N ,

where the potential function W is given, for all θ ∈ RN , by

W (θ) := −k0

N∑
i,j=1

sin2
Å
θi + θj

2

ã
. (4.5)

4.2.1 Fixed points identi�cation

We start by computing the �xed points of (4.4) or, equivalently, the critical points of its
potential function (4.5). To that aim, we de�ne the following set:

A0 :=

ß
θ ∈ RN : θi =

π

2
mod 2π ∀i ∈ Iπ

2
, θi =

3π

2
mod 2π ∀i ∈ I 3π

2
,

Iπ
2
∪ I 3π

2
= {1, . . . , N}, #Iπ

2
6= #I 3π

2

}
. (4.6)

That is, A0 is made of all the vectors θ ∈ RN whose components are either π/2 or 3π/2 (modulo
2π), and for which the number of π/2 entries is di�erent from the number of 3π/2 entries. In
the same way, we de�ne

B0 :=
¶
θ ∈ RN : θi = 0 mod 2π ∀i ∈ I0 , θi = π mod 2π ∀i ∈ Iπ,
I0 ∪ Iπ = {1, . . . , N}, #I0 6= #Iπ} . (4.7)

In other words, all the vectors of B0 are made only with 0 and π elements, and the number of
their π's di�er from the number of their 0's. Finally, we introduce

N :=

{
θ ∈ RN :

N∑
i=1

sin(θi) =
N∑
i=1

cos(θi) = 0

}
. (4.8)

The following lemma, whose proof is given in Section 4.5.1, shows that A0, B0 andN completely
characterize the �xed points of (4.4).

Lemma 4.1. Given any k0 > 0, the set F0 of �xed points of (4.4) is given by the disjoint union

F0 = A0 ∪ B0 ∪ N , where A0, B0,N are given in (4.6)-(4.8). That is the sets A0, B0,N form

a partition of F0.

Lemma 4.1 states in particular that the critical points of W can be divided into two families.
The critical points contained in the sets A0 and B0 are isolated by their de�nitions (4.6)-(4.7).
Their stability can then be easily studied by analyzing the sign de�niteness of the Hessian of
W at these points. This will be achieved by Lemma 4.2. On the contrary, as we show in the
sequel, the �xed points belonging to N are not isolated. Noticing that N is de�ned as a level



set of the function θ 7→ (
∑N
i=1 sin(θi),

∑N
i=1 cos(θi))

T , we argue that, at least locally, it is an
embedded submanifold. Its stability can then be analyzed through the linearization of (4.4)
on the orthogonal subspace of this submanifold. This will be achieved by Lemma 4.3.

4.2.2 Analysis of isolated equilibria

In the following lemma, proved in Section 4.5.2, we address the stability of the �xed points of
(4.4) belonging to A0 ∪B0.

Lemma 4.2. Let k0 be any given positive constant. Let W be de�ned in (4.5), and let

Wm :=

ß
θ ∈ RN : θ =

Å
π

2
mod π

ã
1N

™
(4.9a)

WM :=
¶
θ ∈ RN : θ = (0 mod π)1N

©
. (4.9b)

Then the following holds true:

a) Wm contains all global minima ofW and its points are hyperbolically asymptotically stable

for (4.4).

b) WM contains all global maxima of W and all its points are hyperbolically unstable for

(4.4).

c) All the critical points of W , which are not global extrema, that is all the points in (A0 ∪
B0) \ (Wm ∪WM ) where A0 and B0 are de�ned in (4.6)-(4.7), are hyperbolic saddles for

(4.4).

We stress that the points belonging to the two setsWm andWM are multiples of the vector 1N .
Thus, for those points, the oscillator phases are all equal. More precisely, points belonging to
Wm are characterized either by all the phases being equal to π

2 or by all the phases being equal
to −π

2 , modulo rotations of 2π. For instance, the vector (π2 ,
π
2 ,

π
2 ) belongs to Wm, whereas the

vector (π2 ,
π
2 ,−

π
2 ) does not. Similarly for WM .

4.2.3 Analysis of non-isolated equilibria

The following lemma, whose proof is given in Section 4.5.3, characterizes the non-isolated
critical points of the function W , i.e. those contained in N .

Lemma 4.3. Let k0 be any positive constant and let N be de�ned in (4.8). Then, the following

holds true:

a) If N is odd, N is an embedded submanifold of codimension 2 that is normally hyperbolic1

for (4.4). In particular, for all θ ∈ N , the eigenvalues λ−(θ), λ+(θ) of the linearization

of (4.4) restricted to the orthogonal directions to N are such that λ−(θ) < 0 < λ+(θ).

b) If N is even, there exists a normally hyperbolic submanifold Ñ of codimension 2, and 2N

one-dimensional submanifolds N0i, i = 1, . . . , 2N , such that N = Ñ∪⋃2N
i=1N0i. Moreover,

for all θ ∈ Ñ , the eigenvalues λ−(θ), λ+(θ) of the linearization of (4.4) restricted to the

orthogonal directions to Ñ are such that λ−(θ) < 0 < λ+(θ), and, for all i = 1, . . . , 2N ,
the stable set of N0i is contained in a submanifold N s

0i of dimension N
2 .

1An invariant embedded submanifold is normally hyperbolic for a given vector �eld, if the linearization on
its orthogonal subspace is hyperbolic and dominates the tangent behavior. We refer the reader to (Hirsch et al.,
1977) for a rigorous introduction to this and related concepts.



Lemma 4.3 states in particular that locally around almost all points θ in N , the dynamics (4.4)
can be decomposed in three behaviors: the null behavior tangent to N ; the convergent behavior
toward N along the eigenvector associated to λ−(θ); and the divergent behavior away from
N along the eigenvector associated to λ+(θ). In the even case, the set N cannot be globally
described as a normally hyperbolic submanifold, due to the presence of the singularities N0i,
where the equation

N∑
i=1

sin(θi) =
N∑
i=1

cos(θi) = 0

loses rank. Interestingly, the set N coincides with the set of non-isolated unstable points of
the all-to-all Kuramoto system with all identical natural frequencies (Sepulchre et al., 2007).

4.3 Convergence to the global minima

We have all the ingredients to prove the almost global asymptotic stability of the set of the
global minima of W .

Proposition 4.4. Given any k0 > 0, the set Wm de�ned in (4.9a) is almost globally asymp-

totically stable for the dynamics (4.4).

Proposition 4.4, whose proof is provided in Section 4.5.4, states that, when neglecting the
natural frequencies of the oscillators, the choice γ0 = −k0 of the mean-�eld feedback gain yields
oscillation inhibition for almost all initial conditions, that is the oscillators phases converge
almost globally toward an asymptotically stable con�guration.

We point out that the output of the system (2.2), de�ned as

y =
N∑
j=1

Re(zj), zj = rje
iθj , j = 1, . . . , N, (4.10)

where rj > 0 is the radius of the oscillator j (cf. Assumption 1), and thus the applied pro-
portional mean-�eld feedback, is vanishing on Wm. This fact is of crucial importance in the
DBS practice, where inputs magnitude and energy consumption are critical medical issues. See
Section 1.1.2.

We point out that the e�ect of a robust oscillations inhibition is peculiar to the presence of
mean-�eld feedback. In the absence of mean-�eld feedback, the di�usive coupling of the stan-
dard Kuramoto dynamics is invariant with respect to global phase-shifts, commonly denoted
as T 1-symmetry2. The presence of this symmetry lets the di�usive coupling be ine�ective for
oscillations inhibition. The T 1 symmetry is indeed associated to a zero eigenvalue of the dy-
namics with eigenvector 1N and any nonzero additive constant perturbation of the form $1N ,
makes an originally non-oscillating phase-locked solution oscillate with frequency $ 6= 0.

4.4 The perturbed case f η 6≡ 0

In Section 4.2 we have identi�ed and characterized all the �xed points of (4.4) in the case
of zero natural frequencies and all-to-all coupling and feedback, i.e. fη ≡ 0. We can now
plug natural frequencies and coupling and feedback uncertainties back in as perturbations and
derive global stability results in the general case fη 6≡ 0.

2This symmetry is indeed generated by the torus, when considered as a Lie group, rather than a geometrical
space.



Also in the case when fη 6≡ 0, simple computations reveal that, if the dispersion matrices k̃, γ̃
are both symmetric, then (4.1) can be written as the gradient dynamics

θ̇i = −∂Wη

∂θi
(θ), ∀i = 1, . . . , N ,

where the perturbed potential function Wη is de�ned, for all θ ∈ RN , by

Wη(θ) := W (θ) + F η(θ), (4.11)

in which the function W is de�ned in (4.5) and, for all θ ∈ RN ,

F η(θ) :=
N∑

i,j=1

γ̃ij sin2
Å
θi + θj

2

ã
−

N∑
i,j=1

(k̃ij + γ̃ij) sin2
Å
θj − θi

2

ã
−

N∑
i=1

ωiθi.

This observation results from the fact that, if k̃ij = k̃ji and γ̃ij = γ̃ji, for all i, j = 1, . . . , N ,
then −∂F η

∂θi
= fηi , for all i = 1, . . . , N .

Note that the potential function Wω being not 2π periodic, (4.1) can be written as a gradient
dynamics with Wω as the potential function only when the oscillators phases are lifted to the
real line.

4.4.1 Odd number of oscillators

Even though the perturbed potential function Wη is lower unbounded, we expect its local
minima to be near the global minima of W and still almost globally asymptotically stable,
provided that the perturbation fη is su�ciently small. The following theorem con�rms this
expectation in the case when the number of oscillators is odd.

Theorem 4.5. Let N ∈ N≥3 be odd and k̃, γ̃ ∈ RN×N be symmetric. Then there exists δ > 0
and a class K∞ function ρ such that, if the matrix η ∈ RN×(1+2N), de�ned in (4.3), satis�es

|η| ≤ δ, then there exists a set of isolated points Wη
m ⊂ RN , satisfying3

|Wη
m|Wm ≤ ρ(|η|), (4.12)

where Wm is de�ned in (4.9a), which contains all the local minima of the perturbed potential

function Wη. Moreover, Wη
m is almost globally attractive for (4.1), that is, for almost all

θ0 ∈ RN , it holds that
lim
t→∞
|θ(t; θ0)|Wη

m
= 0.

Theorem 4.5, whose proof is provided below, thus formally establishes the possibility to inhibit
oscillations in presence of non-zero natural frequencies and symmetric coupling and feedback
uncertainties, at least when the number of oscillators is odd. Note that it guarantees, for
almost all θ0 ∈ RN , that the solution of (4.1) satis�es

lim sup
t→∞

|θ(t; θ0)|Wm ≤ ρ(|η|),

provided that |η| ≤ δ. Since the mean-�eld (4.10) is a continuous function which is zero onWm,
this in turns ensures that the mean-�eld (and thus the applied feedback) is small provided that
|η| is small. In other words, neuronal inhibition can be achieved via proportional mean-�eld
feedback with an e�cient energy policy.

3|Wη
m|Wm denotes the distance between Wm and Wη

m. See notation section for details.



A similar oscillation inhibition result is contained in (Ermentrout and Kopell, 1990). In that
reference the authors consider a chain of phase oscillators, and a class of coupling functions
that contains the sinusoidal additive coupling considered here as a special case. The result is
the existence of a unique stable inhibited solution in the chain of oscillators, provided that the
natural frequencies are su�ciently small. Theorem 4.5 complements this analysis, by focusing
on a particular coupling function and considering a di�erent interconnection topology. The
nature of the derived results is also di�erent. In (Ermentrout and Kopell, 1990), the authors
do not exclude the presence of stable oscillating phase-locked solutions. Theorem 4.5, relying
on a global gradient dynamics analysis, excludes the presence of any other limit set, except the
critical points of the potential function.

4.4.2 Even number of oscillators

The result of Theorem 4.5 is limited to the case when N is odd. In this case the set of
non-isolated �xed points N of the unperturbed system, i.e. with fη ≡ 0, de�nes a normally
hyperbolic invariant manifold (cf. Lemma 4.3). As seen in the previous subsection, the local
analysis around this set can still be developed in the perturbed case by means of the normally
hyperbolic invariant manifolds theory. On the contrary, in the even case, the set N is not
a manifold, and no standard mathematical instruments are readily available to analyze its
existence and stability under perturbations. The same situation is present, for example, in
the standard Kuramoto system (cf. (Sepulchre et al., 2007, Section III)), and also for this
system, despite numerical evidences, no results have yet been rigorously proved on the almost
global convergence to a phase-locked state in the case of non-identical natural frequencies.
Nonetheless, in the case fη ≡ 0, Proposition 4.4 states the almost global asymptotic stability
of the set of local minima of the potential function also in the even case. In the light of the
results of Proposition 4.4 and Theorem 4.5 we conjecture the following result.

Conjecture 4.1. The result of Theorem 4.5 holds also in the case when N is even.

4.5 Main proofs

4.5.1 Proof of Lemma 4.1

The �xed points θ∗ ∈ RN of (4.4) satisfy

N∑
j=1

sin(θ∗i + θ∗j ) = 0 , ∀i = 1, . . . , N. (4.13)

Using the trigonometric identity sin(α + β) = sinα cosβ + sinβ cosα, this condition can be
rewritten as

sin(θ∗i )a(θ∗) + cos(θ∗i )b(θ
∗) = 0 , ∀i = 1, . . . , N, (4.14)

where, for all θ ∈ RN ,

a(θ) :=
N∑
j=1

cos(θj), (4.15)

and

b(θ) :=
N∑
j=1

sin(θj). (4.16)



We start by showing that the equation

cos(θ∗i ) = −a(θ∗)

b(θ∗)
sin(θ∗i ), ∀i = 1, . . . , N, (4.17)

with a(θ∗) 6= 0 and b(θ∗) 6= 0, admits no solution. Suppose indeed that (4.17) holds true.
Then, by taking the sum over i of both sides of (4.17), we have

N∑
i=1

cos(θ∗i ) = −a(θ∗)

b(θ∗)

N∑
i=1

sin(θ∗i ),

that is, by the de�nitions (4.15)-(4.16) of a and b,

a(θ∗) = −a(θ∗)

b(θ∗)
b(θ∗),

= −a(θ∗),

which implies a(θ∗) = 0 and thus contradicts the hypothesis.

Recalling (4.14)-(4.16), all the other solutions of (4.13) then necessarily belong to one of the
following three sets:

Ã0 := {θ ∈ RN : a(θ) = 0, b(θ) 6= 0, cos(θi) = 0, ∀i = 1, . . . , N},
B̃0 := {θ ∈ RN : b(θ) = 0, a(θ) 6= 0, sin(θi) = 0, ∀i = 1, . . . , N},
N = {θ ∈ R : a(θ) = b(θ) = 0},

where N is de�ned in (4.8). To prove the lemma it remains to show that Ã0 = A0 and B̃0 = B0,
where A0 and B0 are de�ned in (4.6) and (4.7) respectively.

Step 1: B̃0 = B0.
For all i = 1, . . . , N , sin(θi) = 0 implies that θi = 0 mod π. Hence, each point θ∗ ∈ B̃0 has
m0 elements equal to 0 mod 2π and mπ elements equal to π mod 2π. The sets I0 and Iπ in
(4.7) can then be picked as the corresponding index sets, and it holds that #I0 = m0 and
#Iπ = mπ. The condition a(θ∗) 6= 0 then imposes m0 6= mπ, that is #I0 6= #Iπ. This
shows that B̃0 ⊂ B0. The converse sense of the inclusion follows by similar reasonings, which
establishes that B̃0 = B0.

Step 2: Ã0 = A0.
We omit the proof of this step, at is follows along the same line as Step 1.

4.5.2 Proof of Lemma 4.2

We start by computing the Hessian of W :

H(θ) :=
∂2W

∂θ2
(θ).

Basic computations reveal that H = [Hij ]i,j=1,...,N with, for all i, j = 1, . . . , N ,

Hii(θ) = −k0(cos(2θi) + si(θ)) (4.18a)

Hij(θ) = −k0 cos(θi + θj), ∀ i 6= j, (4.18b)



where

si(θ) :=
N∑
j=1

cos(θi + θj) ∀i = 1, . . . , N. (4.19)

Item a): Global minima.

Noticing that W (θ) ≥ −k0N
2 for all θ ∈ RN , the global minimum of W is attained when

sin2
Å
θ∗i +θ∗j

2

ã
= 1, for all i, j = 1, . . . , N , that is, θ∗ =

(π
2 mod π

)
1N . Recalling (4.9a), it

follows that the set Wm contains all the global minima of W . On this set, it holds that
cos(θ∗j + θ∗i ) = −1 for all i, j = 1, . . . , N . Recalling the expression of the Hessian of W , given
in (4.18), at the global minima we thus have

H|Wm = k0

Ä
NIN + 1N×N

ä
.

Since H|Wm is symmetric diagonally dominant with strictly positive diagonal entries, all its
eigenvalues are strictly positive (Horn and Johnson, 1985, Theorem 6.1.10), that is all the
points of Wm are non-degenerate minima of W and thus hyperbolic asymptotically stable for
(4.4).

Item b): Global maxima.

The proof of this item is omitted here as it follows along the same lines as for Item a).

Item c): Saddles.

In view of Lemma 4.1, after a reordering of the phase indexes, the points θ∗ ∈ B0 \ WM are
such that

θi = 0 mod 2π, ∀i = 1, . . . ,m0,

and
θi = π mod 2π, ∀i = m0 + 1, . . . , N,

where m0 ∈ {1, . . . , N}. Let mπ := N − m0 and consider i0, i
′
0 ∈ {1, . . . ,m0} and iπ, i

′
π ∈

{m0 + 1, . . . , N}. Since

cos(2θi0) = cos(θi0 + θi′0) = cos(2θiπ) = cos(θiπ + θi′π) = 1,

and
cos(θi0 + θi0π) = −1,

basic computations from (4.18) reveal that, for all θ∗ ∈ B0 \ WM , the Hessian of W has the
form

H(θ∗) = −k0

ñ
A 1m0×mπ

1>m0×mπ B

ô
. (4.20)

where A ∈ Rm0×m0 and B ∈ Rmπ×mπ are de�ned as

A:= (m0 −mπ)Im0 + 1m0×m0 (4.21)

B:= (mπ −m0)Imπ + 1mπ×mπ . (4.22)

Consider the two vectors
e1 := (1, 1, 0, . . . , 0)T

and
e2 := (0, . . . , 0, 1, 1)T .

Since
eT1 H(θ∗)e1 = −2k0(m0 −mπ)



and
eT2 H(θ∗)e2 = 2k0(m0 −mπ),

and recalling that m0 6= mπ in view of Lemma 4.1, H(θ∗) is sign inde�nite. In particular, small
variations in the direction given by e1 or e2 at this critical points change the values of W by
respectively δW1 and δW2 with δW1δW2 < 0. Hence, all the points θ∗ ∈ B0 \Wm are saddles.
It remains to show that they are also hyperbolic, that is H(θ∗) is non-singular. Suppose on
the contrary that H(θ∗) is singular. Then its columns are not linearly independent. That is
there exists a1, . . . , aN ∈ R, not all zero, such that

N∑
j=1

ajHij(θ
∗) = 0, ∀i = 1, . . . , N.

In particular, using (4.20), (4.21), and (4.22), we get

N∑
j=1

ajH1j(θ
∗) = k0

(m0 −mπ + 1)a1 +
m0∑
j=2

aj −
N∑

j=m0+1

aj

 = 0 (4.23)

N∑
j=1

ajH2j(θ
∗) = k0

(m0 −mπ + 1)a2 +
m0∑
j = 1
j 6= 2

aj −
N∑

j=m0+1

aj

 = 0. (4.24)

Subtracting (4.23) to (4.24), we get (m0 − mπ + 1)(a2 − a1) = (a2 − a1). Recalling that
m0 6= mπ in view of Lemma 4.1, (m0 −mπ + 1) 6= 1. Hence, necessarily a2 = a1. With similar
computations, it follows that that ai = aj , for all i, j = 1, . . . , N . Plugging this relation in
(4.23), and solving for m0 −mπ, one gets m0 −mπ = −1

2 , which is absurd, since m0,mπ ∈ N.
Hence H(θ∗) is non singular. Through similar computations, the same result holds for the
points θ∗ ∈ A0 \WM .

4.5.3 Proof of Lemma 4.3

The set N , de�ned in (4.8), is the zero level set of the function

F (·) :=

Ç
a(·)
b(·)

å
: RN → R2, (4.25)

where a, b : RN → R2 are respectively de�ned in (4.15) and (4.16). The level set of a function
de�nes a submanifold of codimension m if the function has constant rank m (Lee, 2006). In
order to check this condition on F , we have to compute its Jacobian's rank in each point θ ∈ N .
In view of (4.15), (4.16), and (4.25), basic computations reveal that

JF (θ) :=
∂F

∂θ
(θ) =

Ç
− sin θ1 . . . − sin θN
cos θ1 . . . cos θN

å
. (4.26)

This matrix has rank 2 if and only if it contains two independent columns. A necessary and
su�cient condition is then that there exists (i, j) ∈ N 6=N , such that

det

Ç
− sin θi − sin θj
cos θi cos θj

å
= sin(θj − θi) 6= 0.



In other words, the rank of F is strictly smaller than 2 at some point θ ∈ N if and only if

sin
Ä
θj − θi

ä
= 0, ∀i, j = 1, . . . , N. (4.27)

This implies4 θi − θj = 0 or θi − θj = π, for all i, j = 1, . . . , N . That is, reordering the phase
index, θi = θ0, i = 1, . . . , q0, for some θ0 ∈ [0, 2π), and θi = θ0 + π, i = q0 + 1, . . . , N , where
0 ≤ q0 ≤ N .

Case 1: N is odd.
In the case N is an odd number (4.27) is not compatible with the condition a(θ) = b(θ) = 0
imposed in N . Indeed, for any 0 ≤ q0 ≤ N , it holds that

a(θ) = q0 cos(θ0)− (N − q0) cos(θ0) 6= 0, ∀θ0 6∈
ß
π

2
,
3π

2

™
.

If θ0 ∈
¶
π
2 ,

3π
2

©
, then

b(θ) = q0 sin(θ0)− (N − q0) sin(θ0) 6= 0,

for all 0 ≤ q0 ≤ N . Hence (4.27) is not satis�ed for all θ̄ ∈ N . We conclude that, in the
case when N is odd, the Jacobian (4.26) of F has rank 2 on N . Hence, N is a submanifold of
codimension 2.
Since N is a submanifold of codimension 2, we can develop a stability analysis on its orthogonal
subspace N⊥. In view of (4.8), a base for this subspace at θ ∈ N is given by (∇a(θ)T ,∇b(θ)T ).
We start by computing the expression of the Hessian of W restricted to N that we denote as

H(θ) := H|N (θ),

for all θ ∈ N . Notice that the elements si, de�ned in (4.19), satisfy

si|N (θ) =
N∑
j=1

cos(θi + θj)|a(θ)=b(θ)=0

=
N∑
j=1

[cos(θi) cos(θj)− sin(θi) sin(θj)] |a(θ)=b(θ)=0

= [cos(θi)a(θ)− sin(θi)b(θ)] |a(θ)=b(θ)=0

= 0,

for all i = 1, . . . , N . Consequently, recalling (4.18), we have that

Hij(θ) = −k0 cos(θi + θj), ∀θ ∈ N , ∀i, j = 1, . . . , N. (4.28)

Moreover, each element of the vector H(θ)∇a(θ)T satis�esî
H(θ)∇a(θ)T

ó
i

= = −k0

2

Ñ
N∑
j=1

(− sin θj)(cos θi cos θj − sin θi sin θj)

é
=

k0

2

Ñ
− sin θi

N∑
j=1

sin2 θj + cos θi

N∑
j=1

sin θj cos θj

é
=

k0

2

Ñ
∇a(θ)i

N∑
j=1

sin2 θj+∇b(θ)i
N∑
j=1

sin θj cos θj

é
.

4All this reasoning holds modulo 2π. We omit to write the modulo operator for clarity.



It follows that, for all θ ∈ N ,

H(θ)∇a(θ)T =
k0

2

Ñ
∇a(θ)T

N∑
j=1

sin2 θj+∇b(θ)T
N∑
j=1

sin θj cos θj

é
. (4.29)

With similar computations, we have that, for all θ ∈ N ,

H(θ)∇b(θ)T =
k0

2

Ñ
∇a(θ)T

N∑
j=1

sin θj cos θj +∇b(θ)T
N∑
j=1

cos2 θj

é
. (4.30)

De�ning
H⊥(θ) := H|N⊥(θ),

for all θ ∈ N , it follows from (4.29) and (4.30), that, in the basis (∇a(θ)T ,∇b(θ)T ), H⊥(θ) is
given by

H⊥(θ) =
k0

2

Ç
α(θ) −γ(θ)
γ(θ) −β(θ)

å
, (4.31)

where

α(θ) :=
N∑
j=1

sin2 θj ,

β(θ) :=
N∑
j=1

cos2 θj ,

and

γ(θ) :=
N∑
j=1

sin θj cos θj .

The eigenvalues of H⊥ are then given by

λ±(θ) =
k0

2


Ñ

N∑
j=1

sin2 θj

é
− N

2
±

Õ
N2

4
−

Ñ
N∑
j=1

sin θj cos θj

é2
 . (4.32)

The following claim (proved in Section 4.6.1) ends the proof of the lemma in the case N is odd.

Claim 4.6. The functions λ− and λ+ de�ned in (4.32) satisfy λ−(θ) < 0 < λ+(θ) for all
θ ∈ N .

Case 2: N is even.
In the case when N is an even number, consider the groupings of indexes

I0 = {i1, . . . , iN
2
} , Iπ = {iN

2
+1, . . . , iN},

where ij ∈ {1, . . . , N} for all j = 1, . . . , N , such that

I0 ∩ Iπ = ∅.

Let

N0 :=
¶
θ ∈ RN : θi = θ0,∀i ∈ I0, θi = θ0 + π,∀i ∈ Iπ, θ0 ∈ R} . (4.33)



N0 is a 1-dimensional manifold parametrized by θ0. Condition (4.27) is satis�ed for all points
in N0. Moreover, since a(θ) = b(θ) = 0, for all θ ∈ N0, it holds that N0 ⊂ N . Note that there
exists exactly 2N di�erent groupings {I0, Iπ}. Let N0i be the set of the form (4.33) relative

to the i-th grouping. With the same reasoning as in Case 1, no other sets than
⋃2N
i=1N0i in

which (4.27) is satis�ed are contained in N . De�ne

Ñ := N \N0.

With the same computation as in Case 1, Ñ is a normally hyperbolic submanifold of codi-
mension 2 with normal eigenvalues λ± as de�ned in (4.32).

It remains to show that, for each i = 1, . . . , 2N , the stable set of N0i is contained in a subman-
ifold of dimension N/2. In the following, if no confusion can arise, we omit the index i. Let
ei ∈ RN/2 be the vector with all zero entries apart 1 in the i-th position, that is {ei}i=1,...,N

2

forms the canonical base of RN/2. Recalling (4.18) and (4.33), the Jacobian of the dynamics
(4.4) on N0 can be written, after a reordering of the indexes, as

H0(θ0) = −k0 sin(2θ0)

ñ
1N/2×N/2 −1N/2×N/2
−1N/2×N/2 1N/2×N/2

ô
.

For all i, j = 1, . . . , N/2 and all θ0 ∈ R,

H0(θ0)

Ç
ei
ej

å
= 0.

Hence, for all θ? ∈ N0 the tangent space to N0 at θ
? contains an N/2-dimensional center space

Ec, satisfying

Ec = span

®Ç
e1

e1

å
,

Ç
e2

e2

å
, . . . ,

Ç
eN/2
eN/2

å´
.

This center space is tangent to the N/2-dimensional linear submanifoldMc, de�ned as

Mc :=

θ ∈ RN : θ = θ? +

N/2∑
i=1

ai

Ç
ei
ei

å
, ai ∈ R, i = 1, . . . , N/2


Noticing that, by construction,Mc ⊂ N , all the points in the center submanifoldMc are �xed
points of (4.4), and, thus, they do not belong to the stable set of N0. From (Sijbrand, 1985,
Theorem 3.2' - Case (ii)) this central manifold is unique. By the central manifold theorem
(Guckenheimer and Holmes, 2002, Theorem 3.2.1), for all θ? ∈ N0, the only other invariant
set that contains θ? is given by a N/2-dimensional submanifold M⊥ that is tangent to E⊥c .
Since N0 ⊂ Mc, and since the stable set of N0 is an invariant set, it is contained in the
N/2-dimensional submanifoldM⊥.

4.5.4 Proof of Proposition 4.4

Case 1: N is even.
LetN be as in (4.8), let Ñ be de�ned as in Lemma 4.3, and let Ñ s denote the stable manifold of
Ñ . Since, by Lemma 4.3, Ñ is normally hyperbolic with one unstable direction, it follows from
(Hirsch et al., 1977, Theorem 4.1) that Ñ s has zero Lebesgue measure. Moreover, by Lemma
4.3, all the points of N which are not in Ñ form a �nite set of 1-dimensional manifolds N0i,
i = 1, . . . , 2N . The stable set of each of the N0i is contained in a N/2-dimensional submanifold



N s
0i. De�ne the set

C0 := N ∪N s ∪
2N⋃
i=1

N s
0i.

It follows that µ(C0) = 0. Consider the domain

D := RN \ C0.

By de�nition D is open, forward invariant for (4.4), and contains only isolated critical points.
Hence by (Hirsch and Smale, 1974, Theorems 1 and 4), the restriction of (4.4) to D is a
well de�ned gradient dynamics that contains only isolated critical points, and, for almost all
θ0 ∈ D, the trajectory starting in θ0 converges to the global minima Wm of the potential
function. Recalling that µ(C0) = 0, we conclude that, for almost all θ0 ∈ RN , the trajectory
starting at θ0 converges to Wm.

Case 2: N is odd.
Let N be as in (4.8), and let N s be its stable manifold. Since, by Lemma 4.3, N is normally
hyperbolic with one unstable direction, it follows from (Hirsch et al., 1977, Theorem 4.1) that
N s has zero Lebesgue measure. The rest of the proof follows along the same line of the even
case with C0 = N s.

4.5.5 Proof of Theorem 4.5

The potential function Wη de�ned in (4.11) is nothing else than the potential function W
de�ned in (4.5), perturbed by the function F η. From Lemmas 4.1, 4.2, and 4.3, all the invariant
sets of (4.4), given by the critical points of (4.5), are either hyperbolic �xed points or normally
hyperbolic invariant manifolds. Hence, they persist under su�ciently small perturbations along
with their stable and unstable manifolds (Hirsch et al., 1977, Theorem 4.1). Nonetheless, we can
not conclude almost global convergence to the local minima of (4.11) directly since, (4.11) being
lower unbounded, there may exists trajectories that run o� to in�nity. After having introduced
some notation and a technical result, we organize the proof in two steps. In the �rst, we study
the boundedness of the trajectories, whereas in the second we exploit the perturbed gradient
structure and the classical persistence result of Hirsch et al. (Hirsch et al., 1977, Theorem 4.1)
to conclude.

We start by introducing some notation that we use in the remainder of the proof. Given a
bounded function F : RN → RN , we denote by ‖̄F ‖̄ its sup-Euclidean norm, that is ‖̄F ‖̄ :=
supθ∈RN |F (θ)|. We next introduce the C∞-topology in the space of smooth bounded functions
with bounded derivative (Golubitsky and Guillemin, 1973, Chapter 2, Section 3). In order to
formally de�ne this topology, we need some further notation. Given n ∈ N, m1, . . . ,mn ∈ N,
and M ∈ Rm1×...×mn , we denote as |M | the (entry-wise) Euclidean norm of M , that is |M | :=»∑m1

i1=1 . . .
∑mn
in=1M

2
i1,...,in

. Note that | · | is a norm on Rm1×...×mn as can be formally shown

by isomorphically mapping Rm1×...×mn to Rm1m2...mn . For instance, in the case n = 1, | · |
is the Euclidean norm, while for n = 2 it is the Frobenius norm. Given a smooth bounded
function F : RN → Rm1×...×mn , we denote its sup-Euclidean norm as ‖̄F ‖̄ := supθ∈RN |F (θ)|.
Finally, given r ∈ N, we de�ne the Cr-norm of a smooth bounded function F : RN → RN with

bounded derivatives as ‖̄F ‖̄r := supn=0,...,r ‖̄F (n)‖̄, where F (n) : RN → R
n+1 times

N×...×N denotes the n-

th partial derivative of F , that is, for all i, i1, . . . in ∈ 1, . . . , N ,
(
F

(n)
i

)
i1...in

(θ) = ∂nFi
∂θi1 ...∂θin

(θ),

if n ≥ 1, and F
(0)
i (θ) = Fi(θ). The C∞ topology is the topology generated by the collection

of all the open balls de�ned by the Cr norms, r ∈ N. Convergence in this topology is denoted



by
C∞−−→. Given a family of functions {F ν}ν∈Rn×m parametrized by ν ∈ Rn×m, it holds that

F ν
C∞−−−→
|ν|→0

0 if and only if F ν and all its partial derivatives (F ν)(r), r ∈ N, converge uniformly

to zero as |ν| → 0 (Golubitsky and Guillemin, 1973, Page 43).

We next state the following claim, whose proof is provided in Section 4.6.2, which shows that
the perturbation fη converges to zero in the C∞ topology as |η| tends to zero. In particular,
fη is small in the Cr-norms, provided that |η| is small. We use this technical result at di�erent
steps of the proof.

Claim 4.7. Consider the function fη de�ned in (4.2) and the parameter matrix η ∈ RN×(1+2N)

introduced in (4.3). Then it holds that

fη
C∞−−−→
|η|→0

0.

In particular, for all r ∈ N, there exists a K∞ function %, such that ‖̄fη‖̄r ≤ %(|η|).

The proof then follows from the two following steps.

Step 1: Boundedness of the trajectories.
We use the potential functionW as a (lower bounded) Lyapunov function for (4.1). Since (4.1)
is a gradient dynamics with potential function Wη, the derivative of W along the trajectories
of (4.1) reads

Ẇ (θ) := −∇W>η (θ)∇W (θ) = −∇ (W (θ) + F η(θ))>∇W (θ)

= −|∇W (θ)|2 + (fη(θ))>∇W (θ). (4.34)

Equation (4.34) implies that

|∇W (θ)| > 2‖̄fη‖̄ ⇒ Ẇ (θ) < −|∇W (θ)|2

2
. (4.35)

Note that, since fη is 2π-periodic and smooth, it is bounded, and thus ‖̄fη‖̄ is well de�ned.
Let F0 be the set of critical points of W as de�ned in Lemma 4.1. By de�nition

∇W (θ) = 0 ⇔ θ ∈ F0. (4.36)

Consequently, the continuous function |∇W | : RN → R≥0 is positive outside F0. In view of the
periodicity of |∇W |, it follows from (Khalil, 2001, Lemma 4.3) that there exists a K function
σ such that

|∇W (θ)| ≥ σ(|θ|F0), ∀θ ∈ RN . (4.37)

Let

δσ :=
1

2
lim
s→∞

σ(s). (4.38)

Note that, by (4.37), σ ∈ K\K∞ (i.e. σ is bounded) and thus δσ is well de�ned. If ‖̄fη‖̄ < δσ,
then σ−1

Ä
2‖̄fη‖̄

ä
is well de�ned and Equations (4.35) and (4.37) yield

|θ|F0 ≥ σ−1
Ä
2‖̄fη‖̄

ä
⇒ Ẇ (θ) < −|∇W (θ)|2

2
. (4.39)



In other words, the derivative of W is negative outside the set B
Ä
F0, σ

−1
Ä
2‖̄fη‖̄

ää
. Let δ1 be

the minimum Euclidean distance between any two critical sets of W , i.e.

δ1 := min

ß
min

θa,θb∈A0∪B0∪Wm∪WM ,θa 6=θb
|θa − θb|, inf

θ∈A0∪B0∪Wm∪WM

|θ|N
™
. (4.40)

We claim that δ1 > 0. Indeed, by periodicity of W , we can compute δ1 on any hypercube
C2π ⊂ RN of side 2π, which de�nes a compact subset of RN . Since N is an embedded
submanifold, its intersection with any compact subset is compact. Moreover, the intersection
of the set A0∪B0∪Wm∪WM with any compact subset contains only a �nite number of points.
δ1 is thus de�ned as the Euclidean distance between a �nite number of points and a disjoint
compact set, which shows its positivity.

Relation (4.39) permits to study the decrease ofW far from its critical sets, which are separated,
in the light of δ1 > 0. This study, together with an analysis of the behavior of (4.1) near the
unstable critical sets of W , permits to compute an upper bound on the size of η, and thus of
fη (cf. Claim 4.7 above), such that the trajectories of (4.1) converge in �nite time to a forward
invariant neighborhood of the minima of W , thus ensuring boundedness. The following claim,
whose proof is provided in Section 4.6.3 and is inspired from (Angeli and Praly, 2011, Proof of
Claim 1), proves this conjecture.

Claim 4.8. There exists δ > 0, such that, if |η| < δ, then there exists a sublevel set Qc of W ,
with Qc ⊂ B

Ä
Wm,

δ1
4

ä
, such that, for almost all initial conditions θ0 ∈ RN , there exists T > 0,

such that the trajectory of (4.1) starting in θ0 satis�es

θ(t; θ0) ∈ Qc, ∀t ≥ T.

In particular, for almost all initial conditions, the trajectory of (4.1) is bounded.

Step 2:Almost global convergence.

Since almost all the trajectories of (4.1) are bounded, all the trajectories that do not start on
the stable manifolds of unstable critical points must converge to the minima of the potential
function Wη. It thus remains to show that, also in the perturbed case fη 6≡ 0, the stable set
of all the critical points of Wη which are not local minima is of zero Lebesgue measure. We
do this invoking the normal hyperbolicity of these sets and (Hirsch et al., 1977, Theorem 4.1),
where it is shown that a normally hyperbolic invariant manifold persists under su�ciently small
smooth perturbations, along with its stable and unstable manifolds. The quali�er �small� here,
is intended in the C∞, or Whitney, topology sense (Golubitsky and Guillemin, 1973, Chapter
2, Section 3), as introduced above.

More precisely, Claim 4.7 ensures that perturbation fη are small in the C∞-norm, provided that
|η| is small. Then, for each hyperbolic critical point θ∗ of (4.5) contained in A0∪B0∪Wm∪WM ,
where A0 and B0 are de�ned in (4.6) and (4.7) and Wm and WM are de�ned in (4.9a) and
(4.9b), (Hirsch et al., 1977, Theorem 4.1) implies the existence of some δθ∗ > 0 such that, if
|η| ≤ δθ∗ , then the perturbed potential function (4.11) still has a unique hyperbolic critical
point θ∗η that is |η|-near to θ∗, that is

lim
η→0
|θ∗η − θ∗| = 0.



In addition, the stable and unstable manifolds of θ∗η have the same dimensions as and are
|η|-near in the C∞ topology5 to those of θ∗. Let

δisolated := min{δθ∗ : θ∗ ∈ A0 ∪B0 ∪Wm ∪WM},

which is positive, since the set A0 ∪ B0 ∪Wm ∪WM is 2π-periodic and contains only a �nite
number of points in each hypercube C2π ⊂ RN of side 2π. Invoking again Claim 4.7 and
(Hirsch et al., 1977, Theorem 4.1), there exists δ2 > 0, such that, if |η| ≤ δ2, then f

η has a
unique smooth normally hyperbolic invariant manifold Nη, |η|-near to N in the C∞ topology,
that is

Nη
C∞−−−→
|η|→0

N ,

and whose stable and unstable manifolds have the same dimensions as and are |η|-near in the
C∞ topology to those of N . For |η| ≤ min{δ2, δisolated}, all the isolated local minima of Wη

are contained in the set Wη
m, which is non empty, and which satis�es

lim
η→0
|Wη

m|Wm = 0.

This also implies the existence of a K∞ function ρ satisfying (4.12) (Khalil, 2001). The �rst
part of the statement of the theorem is thus proved for all

δ ≤ min{δ2, δisolated}.

For the rest of the statement, we proceed as in Proposition 4.4 and we construct an open,
forward invariant set that contains only isolated critical points, and whose complement is of
zero Lebesgue measure. For |η| ≤ δ2, let N s

η denote the stable manifold of Nη and consider
the domain

Dη = RN \ N s
η .

Since N has one unstable orthogonal direction, so does N s
η . Thus µ(N s

η ) = 0, that is the
complement of the domain Dη has zero Lebesgue measure. Moreover, if |η| ≤ min{δisolated, δ2},
by de�nition Dη is open, forward invariant for (4.4), and contains only isolated critical points.
Hence, the restriction of (4.1) to Dη is a well de�ned gradient dynamics that contains only
isolated critical points. From (Hirsch and Smale, 1974, Theorems 1 and 4) almost all the
bounded trajectories belonging to Dη converge to the set Wη

m of local minima of Wη, which
is non-empty since of |η| ≤ δisolated. Invoking Claim 4.8, it follows that, for all η such that
|η| < δ, almost all trajectories are bounded. Therefore, for

|η| < δ := min{δisolated, δ2, δ},

almost all trajectories belonging to Dη converge to the set of isolated local minima Wη
m of Wη.

Recalling that the complement of Dη in RN has zero Lebesgue measure, the second part of the
statement of the theorem is proved. �

5The C∞ topology for embedded submanifolds is induced by the C∞ topology on the space of smooth em-
beddings with image in the embedding space. Embedded submanifolds are indeed in one-to-one correspondence
with smooth embeddings (Lee, 2006, Corollary 8.4)



4.6 Technical proofs

4.6.1 Proof of Claim 4.6

We start by showing that λ̃±(θ) 6= 0 for all θ ∈ Ñ . Suppose, on the contrary, that λ̃±(θ) = 0.
This implies from (4.32) that

2
N∑
j=1

sin2 θj −N = ∓

Õ
N2 − 4

Ñ
N∑
j=1

sin θj cos θj

é2

,

that is Ñ
N∑
j=1

sin2 θj

é2

−N
N∑
j=1

sin2 θj +

Ñ
N∑
j=1

sin θj cos θj

é2

= 0. (4.41)

Noticing that
Ä∑N

j=1 sin2 θj
ä2

=
∑N
ij=1(sin θi sin θj)

2, using the trigonometric identity sin a sin b =
1
2(sin(a− b)− sin(a+ b)), it follows thatÑ

N∑
j=1

sin2 θj

é2

=
1

4

N∑
ij=1

î
cos(θi − θj)− cos(θi + θj)

ó2
. (4.42)

Noticing that Ñ
N∑
j=1

sin θj cos θj

é2

=
N∑
ij=1

sin θi cos θi sin θj cos θj ,

and using the trigonometric identity sin a cos b = 1
2(sin(a+ b) + sin(a− b)), it follows thatÑ

N∑
j=1

sin θj cos θj

é2

=
1

4

N∑
ij=1

î
sin2(θi + θj)− sin2(θi − θj)

ó
=

1

4

N∑
ij=1

î
sin(θi + θj) + sin(θi − θj)

ó2 − 1

4

N∑
ij=1

2 sin(θi + θj) sin(θi − θj)−

1

4

N∑
ij=1

2 sin2(θi − θj)

=
1

4

N∑
ij=1

î
sin(θi + θj) + sin(θi − θj)

ó2 − 1

4

N∑
ij=1

2 sin2(θi − θj),

where the third equality comes from the fact that
∑N
i,j=1 sin(θi + θj) sin(θi − θj) = 0 for all θ.

Moreover we have that

1

4

[ N∑
ij=1

Ä
cos(θi − θj)− cos(θi + θj)

ä2
+
Ä

sin(θi + θj) + sin(θi − θj)
ä2]

=
1

2
N2 − 1

2

N∑
ij=1

[Ä
cos(θi − θj) cos(θi + θj)− sin(θi + θj) sin(θi − θj)

ä]
=

1

2
N2 − 1

2
N2 +N

N∑
j=1

sin2 θj = N
N∑
j=1

sin2 θj , (4.43)



where in the third equality we have used the fact that

N∑
ij=1

cos(θi − θj) cos(θi + θj) =
N∑
ij=1

1

2
(cos 2θi + cos 2θj) = N

N∑
j=1

cos 2θj = N2 − 2N
N∑
j=1

sin2 θj .

Finally, plugging (4.42)-(4.43) into (4.41), we have that

λ̃±(θ) = 0 =⇒
N∑
ij=1

2 sin2(θi − θj) = 0,

that is sin(θi − θj) = 0, for all i, j = 1, . . . , N . Recalling (4.27), we conclude that λ̃±(θ) 6= 0,
for all θ ∈ Ñ .

Since λ̃± are continuous functions that do not cross zero, they cannot change sign. To prove
the claim it then remains to �nd θ∗, such that λ̃+(θ∗) > 0 and λ̃−(θ∗) < 0.

Consider θ∗ such that θ∗i = 2π (i−1)
N , that is the oscillator phases are uniformly distributed on

the circle6. Recalling (4.32), it holds that

λ̃±(θ∗) = 2
N∑
j=1

sin2 θ∗j −N ±N.

That is

λ̃+(θ∗) = 2
N∑
j=1

sin2 θ∗j > 0,

and, since
∑N
j=1 sin2 θ∗j < N ,

λ̃−(θ∗) = −2N − 2
N∑
j=1

sin2 θ∗j < 0.

�

4.6.2 Proof of Claim 4.7

The statement of the claim is equivalent to requiring that fη and all its partial derivatives
converge uniformly to zero as |η| → 0 (Golubitsky and Guillemin, 1973, Chapter 2, Section 3).
That is we have to show that, for all n ∈ N and for all ε > 0, there exists δ > 0, such that, if
|η| ≤ δ, then ‖̄(fη)(n)‖̄ ≤ ε. In the rest of the proof we let S be the set of functions de�ned as
S := {sin(·),− sin(·), cos(·),− cos(·)}.

6This phase con�guration is called the split con�guration in (Sepulchre et al., 2007).



In order to give an estimate of ‖̄(fη)(n)‖̄ we claim that, for all n ∈ N and for all i, i1, . . . , in ∈
1, . . . , N , it holds that, for all θ ∈ RN ,

∂nfηi
∂θin . . . ∂θi1

(θ) =



(a) : ωi +
N∑
j=1

(k̃ij + γ̃ij)ς1(θj − θi)−
N∑
j=1

γ̃ijς2(θj + θi), or

(b) :
N∑
j=1

(k̃ij + γ̃ij)ς3(θj − θi)−
N∑
j=1

γ̃ijς4(θj + θi), or

(c) : (k̃iij + γ̃iij )ς5(θij − θi)− γiij ς6(θij + θi), j ∈ {1, . . . , n} or

(d) : 0,

(4.44)

where ς1, . . . , ς6 ∈ S. Since (4.44) holds for n = 0, we proceed by induction. Suppose that
(4.44) holds for some n ∈ N. Then, in cases (a), (b), simple computations lead to

∂n+1fηi
∂θin+1 . . . ∂θi1

(θ) =


N∑
j=1

(k̃ij + γ̃ij)ς7(θj − θi)−
N∑
j=1

γ̃ijς8(θj + θi), if in+1 = i,

(kiin+1 + γ̃iin+1)ς9(θin+1 − θi)− γiin+1ς10(θin+1 + θi), if in+1 6= i,

where ς7, . . . , ς10 ∈ S. Furthermore, in case (c),

∂n+1fηi
∂θin+1 . . . ∂θi1

(θ) =

{
(k̃iij + γ̃iij )ς11(θij − θi)− γiij ς12(θin + θi), if in+1 ∈ {i, ij},
0, if in+1 6∈ {i, ij},

where ς11, ς12 ∈ S. Finally, in case (d),

∂n+1fηi
∂θin+1 . . . ∂θi1

(θ) = 0,

which proves that (4.44) holds for n + 1. By induction, (4.44) therefore holds for all n ∈ N.
Given a matrix M ∈ Rn×m, let |M |max denote its max (entry-wise) norm, that is |M |max :=
maxi=1,...,n,

j=1,...,m
|Mij |. Then, noticing that |ς(ϑ)| ≤ 1, for all ς ∈ S and all ϑ ∈ R, it follows from

(4.44) that, for all θ ∈ RN∣∣∣∣∣ ∂nfηi
∂θin . . . ∂θi1

(θ)

∣∣∣∣∣ ≤ (1 + 3N) max
¶
|ω|max, |k̃|max, |γ̃|max

©
,

and, thus,

‖̄(fη)(n)‖̄ ≤ Nn+1(1 + 3N) max
¶
|ω|max, |k̃|max, |γ̃|max

©
≤ Nn+1(1 + 3N)|η|. (4.45)

Hence, given n ∈ N and ε > 0, it holds that ‖̄(fη)(n)‖̄ < ε for all η such that |η| < ε
Nn+1(1+3N)

,
which proves the �rst part of the statement of the claim. Given r ∈ N, the second part follows
from (4.45) by picking, for all x ∈ R≥0, %(x) = N r+1(1 + 3N)x



4.6.3 Proof of Claim 4.8

We start by noticing a useful relationship, which follows directly from Claim 4.7: there exists
a class K∞ function ρ1, such that, for all η ∈ RN×(1+2N), it holds that

‖̄fη‖̄ ≤ ρ1(|η|). (4.46)

Relation (4.39) implies that, if ‖̄fη‖̄ < δσ, then the trajectories of (4.1) can spend at most a
�nite time outside the set B

Ä
F0, σ

−1
Ä
2‖̄fη‖̄

ää
. To show this, note that, from (4.37),

inf
θ∈RN\B(F0,σ−1(2‖̄fη ‖̄))

|∇W (θ)|2

2
≥ 1

2
σ
Ä
σ−1
Ä
2‖̄fη‖̄

ää2
= 2‖̄fη‖̄2. (4.47)

Relations (4.39) and (4.47) imply that, for all initial conditions θ0 ∈ RN , the solution of (4.1)
satis�es

W (θ(t, θ0)) < W (θ0)− 2‖̄fη‖̄2t, (4.48)

for all t such that θ(s; θ0) ∈ RN \ B
Ä
F0, σ

−1
Ä
2‖̄fη‖̄

ää
for all s ∈ [0, t). Suppose that

θ(t, θ0) ∈ RN \ B
Ä
F0, σ

−1
Ä
2‖̄fη‖̄

ää
, ∀t ≥ 0.

Then, from (4.48), W (θ(t, θ0))→ −∞ as t→ +∞, which contradicts the fact that W is lower
bounded. Hence, for all initial condition θ0, there exists 0 ≤ T <∞, such that the solution of
(4.1) starting at θ0 enters the set B

Ä
F0, σ

−1
Ä
2‖̄fη‖̄

ää
at time T . Without loss of generality,

we can then assume that the initial condition θ0 lies in B
Ä
F0, σ

−1
Ä
2‖̄fη‖̄

ää
.

Case 1: θ0 ∈ B
Ä
Wm, σ

−1
Ä
2‖̄fη‖̄

ää
.

We construct explicitly a forward invariant sublevel setQc ofW that contains B
Ä
Wm, σ

−1
Ä
2‖̄fη‖̄

ää
.

In order to do this, consider the largest sublevel set Qc of W contained in B
Ä
Wm,

δ1
4

ä
. Note

that, by the de�nition (4.9a) of Wm, Qc can be written as

Qc =
⋃
k∈Z

Qc,k, (4.49)

where

Qc,k := B
ÅÅ

π

2
+ kπ

ã
1N ,

δ1

4

ã
∩Qc, ∀k ∈ Z, (4.50)

is compact. Moreover, recalling the de�nition of δ1 in (4.40), it holds that B
Ä(π

2 + kπ
)
1N ,

δ1
4

ä
∩

B
Ä(π

2 + k′π
)
1N ,

δ1
4

ä
= ∅, for all k, k′ ∈ Z, k 6= k′, and thus

Qc,k ∩Qc,k′ = ∅,

whenever k 6= k′. Pick δm > 0 small enough that

B
Ä
Wm, σ

−1 (2δm)
ä
⊂ Qc. (4.51)

If ‖̄fη‖̄ < min{δm, δσ}, then for all θ ∈ ∂Qc, it holds that |θ|Wm > σ−1(2‖̄fη‖̄) and |θ|F0\Wm
>

δ1
4 > σ−1(2‖̄fη‖̄). It thus follows from (4.39) that, if ‖̄fη‖̄ < min{δm, δσ}, then

max
θ∈∂Qc

Ẇ (θ) < 0,



which implies (cf. e.g. (Isidori, 1999, Remark 10.1.2)) that Qc is forward invariant. By (4.51),
if ‖̄fη‖̄ < min{δm, δσ}, then B

Ä
Wm, σ

−1
Ä
2‖̄fη‖̄

ää
⊂ Qc, and thus the trajectories of (4.1)

satisfy
θ0 ∈ B

Ä
Wm, σ

−1
Ä
2‖̄fη‖̄

ää
⇒ θ(t; θ0) ∈ Qc, ∀t ≥ 0.

In particular, since Qc is given by the disjoint union of compact sets (cf. (4.49)), for all ini-
tial conditions θ0 ∈ B

Ä
Wm, σ

−1
Ä
2‖̄fη‖̄

ää
, the trajectory of (4.1) is bounded, provided that

|η| ≤ ρ−1
1 (min{δm, δσ}), where the K∞ function ρ1 is de�ned in (4.46).

Case 2: θ0 ∈ B
Ä
ξ, σ−1

Ä
2‖̄fη‖̄

ää
, with ξ ∈ F0, where F0 :=

{
N ,
¶
{x} : x ∈ {A0∪B0∪WM

©}
.

We stress that by ξ ∈ F0 we mean that ξ is either a singleton made of an unstable isolated
critical point, i.e. ξ = {x}, with x ∈ A0 ∪ B0 ∪ WM , or that ξ is the unstable normally
hyperbolic invariant manifold N , i.e. ξ = N . We start by showing that, for su�ciently small
|η|, all the trajectories starting in the set B

Ä
ξ, σ−1

Ä
2‖̄fη‖̄

ää
, ξ ∈ F0, leaves the set B

Ä
ξ, δ12

ä
in �nite time, where δ1 is de�ned in (4.40). From Lemmas 4.2 and 4.3, ξ is either made of
an isolated hyperbolic �xed point, or an invariant normally hyperbolic manifold. As proved in
Claim 4.7 above, in the C∞ topology, the perturbation fη is small provided that |η| is small.
More precisely,

fη
C∞−−−→
|η|→0

0.

Theorem 4.1 in (Hirsch et al., 1977) then implies that there exists δξ > 0 such that, if |η| < δξ,
then the perturbed dynamics (4.1) still has a hyperbolic �xed point, or an invariant normally
hyperbolic manifold, ξη, that is also |η|-near from ξ in the C∞ topology, that is

ξη
C∞−−−→
|η|→0

ξ,

and whose stable and unstable manifolds have the same dimension as and are |η|-near in the
C∞ topology to those of ξ. For

|η| < min

ß
ρ−1

1

Å
1

2
σ

Å
δ1

4

ãã
, δξ

™
,

it follows from (4.39) that no other critical sets apart from ξη are contained in B
Ä
ξ, δ12

ä
. It also

follows from (Hirsch et al., 1977, Theorem 4.1) that the only forward invariant set in B
Ä
ξ, δ12

ä
is the stable manifold of ξη. Since, for all ξ ∈ F0, ξ has at least one unstable direction, the
stable manifold of ξ, and thus that of ξη, has zero Lebesgue measure. By construction, if
|η| < min

¶
ρ−1

1

Ä
1
2σ
Ä
δ1
4

ää
, δξ
©
, then

B
Ä
ξ, σ−1

Ä
2‖̄fη‖̄

ää
⊂ B

Å
ξ,
δ1

4

ã
⊂ B

Å
ξ,
δ1

2

ã
.

It follows that, for almost all initial conditions θ0 ∈ B
Ä
ξ, σ−1

Ä
2‖̄fη‖̄

ää
, there exists 0 < T1 <

T2, such that the trajectory of (4.1) satis�es

θ(T1; θ0) 6∈ B
Å
ξ,
δ1

4

ã
, θ(T2; θ0) 6∈ B

Å
ξ,
δ1

2

ã
.

Let
δ = min

ξ∈F0

δξ,

which is positive, by the 2π-periodicity ofW and since the set F0 contains only a �nite number
of elements in each hypercube C2π ⊂ RN of side 2π.



As already shown, using (4.48), the trajectories of (4.1) can spend at most a �nite time outside
the ball B

Ä
F0, σ

−1
Ä
2‖̄fη‖̄

ää
, where F0 is de�ned in (4.36). At the light of the above analysis,

if

|η| < min

ß
ρ−1

1

Å
1

2
σ

Å
δ1

4

ãã
, δ

™
,

we can �nd, for almost all θ0 ∈ B
Ä
ξ, σ−1

Ä
2‖̄fη‖̄

ää
, ξ ∈ F0, a succession of time instants

0 ≤ τ1 < τ2 < τ3 < τ4 < τ5, such that the trajectory of (4.1) starting in θ0 satis�es

|θ(τ1, θ0)|ξ = σ−1
Ä
2‖̄fη‖̄

ä
, (4.52a)

|θ(τ2, θ0)|ξ =
δ1

4
, (4.52b)

|θ(τ3, θ0)|ξ =
δ1

2
, (4.52c)

|θ(τ4, θ0)|ξ′ =
δ1

4
, (4.52d)

|θ(τ5, θ0)|ξ′ = σ−1
Ä
2‖̄fη‖̄

ä
, (4.52e)

where
ξ′ ∈ F0 ∪

¶
{x} : x ∈ Wm

©
.

We now show that, if |η| is su�ciently small then it necessary holds that

x ∈ ξ, x′ ∈ ξ′ ⇒ W (x′) < W (x),

that is the trajectory has moved toward a critical set corresponding to a lower W -level set. We
know from (4.39) that W is strictly decreasing on [τ1, τ2) ∪ (τ4, τ5]. Moreover, we can give an
explicit estimate of the decreasing of W on [τ2, τ4]. Let

ε0 =
1

2
min

θ∈RN\B
Ä
F0,

δ1
4

ä |∇W (θ)|2 (4.53)

be half of the minimum rate of decreasing ofW away from the critical points in the unperturbed
case (ω = 0). It follows from (4.34) that there exists δ′ > 0 such that, if ‖̄fη‖̄ < δ′, then in the
perturbed case we have

max
θ∈RN\B

Ä
F0,

δ1
4

ä Ẇη(θ) = max
θ∈RN\B

Ä
F0,

δ1
4

ä Ä−|∇W (θ)|2 + fη(θ)>∇W (θ)
ä
< −ε0. (4.54)

Moreover, let
Mf := 2 max

θ∈RN\B
Ä
F0,

δ1
4

ä |∇W (θ)|, (4.55)

be an upper bound on the magnitude of the vector �eld away from the critical points in the
unperturbed case, and, again by continuity, pick δ′′ > 0 such that

‖̄fη‖̄ < δ′′ ⇒ max
θ∈RN\B

Ä
F0,

δ1
4

ä |∇W (θ) + fη(θ)| ≤ Mf . (4.56)

It follows from (4.52b), (4.52c), and (4.52d) that in the time interval [τ2, τ4] the trajectory
has traveled a distance at least equal to δ1

2 . From (4.56) it then follows that, if |η| <



min
¶
ρ−1

1

Ä
1
2σ
Ä
δ1
4

ää
, δ, ρ−1

1 (δ′′)
©
, then the time interval [τ2, τ4] to travel this distance satis�es

τ4 − τ2 ≥
δ1

2Mf
.

Using (4.54), if

|η| < min

ß
ρ−1

1

Å
1

2
σ

Å
δ1

4

ãã
, δ, ρ−1

1 (δ′), ρ−1
1 (δ′′)

™
,

then

W (θ(τ4, θ0))−W (θ(τ2, θ0)) < ∆Wmin := −ε0
δ1

2Mf
. (4.57)

De�ne the maximum variation δWin(‖̄fη‖̄) of W inside the sets B
Ä
ξ, σ−1

Ä
2‖̄fη‖̄

ää
, for ξ ∈ F0

as

δWin(‖̄fη‖̄) := max
ξ∈F0

(
max

θ∈B(ξ,σ−1(2‖̄fη ‖̄))
W (θ)− min

θ∈B(ξ,σ−1(2‖̄fη ‖̄))
W (θ)

)
. (4.58)

If ∆Wmin > δWin(‖̄fη‖̄), then the trajectory of (4.1) must enter at time τ5 a set B
Ä
ξ′, σ−1

Ä
2‖̄fη‖̄

ää
with W (x′) < W (x), for all x′ ∈ ξ′ and all x ∈ ξ. Indeed, by de�nition, for all θ ∈
B
Ä
ξ, σ−1

Ä
2‖̄fη‖̄

ää
, it holds that

W (θ) ≥ max
θ∈B(ξ,σ−1(2‖̄fη ‖̄))

W (θ)− δWin(‖̄fη‖̄).

Since
W (θ(τ1, θ0)) ≤ max

θ∈B(ξ,σ−1(2‖̄fη ‖̄))
W (θ),

if ∆Wmin > δWin(‖̄fη‖̄), then

W (θ(τ5, θ0)) < max
θ∈B(ξ,σ−1(2‖̄fη ‖̄))

W (θ)− δWin(‖̄fη‖̄).

Hence necessarily W (x′) < W (x), for all x′ ∈ ξ′ and all x ∈ ξ. Noticing that, by continuity,
δWin(‖̄fη‖̄) tends continuously to zero as ‖̄fη‖̄ → 0, we can �nd δ′′′ > 0, such that, if ‖̄fη‖̄ <
δ′′′, then

δWin(‖̄fη‖̄) < ∆Wmin.

By construction, if

|η| < min

ß
ρ−1

1

Å
1

2
σ

Å
δ1

4

ãã
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,

almost all the trajectories starting in B
Ä
ξ, σ−1

Ä
2‖̄fη‖̄

ää
, for ξ ∈ F0, converge in �nite time to

some set B
Ä
ξ′, σ−1

Ä
2‖̄fη‖̄

ää
, ξ′ ∈ F0 ∪

¶
{x} : x ∈ Wm

©
, with ξ′ such that

x ∈ ξ, x′ ∈ ξ′ ⇒ W (x′) < W (x).

Repeating this construction iteratively, and noticing that W assumes only a �nite set of values
at its critical points, we conclude that almost all trajectories converge to B

Ä
Wm, σ

−1
Ä
2‖̄fη‖̄

ää
,

in �nite time.



From the analysis developed in Case 1 and Case 2, it follows that, if

|η| < min
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, δ, ρ−1

1

(
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,

then, for almost all initial condition θ0, there exists T > 0 such that the trajectories of (4.1)
satis�es θ(t; θ0) ∈ Qc,k, for some k ∈ Z, for all t ≥ T , where Qc,k is de�ned in (4.50) and is
compact for all k ∈ Z, which proves the claim by picking

δ := min
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1
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.



Chapter 5

Desynchronization via mean-�eld

feedback

In this chapter we explore the possibility of eliminating the pathological neuronal synchroniza-
tion by e�ectively desynchronizing the population activity.

While desynchronization owns quite an intuitive meaning, its formal de�nition is not straight-
forward. One way of guaranteeing su�cient disorder in a network of oscillators is to induce
chaos in the incremental dynamics of their outputs (i.e. the dynamics ruling the phase di�er-
ences of each pair of oscillators). This is the approach followed by chaoti�cation techniques, cf.
e.g. (Zhang et al., 2009; Gao and Chau, 2002; Chen, 2003; Chen and Yang, 2003). However,
chaos may be too strong a requirement in some particular applications and most anti-control
techniques may require too much knowledge on the oscillators state to be practically imple-
mented in a DBS device.

On the other hand, simply guaranteeing that phases are not synchronized is not enough in
most practical applications. To see this, consider a pair of oscillators whose phases di�erence,
although not constant, remains at all times in a small neighboorhood of a given value. In this
case, all classical de�nitions of synchronization are violated as the oscillators are neither phase
synchronized (Strogatz, 2000), nor phase-locked or frequency-synchronized (Blekhman et al.,
1997), as their phases di�erence is not constant. Nevertheless, for practical concerns, such
a system cannot be considered as desynchronized since the phases di�erence remains �almost
constant� at all times. In fact, such a situation would rather correspond to �approximative
synchronization� as de�ned in (Blekhman et al., 1997). In a nutschell, desynchronization is
not simply the negation of synchronization.

In the textbook (Pikovsky et al., 2001), and references therein, desynchronization is implicitly
intended as the absence of approximate synchronization. This requirement translates in asking
that the phase di�erence between each pair of oscillators grows unbounded when lifted to the
real line. The existence of unbounded trajectories is treated in a general framework in (Orsi
et al., 2001). As we show in Example 5.1, asking that the phase-di�erence is unbounded may
not su�ce to exclude asymptotic synchronization either.

The objective of this chapter is to de�ne desynchronization in a rigorous manner for general
networks of interconnected phase oscillators, and to provide a geometric and topological in-
terpretation of this property by linking it to existing concepts of instability (Nemytskii and
Stepanov, 1960). Roughly speaking, a pair of oscillators will be considered as desynchronized
if their phases are permanently drifting away. This concept (referred to as strong desynchro-
nization in Section 5.1) is quite demanding due to the requirement of all-time phase drift.
We therefore propose a relaxed notion, called practical desynchronization, that imposes phase



drift only in average over a given time window (Section 5.2). For each of these properties, we
propose a characterization involving the grounded variables of the system, i.e. the di�erences
between the oscillators' phases and their mean.

Based on this theoretical background, we show, by relying on the model derived in Chapter 2,
that practical desynchronization can be induced in an interconnected neuronal population via
mean-�eld feedback (Theorem 5.10). More precisely, we provide a su�cient condition involv-
ing the di�erences in the natural frequencies, the interconnection topology, and the stimula-
tion/registration setup to ensure that a given pair of oscillators is practically desynchronized.
This condition can readily be used for mean-�eld feedback control design, and to compute a
lower bound on the number of desynchronized pairs. We specialize this analysis to the all-to-all
case in Corollary 5.11.

The chapter is structured as follows. In Section 5.1 we derive the proposed de�nition of
strong desynchronization and mathematically characterize it. We derive the notion of practical
desynchronization and characterize it mathematically in Section 5.2. A rigorous analysis on
how these properties can be induced in the Kuramoto system via proportional mean-�eld
feedback is provided in Section 5.3. We give the proofs of the main results in Section 5.4, while
technical proofs are given in Section 5.5.

5.1 Strong desynchronization

The dynamics of a network of coupled nonlinear phase oscillators can be expressed as

θ̇ = F (θ, t), (5.1)

where F : TN × R → RN satis�es the Caratheodory conditions (Hale, 1969) and F (·, t) is
locally Lipschitz for each t ∈ R. Since F (·, t) is de�ned on TN , it is 2π-periodic, and since it
is also locally Lipschitz, it is bounded and globally Lipschitz. This ensures, together with the
Caratheodory conditions, existence and unicity of the solution of (5.1), cf. e.g. (Hale, 1969,
Theorems 3.1 and 5.1). Each component θi, i = 1, . . . , N , of θ is the phase of the oscillator
i. The function F describes both the internal dynamics of each oscillator and the coupling
between di�erent oscillators. This class of systems encompasses the phase oscillators studied
in (Brown et al., 2003), of which the Kuramoto system (Kuramoto, 1984) is probably the most
famous representative (cf. Section 5.3 for a deeper analysis). In what follows we derive a
suitable de�nition of desynchronization and provide a mathematical characterization.

5.1.1 De�nitions

A pair (i, j) ∈ N 6=N of coupled oscillators (5.1) undergoes frequency synchronization (Blekhman
et al., 1997) if, given t0 ∈ R and θ0 ∈ TN ,

|θ̇i(t)− θ̇j(t)| = 0, ∀t ∈ R, (5.2)

where θ̇i(·) := θ̇i(·; t0, θ0) and similarly for θj(·). This relation, which is also referred to as phase-
locking, guarantees a constant phase di�erence between the oscillators i and j. A particular
case of phase-locking is when this phase di�erence is zero, thus making θi(t) and θj(t) equal at
all times. This stronger property is referred to as phase synchronization. When these properties
hold asymptotically (i.e. as time goes to in�nity), we refer to these properties as asymptotic
phase-locking and asymptotic synchronization respectively (Strogatz, 2000; Pikovsky et al.,
2001).



Asymptotic phase-locking is guaranteed (at least locally) if an asymptotically stable �xed point
exists for the incremental dynamics ruling θi − θj . In the presence of exogenous disturbances
or unmodelled dynamics, this asymptotically stable �xed point may present some robustness
properties. We speak in this case of practical phase-locking (see Chapter 3), which can be
formally characterized as1

|θi(t)− θj(t)− δθij | ≤ εij , ∀t ∈ R, (5.3)

where δθij ∈ [0; 2π) and ε ≥ 0. When (5.3) holds only for a subset of pairs of oscillators, it
is also referred to as partial entrainment (Aeyels and Rogge, 2004). Since θ ∈ TN , the above
constraint is trivially satis�ed if εij is greater than π. On the other hand, for small values of
εij , the condition (5.3) imposes that the phase di�erence between oscillators i and j, while not
remaining constant, exhibit small oscillations around some constant values δθij .

For desynchronization to have a practical relevance in most applications, it must exclude the
two situations described by (5.2) and (5.3) and their asymptotic counterparts. Simply asking
that the phase di�erence between two oscillators becomes unbounded when lifted on the real
line may not be enough, as illustrated in the following example.

Example 5.1. Given t0 > 0, consider the non-autonomous dynamics

θ̇±(t; t0, θ
0
±) = ω ± δω

t
, ∀t ≥ t0.

Then

θ+(t; t0, θ
0
+)− θ−(t; t0, θ

0
−) = 2δω

Ä
ln(t)− ln(t0)

ä
+ θ0

+ − θ0
−,

which grows unbounded, yet

lim
t→∞

Ä
θ̇+(t; t0, θ

0
+)− θ̇−(t; t0, θ

0
−)
ä

= 0,

meaning that asymptotic phase-locking is achieved.

Another natural requirement to make sure that the system is desynchronized is then to ask
that the phases of oscillators i and j permanently drift away from one another, i.e.

|θ̇i(t)− θ̇j(t)| > 0, ∀t ∈ R.

However, this requirement alone may not be enough either, since, for example, asymptotic
phase-locking, that is

lim
t→∞

θ̇i(t)− θ̇j(t) = 0,

may satisfy it (if the convergence is achieved in in�nite time only). For a pair of oscillators to be
desynchronized, we therefore ask that the relative drift be uniformly bounded away from zero.
This requirement ensures that the considered oscillators have their phases mutually drifting at
all times and keeping on evolving in the torus with uniformly non-zero frequency di�erence.
These conditions can be cast in a compact form in the following de�nition.

De�nition 5.1. A pair (i, j) ∈ N 6=N of oscillators is said to be strongly desynchronized for (5.1)
if there exists Ωij > 0 such that, for all θ0 ∈ TN and all t0 ∈ R,

|θ̇i(t; t0, θ0)− θ̇j(t; t0, θ0)| ≥ Ωij , ∀t ∈ R. (5.4)

1We stress that the constant δθij and εij may depend on the inital conditions (t0, θ0).



Given m ∈
{

1, . . . , N(N−1)
2

}
, the network of coupled phase oscillators (5.1) is said to be m-

strongly desynchronized if it contains m distinct pairs of desynchronized oscillators. If m =
N(N−1)

2 then (5.1) is said to be completely strongly desynchronized.

De�nition 5.1 satis�es two basic requirements: 1) it excludes synchronization and practical
synchronization, also asymptotically; 2) it is naturally satis�ed by an ensemble of uncoupled
oscillators, provided the natural frequencies are not identical. We stress, however, that De�ni-
tion 5.1 does not exclude p : q resonances2 with p 6= q.

5.1.2 Mathematical characterization of desynchronization

In order to give a geometrical interpretation of this property, we introduce the grounded variable
ψ ∈ RN associated to (5.1). Given some θ0 ∈ TN and some t0 ∈ R, the evolution of ψ is de�ned
as

ψ̇(t; t0, θ0) :=

Å
IN −

1

N
1N1

>
N

ã
θ̇(t; t0, θ0), ∀t ∈ R

ψ(t0; t0, θ0) = θ0 (5.5)

which constitutes a non-autonomous dynamics on RN . We refer to (5.5) as the grounded

dynamics of (5.1). We stress that (5.5) could have been equivalently de�ned on either RN or
TN . Note indeed that, since the right hand side of (5.1) satis�es the Charatheodory conditions
and is globally Lipschitz in θ, (5.1) is forward complete (Khalil, 2001, Theorem 3.2). Hence,
θ̇(t; t0, θ0) ∈ RN , for all t, t0 ∈ R and all θ0 ∈ TN , and thus (5.5) induces a well de�ned non-
autonomous vector �eld on both RN and TN . For future convenience we de�ne here (5.5) as
non-autonomous dynamics on RN . Noticing that

1

N
1>N θ̇ =

1

N

N∑
i=1

θ̇i,

this dynamics describes the evolution of the system (5.1) in a moving reference frame with speed
equal to the instantaneous mean frequency 1

N

∑N
j=1 θ̇j(t). This implies that ψ̇(t) ∈ 1⊥N ⊂ RN ,

for all t ∈ R, where ψ(·) := ψ(·; t0, θ0), that is the grounded dynamics has zero mean-drift,
and 1>Nψ(t) ≡ 1>Nθ0. In addition, it is possible to show that asymptotic phase-locking of (5.1)
corresponds to the existence of an asymptotically stable set for (5.5) (cf. e.g. (Jadbabaie et al.,
2004)), and, similarly, that practical phase-locking corresponds to bounded trajectories.

We introduce here some concepts that serves as the basis of the mathematical characterization
of strong desynchronization. This concept pertains to non-autonomous dynamical systems of
the form

ẋ = G(x, t), (5.6)

where G : Rn × R → Rn satis�es the Caratheodory conditions, and G(·, t) is continuous
and locally Lipschitz, which ensures existence and unicity of the solution (Hale, 1969, Theo-
rems 3.1 and 5.1).

De�nition 5.2. (Nemytskii and Stepanov, 1960). The dynamical system (5.6) is said to be
completely unstable if all its points are wandering, that is for all x0 ∈ Rn and all t0 ∈ R, there
exists a neighborhood U of x0 and a time T > 0, such that

x(t; t0, U) ∩ U = ∅, ∀t ≥ T + t0.

2A pair of oscillator is said to be in a p : q resonance, if the di�erence |pθi−qθj | lifted to the real line remains
bounded for all time, for some p, q ∈ N>0.



Complete instability can be considered as the complementary of asymptotic stability. Indeed,
complete instability implies that, given any point, one can �nd a su�ciently small neighborhood
around it, such that, after a su�ciently long time, the trajectories of the system leave the
neighborhood and never go back in. The above de�nition is of no relevance to systems evolving
in a compact space, as in this case the α- and ω-limit sets3 are always non-empty (Bhatia and
Szegö, 1970).

In the following lemma we give a su�cient condition for (5.6) to be completely unstable. Its
proof is provided in Section 5.4.1.

Lemma 5.3. Suppose that (5.6) is forward complete. Suppose moreover that there exists a

vector α ∈ Rn and a constant α > 0 such that, for all x0 ∈ Rn and all t0 ∈ R, the solution of

(5.6) satis�es

α>G(x(t; t0, x0), t) ≥ α, ∀t ∈ R.

Then (5.6) is completely unstable.

Based on the above considerations, we now state the following theorem, which gives a geomet-
rical and topological characterization of strong desynchronization in the sense of De�nition 5.1.
The proof is provided in Section 5.4.2.

Theorem 5.4. The pair (i, j) ∈ N 6=N of oscillators is strongly desynchronized for the system

(5.1), if and only if there exists a constant ᾱ > 0, such that, for all θ0 ∈ TN and t0 ∈ R, the
grounded dynamics (5.5) satis�es

ψ̇(t; t0, θ0)>(ei − ej) ≥ ᾱ, ∀t ∈ R, (5.7)

along the solutions of (5.1). In particular, if the pair (i, j) is strongly desynchronized, then the

grounded dynamics (5.5) associated to (5.1) is completely unstable.

Theorem 5.4 highlights two properties of desynchronized dynamical systems: one geometrical,
and the other topological. The �rst one, geometrical property, is contained in (5.7). It states
that the grounded dynamics (5.5) is uniformly drifting away along the direction given by
ei − ej ∈ 1⊥N . If we plug the mean-drift back in, and project the resulting dynamics on the
torus (to recover the original phase dynamics (5.1)), this means that in the (θi, θj) sub-torus the
trajectories of (5.1) are (locally) uniformly drifting away from the synchronization sub-manifold

Dij := {θ ∈ TN : θi = θj}.

This is described by Figure 5.1.

The topological characterization comes directly from the second part of the statement. In
particular the grounded dynamics associated to a desynchronized system satis�es the complete
instability property of De�nition 5.2. We point out that this characterization complements the
one associated to phase-locking, that is the asymptotic stability of the grounded dynamics.

Given m ∈
{

1, . . . , N(N−1)
2

}
, the following corollary, which is a direct consequence of The-

orem 5.4, gives a characterization of m-strong desynchronization and therefore of complete
strong desynchronization. We stress that the above geometrical interpretation (Figure 5.1)
extends to all the m pairs of strongly desynchronized oscillators.

Corollary 5.5. Given m ∈
{

1, . . . , N(N−1)
2

}
, if the system (5.1) is m-strongly desynchronized

then its associated grounded dynamics (5.5) is completely unstable.

3The ω- (resp. α-) limit set of a point x0 is the union of all the points x̄ for which there exists an increasing
(resp. decreasing) and unbounded sequence of time instants {tn}n∈N ⊂ R such that limn→∞ x(tn; t0, x0) = x̄.
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ᾱ

θj
Di,j

êi

Figure 5.1: Geometric interpretation of desynchronization

5.2 Practical desynchronization

5.2.1 De�nition

For particular applications, strong desynchronization may appear to be too demanding a re-
quirement. For example, in electrical treatment of neurological diseases, only the average rate
of discharge of the neurons is of interest (Volkmann et al., 1996; Sarma et al., 2010; Lopez-
Azcarate et al., 2010; Plenz and Kital, 1999; Rosa et al., 2010). More generally, the presence
of exogenous disturbances, small coupling, or unmodelled dynamics may let the requirement
of De�nition 5.1 be too restrictive. The permanent phase drift imposed in De�nition 5.1 im-
pedes the instantaneous frequencies to be equal even on short time intervals. Intuitively, such
a frequency similarity would not a�ect the overall desynchronization if it happens su�ciently
rarely. Hence, we relax that de�nition by replacing the pointwise inequality (5.4) by the less
restrictive assumption that the di�erence of frequencies be bounded from below in average,
uniformly over some moving window of length T .

De�nition 5.6. A pair (i, j) ∈ N 6=N of oscillators is said to be practically desynchronized for
(5.1) if there exists Ωij , Tij > 0 such that, for all θ0 ∈ TN and t0 ∈ R,

1

Tij

∣∣∣∣∣
∫ t+Tij

t

Ä
θ̇i(τ ; t0, θ0)− θ̇j(τ ; t0, θ0)

ä
dτ

∣∣∣∣∣ ≥ Ωij , (5.8)

for all t ∈ R. Given m ∈
{

1, . . . , N(N−1)
2

}
, the network of coupled phase oscillators (5.1) is said

to be m-practically desynchronized if it contains m distinct pairs of practically desynchronized
oscillators. If m = N(N−1)

2 then (5.1) is said to be completely practically desynchronized.

Even though the computation of the time window length Tij can seem a hard task in general,
the intrinsic periodicity of phase oscillators can help to �nd it. As shown in Theorem 5.10
and Corollary 5.11 below, in the case of Kuramoto oscillators under mean-�eld feedback (2.6),
Tij can simply be picked as twice the mean period of the uncoupled and unforced oscillations,
i.e. Tij = π

ω̄ , where ω̄ := 1
N

∑N
i=1 ωi is the mean natural frequency of the ensemble. Note that

(5.8) implies that the scalar function θi(·)− θj(·) is persistently exciting on each time interval
[t, t+ Tij ] (Panteley et al., 2001). The converse implication is not necessarily true.



The following example, inspired by the textbook (Pikovsky et al., 2001) (see also (Pazó et al.,
2003; Popovych et al., 2007)), illustrates another important case in which De�nition 5.6 applies
4.

Example 5.2. An interesting phenomenon exhibited by some coupled oscillators is that of

�phase-slips� (Pikovsky et al., 2001, Sections 3.1.3 and 3.4.2). See also (Pazó et al., 2003;

Popovych et al., 2007). Roughly speaking, two oscillators undergo phase-slips when their phase

di�erence remains constant, or with small variations, most of the time, apart from periods in

which it abruptly increases (a slip). The typical time-course of the phase di�erence between two

coupled oscillators undergoing phase-slips is depicted in Figure 5.2.

Tk−1 Tk

2∆

t

θ1 − θ2 2∆

ε/∆

ε

Figure 5.2: Time-course of the phase di�erence between two couple oscillators undergoing
successive phase-slips on the intervals [Tk − ∆, Tk + ∆]. The constants ε,∆ are de�ned in

(5.11) below.

If the length of the time intervals between two successive phase-slips varies in an unpredictable

way, it might be hard to �gure out a suitable time window over which the property (5.8) can

be checked. In order to �nd conditions under which this is possible, let us formalize the phase-

slip behavior in a slightly more general context. Given initial conditions t0 ∈ R, θ0
1, θ

0
2 ∈ TN ,

consider a pair of forced coupled oscillators

θ̇1 = F1(θ1, θ2, u1(t)), (5.9)

θ̇2 = F2(θ1, θ2, u2(t)), (5.10)

for all t ∈ R, where u1, u2 : R → R are exogenous inputs. Suppose that the time instants

{Tk}k∈Z ⊂ R at which phase-slips occur form a lower and upper unbounded increasing sequence

and that, moreover, the increments Tk−Tk−1 are uniformly bounded, that is there exists T̄ > 0
such that Tk − Tk−1 < T̄ for all k ∈ Z. De�ning, for all t ∈ R, the set At as

At := [t, t+ T̄ ] \
⋃
k∈Z

[Tk −∆, Tk + ∆],

we can then formalize the phase-slip behavior depicted in Figure 5.2 as follows. For all t0 ∈ R,
all θ0

1, θ
0
2 ∈ T 1, and all k ∈ Z, there exists ε > 0 and ∆ ∈ (0, T̄ /2), such that∣∣∣∣∫

At

Ä
θ̇1(τ)− θ̇2(τ)

ä
dτ

∣∣∣∣ ≤ ε, ∀t ∈ R, (5.11a)

θ̇1(t)− θ̇2(t) ≥ ε

∆
, ∀t ∈ [Tk −∆, Tk + ∆]. (5.11b)

4The authors are thankful to an anonymous reviewer of the �rst version of this paper for bringing their
attention to this example.



where θ̇1(·) = θ̇1(·; t0, θ0
1), and similarly for θ2. Condition (5.11a) implies that outside the

intervals [Tk − ∆, Tk + ∆], k ∈ Z, the two oscillators remain practically phase-locked. In

particular their phase di�erence does not vary more than ε. Conversely, (5.11b) implies that

on each time interval [Tk −∆, Tk + ∆] the phase θ1 slips away from θ2 faster than ε/∆.

A similar behavior is observed in forced coupled oscillators subject to strong noise, as the ones

considered in (Pikovsky et al., 2001, Section 3.4.2), in which case u1, u2 are the realization of a

given stochastic process. Another example is provided by coupled chaotic oscillators before the

�phase-synchronization� transition, like the ones considered in (Pikovsky et al., 2001, Section

3.1.3) and (Pazó et al., 2003; Popovych et al., 2007). In these cases, if condition (5.11) holds,

then

1

T̄

∣∣∣∣∣
∫ t+T̄

t

Ä
θ̇1(τ)− θ̇2(τ)

ä
dτ

∣∣∣∣∣ ≥ 1

T̄

∣∣∣∣∣
∫

[t,t+T̄ ]\At

Ä
θ̇1(τ)− θ̇2(τ)

ä
dτ

∣∣∣∣∣
− 1

T̄

∣∣∣∣∫
At

Ä
θ̇1(τ)− θ̇2(τ)

ä
dτ

∣∣∣∣
≥ 2ε

T̄
− ε

T̄
≥ ε

T̄
,

that is the two oscillators are practically desynchronized in the sense of De�nition 5.6. This ex-

ample thus illustrates the fact that phase-slips do not prevent practical synchronization, provided

that the slips are su�ciently important. ♦

In the following proposition, whose proof is provided in Section 5.4.3, we show that if (5.1) is
time-invariant, then uniformity of (5.8) in θ0 su�ces to ensure its uniformity in time. This lets
(5.8) be easier to check in practice (see also Theorem 5.10 below).

Proposition 5.7. Suppose that (5.1) is time-invariant. Given Tij ,Ωij > 0, assume that there

exists a pair of oscillators (i, j) ∈ N6=N satisfying (5.8) for all θ0 ∈ TN , and for some t = T ∗ ∈ R.
Then (5.8) holds for all t ∈ R.

5.2.2 Characterization of practical desynchronization

In order to extend the interpretation developped in Section 5.1.2 to the case of practical syn-
chronization, we introduce an averaged system associated to (5.1). Given any T > 0, any
θ0 ∈ TN , and any t0 ∈ R, the T -averaged system associated to (5.1) is de�ned as

˙ˇ�〈θ(t; t0, θ0)〉T :=
1

T

∫ t+T

T
θ̇(τ ; t0, θ0)dτ,

〈θ(t0; t0, θ0)〉T := θ0, (5.12)

for all t ∈ R. The averaged system evolves with the average instantaneous frequency of the
system (5.1) over a sliding time window of length T . We point out that, since, by forward
completeness of (5.1),

1

T

∫ t+T

T
θ̇(τ ; t0, θ0)dτ ∈ RN , ∀t ∈ R,

the system (5.12) is a well de�ned non-autonomous dynamics on TN .

The following lemma, whose proof is trivial and is omitted, shows that the practical desyn-
chronization of (5.1) corresponds to the strong desynchronization of its averaged system.

Lemma 5.8. There pair (i, j) ∈ N 6=N of oscillators is practically desynchronized for the system

(5.1), that is θi, θj satisfy (5.8) for some Ωij , Tij > 0, if and only if the Tij-averaged system



(5.12) associated to (5.1), satis�es, for all t0 ∈ R and all θ ∈ TN ,

|
˙ˇ�〈θi(t; t0, θ0)〉Tij −

˙ˇ�〈θj(t; t0, θ0)〉Tij | ≥ Ωij , ∀t ∈ R, (5.13)

that is 〈θi〉Tij and 〈θj〉Tij are strongly desynchronized.

At the light of the above lemma we are able to give a characterization of practical desynchro-
nization. For all T ≥ 0, the T -averaged grounded dynamics ψT ∈ RN associated to (5.12) is
given by

ψ̇T (t; t0, θ0) :=

Å
IN −

1

N
1N1

>
N

ã
˙ˇ�〈θ(t; t0, θ0)〉T

ψT (t0; t0, θ0) = θ0. (5.14)

The following corollary, which is a direct consequence of Theorem 5.4 and Lemma 5.8, provides
a complete characterization of practical desynchronization.

Corollary 5.9. There exists a pair (i, j) ∈ N 6=N of practically desynchronized oscillators for

system (5.1) if and only if there exist some constants ᾱ, T > 0, such that, for all θ0 ∈ TN and

all t0 ∈ R, the T -averaged grounded dynamics (5.14) satis�es

ψ̇T (t; t0, θ0)>(ei − ej) ≥ ᾱ, ∀t ∈ R. (5.15)

In particular, if the pair (i, j) is practically desynchronized, the T -averaged grounded dynamics

(5.14) associated to (5.1) is completely unstable.

5.3 Desynchronization of the Kuramoto system through mean-

�eld feedback

Let us recall the phase model derived in Chapter 2 for an interconnected neuronal population
under mean-�eld feedback:

θ̇i = ωi +
N∑
j=1

(kij + γij) sin(θj − θi)−
N∑
j=1

γij sin(θj + θi), ∀i = 1, . . . , N, (5.16)

where θi represents the phase of the oscillator i, the parameters kij represent the intercon-
nection gains between two oscillators, and γij are gains resulting from the application of the
proportional mean-�eld feedback.

It was shown in Chapter 2 that, for almost all interconnection topology and almost all value of
the feedback gain, phase-locking is impossible under MFF. In the next theorem, whose proof is
provided in Section 5.4.4, we show that practical desynchronization can actually be achieved by
MFF. In other words, we give a su�cient condition to assure that a given couple of oscillators
is practically desynchronized while the ensemble keeps on oscillating (Figure 5.3).

Theorem 5.10. Suppose that there exists i, j ∈ N 6=N , such that

Ωij := |ωi − ωj | −
N∑
h=1

|γih + γjh|
Ç
πν

2ω
+

ν2

6ω2

å
−

N∑
h=1

|εih + εjh| > 0, (5.17)

where ν := 2 maxh=1,...,N

Ä
|ω̃h|+

∑N
h′=1 |γhh′ + εhh′ |

ä
, ω := 1

N 1>Nω, ω̃h := ωh − ω̄, and εhh′ :=
khh′ + γhh′ , for all h, h

′ = 1, . . . , N .

Then the pair of oscillators (i, j) is practically desynchronized.
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Figure 5.3: Evolution of the phases of (5.18) for large natural frequencies when a proportional
mean-�eld feedback with gain γ0 = −2k0 is switched on at time t = 20. The mean-�eld

feedback induces desynchronization.

The su�cient condition (5.17) can readily be used in practical applications to explicitly compute
the minimum number of desynchronized pairs of oscillators. The term

N∑
h=1

|γih + γjh|
Ç
πν

2ω
+

ν2

6ω2

å
is small provided the mean natural frequency ω̄ is large. In the opposite case, one rather
expects the mean-�eld feedback to block the oscillations, as described in Chapter 4. The term

N∑
h=1

|εih + εjh|

guides the feedback gain design to obtain oscillators desynchronization by imposing to mini-
mize the closed-loop di�usive coupling strength kij + γij . In terms of the grounded dynamics
associated to (5.19), Corollary 5.9 implies that its average system is completely unstable (Fig-
ure 5.4).

Note that, in order to minimize the closed-loop di�usive coupling strength, the feedback gains
must be of the same magnitude as the di�usive coupling gains. This ensures that, if the open-
loop di�usive coupling strength satis�es the small coupling condition (2.4), i.e. |κ| < δh, then
the same holds for the closed-loop coupling. In particular, the practical desynchronization su�-
cient condition of Theorem 5.10 extends to the full dynamics (2.3), provided that the open-loop
coupling strength is su�ciently small. The su�cient coupling strength ensuring phase-locking
solely depends on the natural frequency dispersion, whereas the small coupling condition (2.4)
solely depends on the natural radius. Thus, imposing a su�ciently large di�usive coupling to
ensure phase-locking of the open-loop system (i.e. without mean-�eld feedback) is compatible
with the small coupling condition (2.4), provided the natural frequency dispersion is su�ciently
small.

In the case when the coupling is given by the all-to-all topology, and each oscillator contributes
in the same way at the measured mean-�eld and receives the input with same intensity, the
interconnection and feedback gains become kij = k0 and γij = γ0, for all i, j = 1, . . . , N . In
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Figure 5.4: Evolution of the grounded dynamics of (5.18) for large natural frequencies when
a proportional mean-�eld feedback with gain γ0 = −k0 is switched on at time t = 20

this case (5.16) reduces to

θ̇i = ωi + (k0 + γ0)
N∑
j=1

sin(θj − θi)− γ0

N∑
j=1

sin(θj + θi), ∀i = 1, . . . , N. (5.18)

The di�usive coupling term (k0 + γ0)
∑N
j=1 sin(θj−θi) can be eliminated by choosing γ0 = −k0,

and (5.18) reduces to

θ̇i = ωi + k0

N∑
j=1

sin(θj + θi), ∀i = 1, . . . , N. (5.19)

Theorem 5.10 then relaxes in this case to the following corollary, whose proof is a direct
consequence of Theorem 5.10 and is omitted.

Corollary 5.11. Suppose that there exists i, j ∈ N 6=N , such that

Ωi,j := |ωi − ωj | − 2Nk0

Ç
πν

2ω
+

ν2

6ω2

å
> 0, (5.20)

where ν := 2 maxh=1,...,N (|ω̃h|+Nk0), ω := 1
N 1>Nω, and ω̃h := ωh − ω̄, for all h = 1, . . . , N .

Then the pair of oscillators (i, j) is practically desynchronized.

Inequality (5.20) is always satis�ed, provided that ωi 6= ωj and ω̄ is su�ciently large (Figures
5.3 and 5.4). Indeed, the minimum coupling strength that ensures asymptotic phase-locking
of (5.18) in the absence of mean-�eld feedback does not depend on the absolute magnitude of
the natural frequencies, but only on their dispersion (Dör�er and Bullo, 2011; Jadbabaie et al.,
2004; Aeyels and Rogge, 2004; Chopra and Spong, 2009). One thus expects the value of k0

guaranteeing phase-locking in the absence of MFF to be independent of ω̄.

Interestingly, conditions (5.20) and (5.17) provide somehow complementary results to those in
(Aeyels and Rogge, 2004). There the authors derive, in the case of a three oscillators network,
several su�cient conditions for a pair of oscillators to be practically phase-locked (partial
entrainment). Conversely, Theorem 5.10 and Corollary 5.11 provide su�cient conditions for a
pair of oscillators to be practically desynchronized. A combination of the two investigations



might shade more light on both partial entrainment and desynchronization under mean-�eld
feedback.

5.4 Main proofs

5.4.1 Proof of Lemma 5.3.

From the assumption of the lemma it simply holds by integration that

α>(x(t; t0, x0), t)− x0) ≥ ᾱ(t− t0). (5.21)

Recalling that, by the Cauchy-Schwartz inequality, for all y ∈ Rn, |α||y| ≥ α>y, (5.21) implies
that

|x(t; t0, x0), t)− x0| ≥
ᾱ

|α|
(t− t0). (5.22)

Given T > 0, consider the neighborhood U of x0 de�ned as U := B(x0, r0), where r0 := ᾱT
4|α| .

From (5.22) it follows that x(t; t0, x0), t) 6∈ U for all t ≥ T
2 + t0, which ends the proof. �

5.4.2 Proof of Theorem 5.4

Necessity: Assume that the pair (i, j) is strongly desynchronized. Then there exists a constant
Ωij > 0 such that, given any θ0 ∈ TN and t0 ∈ R, it holds that |θ̇i(t) − θ̇j(t)| ≥ Ωij for all
t ∈ R, where θ(·) := θ(·; t0, θ0). Without loss of generality, we can pick i, j in such a way that
θ̇i(t)− θ̇j(t) ≥ Ωij for all t ∈ R (otherwise, just �ip the indexes i and j). Then, it holds from
(5.5) that, for all t ∈ R,

ψ̇(t)>(ei − ej) = ψ̇i(t)− ψ̇j(t) = θ̇i(t)− θ̇j(t) ≥ Ωij ,

where ψ(·) := ψ(·; t0, θ0). In particular, the solutions of (5.5) integrated along (5.1) satisfy
ψ̇(t)>(êi − êj) ≥ Ωij . The necessity part is then proved by picking ᾱ = Ωij .
Su�ciency: Given θ0 ∈ TN and t0 ∈ R, let (5.7) hold for some ᾱ > 0. Then, for all t ∈ R, it
holds that

ᾱ ≤ ψ̇(t)>(ei − ej) = ψ̇i(t)− ψ̇j(t) = θ̇i(t)− θ̇j(t).

The su�ciency part is then proved by picking Ωij = α.
The rest of the statement follow by Lemma 5.3. �

5.4.3 Proof of Proposition 5.7

Since the dynamics (5.1) is time invariant we can pick, without loss of generality, T ∗ = 0
in the statement of the proposition. Let θ0 ∈ TN . Since (5.1) de�nes a smooth bounded
dynamics, θ(t; t0, θ0) exists for all time, (Khalil, 2001, Theorem 3.2). Fix any t ∈ R, and let
θ(t) := θ(t; t0, θ0). The system (5.1) being time invariant, and since (5.8) holds uniformly in



the initial conditions, it also holds that

1

Tij

∣∣∣∣∣
∫ t+Tij

t

Ä
θ̇i(τ ; t0, θ0)− θ̇j(τ ; t0θ0)

ä
dτ

∣∣∣∣∣
=

1

Tij
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∫ Tij

0

Ä
θ̇i(τ ; t0, θ(t))− θ̇j(τ ; t0, θ(t)

ä
dτ

∣∣∣∣∣
≥ Ωij .

Since t ∈ R is arbitrary, the proposition is proved. �

5.4.4 Proof of Theorem 5.10

The whole proof is based on the following claim, whose proof is provided in Section 5.5.1.

Claim 5.12. For all θ0 ∈ TN , the trajectory of (5.19) satis�es, for all i, j = 1, . . . , N ,

ω

π

∣∣∣∣∣
∫ π/ω

0
sin
Ä
θi(τ) + θj(τ)

ä
dτ

∣∣∣∣∣ ≤
Ç
πν

2ω
+

ν2

6ω2

å
.

Invoking Proposition 5.7 and Claim 5.12, it follows that, for all θ0 ∈ TN , all i, j ∈ N6=N , and all
t ∈ R, the trajectory of (5.19) satis�es

ω

π

∣∣∣∣∣
∫ t+π/ω

T

Ä
θ̇i(τ)− θ̇j(τ)

ä
dτ

∣∣∣∣∣
≥ |ωi − ωj |

−
∑
l=i,j

N∑
h=1

γlh
N

ω

π

∣∣∣∣∣
∫ t+π/ω

T
sin(θl(τ) + θh(τ))dτ

∣∣∣∣∣
−
∑
l=i,j

N∑
h=1

εlh
N

ω

π

∣∣∣∣∣
∫ t+π/ω

T
sin(θl(τ)− θh(τ))dτ

∣∣∣∣∣ , ∀t ≥ 0

≥|ωi−ωj |−
1

N

N∑
h=1

|γih+γjh|
Ç
πν

2ω
+
ν2

6ω2

å
− 1

N

N∑
h=1

|εih+εjh|

> 0,

where the last inequality comes from assumption (5.17). Recalling De�nition 5.6, this proves
the theorem. �

5.5 Technical proofs

5.5.1 Proof of Claim 5.12

For all i, j = 1, . . . , N , let

ϕij(t) := ω̃it+ω̃jt+

∫ t

0

∑
l=i,j

N∑
h=1

(
εlh sin(θh(τ)−θl(τ))−γhl sin(θh(τ)+θl(τ))

)
d τ, ∀t ≥ 0. (5.23)



where, for all h, l = 1, . . . , N , εhl is de�ned as in the statement of Theorem 5.10. Note that,
for all i, j = 1, . . . , N and all t ≥ 0,

|ϕij(t)| ≤ |ω̃i + ω̃j |t+
∑
l=i,j

∑
h=1

|εlh + γhl|t ≤ νt. (5.24)

Moreover, integrating (5.16) we obtain that, for all i, j = 1, . . . , N and all t ≥ 0,

θi(t) = ωt+ ω̃it+

∫ t

0

N∑
j=1

(
εij sin(θj(τ)− θi(τ))− γij sin(θj(τ) + θi(τ))

)
d τ + θ0i,

and, recalling (5.23),
θi(t) + θj(t) = 2ωt+ θ0i + θ0j + ϕij(t). (5.25)

It then follows that
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sin(2ωt+ θ0i + θ0j + ϕij(t))dt

∣∣∣∣∣
≤ ω

π
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∫ π/ω

0
cos(2ωt+ θ0i + θ0j) sinϕij(t)dt

∣∣∣∣∣+ ω

π

∣∣∣∣∣
∫ π/ω

0
sin(2ωt+ θ0i + θ0j) cosϕij(t)dt

∣∣∣∣∣ ,
where the �rst equality comes from (5.25), and the second inequality from the trigonometric
identity sin(a+ b) = cos a sin b+ sin a cos b and the triangular inequality.

From (5.24) it follows that sinϕij(t) ≤ νt for all t ≥ 0. Hence, we can give the following upper
bound:

ω

π

∣∣∣∣∣
∫ π/ω

0
cos(2ωt+ θ0i + θ0j) sinϕij(t)dt

∣∣∣∣∣ ≤ ω

π

∫ π/ω

0
νtdt ≤ πν

2ω
. (5.26)

Furthermore, note that

ω

π

∣∣∣∣∣
∫ π/ω

0
sin(2ωt+ θ0i + θ0j) cosϕij(t)dt

∣∣∣∣∣
=

ω

π

∣∣∣∣∣
∫ π/ω

0
sin(2ωt+ θ0i + θ0j)dt

∣∣∣∣∣+ ω

π

∣∣∣∣∣
∫ π/ω

0
sin(2ωt+ θ0i + θ0j)(cosϕij(t)− 1)dt

∣∣∣∣∣
= 0 +

ω

π

∣∣∣∣∣
∫ π/ω

0
sin(2ωt+ θ0i + θ0j)(cosϕij(t)− 1)dt

∣∣∣∣∣ .
Recalling that cosϕij(t) ≥ 1− 1

2ϕij(t)
2, it follows from (5.24) that cosϕij(t) ≥ 1− 1

2(νt)2, that
is cosϕij(t)− 1 ≥ −1

2(νt)2, and, �nally, | cosϕij(t)− 1| ≤ 1
2(νt)2, for all t ≥ 0. It then follows



that

ω

π

∣∣∣∣∣
∫ π/ω

0
sin(2ωt+ θ0i + θ0j) cosϕij(t)dt

∣∣∣∣∣
=

ω

π

∣∣∣∣∣
∫ π/ω

0
sin(2ωt+ θ0i + θ0j)(cosϕij(t)− 1)dt

∣∣∣∣∣
≤ ω

π

∫ π/ω

0

1

2
(νt)2dt

≤ ν2

6ω2 . (5.27)

The claim follows directly from (5.26), (5.26) and (5.27). �





Appendix A

Extensions to Part I1

In this chapter we will study a generalization of the closed-loop dynamics proposed in Chapter
2. More precisely, in Section A.1, we consider more general form of di�usive coupling and
mean-�eld proportional feedback. The importance of such generalizations is discussed below.
Based on the generalized dynamics, we provide in Section A.2 a formal derivation of the small
coupling condition permitting to introduce Assumption 1 in a less arti�cial way. All the results
of Chapter 2 are then rigorously re-derived in Section A.3 for the new extended dynamics.
Finally, in Sections A.4, A.5, and A.6, we provide su�cient conditions for and a sketch of some
possible extensions of the results in Chapters 2, 3, 4, and 5 to the new generalized dynamics.

A.1 A more general model

This section extends the model derivation of Chapter 2 to a wider class of interconnected
oscillators. Given ρi > 0, i = 1, . . . , N , consider the following dynamics on CN

żi = (iωi + ρ2
i − |zi|2)zi +

N∑
j=1

κije
iδij (eiηjzj − eiηizi) + ui (A.1)

where κ := [κij ]i,j=1,...,N ∈ RN×N ,

ui :=
N∑
j=1

γ̃ije
iφij
î

cosϕjRe(e
iψjzj) + i sinϕjIm(eiψjzj)

ó
, (A.2)

γ̃ := [γ̃ij ]i,j=1,...,N ∈ RN×N , and where

Φ := ([δij ]i,j=1,...,N , [ηi]i=1,...,N , [ϕi]i=1,...,N , [φij ]i,j=1,...,N , [ψi]i=1,...,N ) ∈ RN×(2N+3) (A.3)

The phase matrix Φ accounts for possible imprecision in the association between physical
(voltages, conductances, ion concentrations, etc.) and mathematical (real and imaginary parts)
variables. For instance:

• The phases [ηi]i=1,...,N rotate the oscillator contributions to the di�usive coupling. This
permits to consider the case when, in the simpli�cation from the full coupled limit cycles
to the reduced ones, we can not exactly associate the voltages and recovery variables of
each oscillator to the real and imaginary parts, respectively.

1This chapter results for the reviewer's (Prof. Ermentrout and Prof. Aeyels) comments on a preliminary
version of this thesis.



• The phases [δij ]i,j=1,...,N rotate the di�usive coupling terms in such a way that the imag-
inary part of the coupling in�uences the real one and vice-versa.

• Similarly, the phases ([ϕi]i=1,...,N , [φij ]i,j=1,...,N , [ψi]i=1,...,N ) accounts for the same type
of inaccuracies in the feedback coupling. In particular, the phases [ϕi]i=1,...,N permit to
consider the case when the real and the imaginary parts of the oscillations contribute to
the mean-�eld measurement with di�erent gains.

We point out that this generalized model includes two important situations as special cases:

Reduction to the original mean-�eld proportional feedback scheme in Equation (2.3)

By picking δij = ηi = φij = ψj = ϕj = 0 and by setting γ̃ij = βiαj , for all i, j = 1, . . . , N ,
trivial computations reveal that (A.1) reduces to

żi = (iωi + ρ2
i − |zi|2)zi +

N∑
j=1

κij(zj − zi) + βi

N∑
j=1

αjRe(zj),

thus recovering the dynamics in Equation (2.3).

Reduction to the normal form (A.4) in (Aronson et al., 1990) . With the choice ϕi =
π
4 , ηi = ψi = 0, and φij = δij , for all i, j = 1, . . . , N , the sum of the coupling and feedback
terms in Equations (A.1)-(A.2) can be re-written as

N∑
j=1

eiδij
î
(κij + γ̃ij)zj − κijzi

ó
=

N∑
j=1

(κij + γ̃ij)e
iδij

ñ
zj −

κij
κij + γ̃ij

zi

ô
. (A.4)

Clearly, for κij = 0, we obtain a purely direct coupling, which recovers the coupling term
in Equation (A.4) of (Aronson et al., 1990) with κ̃i = 0. Otherwise, given κ̃i ∈ (0, 1], we
let

κij
κij + γ̃ij

= κ̃i,

which is equivalent to asking

γ̃ij =
(1− κ̃i)κij

κ̃i
. (A.5)

By plugging (A.5) into (A.4), we can further transform the coupling and feedback terms
as

N∑
j=1

Å
κij +

1− κ̃i
κ̃i

κij

ã
eiδij (zj − κ̃izi) =

N∑
j=1

κ′ije
iδij (zj − κ̃izi),

where κ′ij :=
κij
κ̃i
, which recovers the coupling term of Equation (A.4) of (Aronson et al.,

1990) with κ̃i ∈ (0, 1].

The normal form (A.4) in (Aronson et al., 1990) constitutes the basis of many theoretical works
on synchronization phenomena between coupled oscillators, including, in particular, works on
desynchronization via mean-�eld feedback, e.g. (Hauptmann et al., 2005a; Popovych et al.,
2006a) and references therein.

A.2 Formal reduction to the phase dynamics

The goal of this section is to derive the phase dynamics of the closed-loop system (A.1)-(A.2).
More precisely, we rigorously derive conditions justifying Assumption 1, that is conditions for
which the oscillator radius variations can be neglected in the associated phase dynamics.



We start by writing the oscillator states in polar coordinates, that is zi =: rie
iθi , for all

i = 1, . . . , N , where ri = |zi| ∈ R≥0 and θi = arg(zi) ∈ T 1. We stress that the oscillator phases
θi are de�ned only for |zi| = ri > 0. In these coordinates the dynamics (A.1)-(A.2) reads

ṙie
iθi + iriθ̇ie

iθi = (iωi + ρ2
i − r2

i )rie
iθi +

N∑
j=1

κije
iδij (eiηjrje

iθj − eiηirie
iθi) + ui

with

ui :=
N∑
j=1

γ̃ije
iφij
î

cosϕjRe(e
iψjrje

iθj ) + i sinϕjIm(eiψjrje
iθj )
ó
.

By multiplying both sides of this dynamics by e−iθi

ri
, extracting the real and imaginary part,

and using some basic trigonometry, we get, for ri > 0, i = 1, . . . , N ,

θ̇i = ωi + fi(θ, r, κ, γ̃,Φ) (A.6a)

ṙi = ri(ρ
2
i − r2

i ) + gi(θ, r, κ, γ̃,Φ), (A.6b)

where, for all i = 1, . . . , N ,

fi(θ, r, κ, γ̃,Φ) := −
N∑
j=1

κij sin(δij + ηi) +
N∑
j=1

κijrj
ri

sin(θj − θi + δij + ηj)

+
N∑
j=1

γ̃ijrj
ri

ï
sinϕj + cosϕj

2
sin(θj − θi + φij + ψj) (A.7)

+
sinϕj − cosϕj

2
sin(θj + θi − φij + ψj)

ò
gi(θ, r, κ, γ̃,Φ) := −ri

N∑
j=1

κij cos(δij + ηi) +
N∑
j=1

κijrj cos(θj − θi + δij + ηj)

+
N∑
j=1

γ̃ijrj

ï
sinϕj + cosϕj

2
cos(θj − θi + φij + ψj) (A.8)

+
cosϕj − sinϕj

2
cos(θj + θi − φij + ψj)

ò
which de�nes the phase/radius dynamics of (A.1)-(A.2) on TN × RN>0.

Let f := [fi]i=1,...,N and g := [gi]i=1,...,N . When the di�usive coupling and the mean-�eld
proportional feedback are both zero, that is κ = γ̃ = 0, it holds that f ≡ g ≡ 0. Hence, in this
case, (A.6) reduces to

θ̇i = ωi (A.9a)

ṙi = ri(ρ
2
i − r2

i ), (A.9b)

for all i = 1, . . . , N . Let ρ := [ρi]i=1,...,N ∈ RN×N . It is evident that the N-torus TN × ρ ⊂
TN × RN>0 is invariant for (A.9), since all its points are �xed points of the radius dynamics
(A.9b). Moreover, it is normally hyperbolic, since the linearization of (A.9) on its tangent

space2 is ∂θ̇
∂θ ≡ 0, whereas the linearization on the orthogonal space, i.e. ∂ṙ

∂r , has eigenvalues

2Since r is constant on TN × [ρi]i=1,...,N , the tangent space at a point (θ, [ρi]i=1,...,N ) ∈ TN ×

[ρi]i=1,...,N is spanned by

ß
∂
∂θi

∣∣∣
(θ,[ρi]i=1,...,N )

™
, i = 1, . . . , N , whereas the orthogonal space is spanned byß

∂
∂ri

∣∣∣
(θ,[ρi]i=1,...,N )

™
, i = 1, . . . , N .



−2ρ2
i , i = 1, . . . , N . Thus, it is also (exponentially) attractive.

We are now going to apply a classical result of Hirsch et. al (Hirsch et al., 1977, Theorem 4.1)
to show that, if κ, γ̃ are su�ciently small, then (A.6) still has an attractive normally hyperbolic
invariant torus in a neighborhood of T0 := TN × ρ.

Proposition A.1. Given ρi > 0, i = 1, . . . , N , there exists constants δh, Ch > 0 depending

only ρi, i = 1, . . . , N , such that, if |(κ, γ̃)| ≤ δh, then there exists an attractive invariant

manifold Tp ⊂ TN × RN>0 normally hyperbolic for (A.6) and satisfying

|r − ρ| ≤ Ch|(κ, γ̃)|, ∀(θ, r) ∈ Tp. (A.10)

Proof Even though for κ = γ̃ = 0 it holds that f ≡ g ≡ 0, as soon as (κ, γ̃) 6= 0, f and g
are unbounded, due to singularities at ri = 0 and ri = ∞, for some i ∈ {1, . . . , N}. However,
the persistence of the normally hyperbolic invariant torus solely relying on local arguments, we
can construct a locally de�ned auxiliary smooth dynamical system, which is identical to (A.6)
near T0. The auxiliary system possesses a normally hyperbolic invariant manifold Tp near T0

if and only if the same holds for the original dynamics (A.6).

Step 1: Compacti�cation.

The result of (Hirsch et al., 1977, Theorem 4.1) applies for dynamical systems de�ned on com-
pact manifolds. Thus, we construct our auxiliary dynamics on a compact manifold containing
T0. To this end, we consider some smooth functions Gi : R≥0 → [0, 1] such that (see (Lee,
2006, Page 54))

Gi(ri) =


0 if ri ∈

[
0, ρi

2

]
1 if ri ∈

î
3ρi
4 ,

5ρi
4

ó
0 if ri >

3ρi
2 .

(A.11)

By denoting

P :=

ß
r ∈ RN>0 : ri ∈

ï
ρi
2
,

3ρi
2

ò
, i = 1, . . . , N

™
,

we letM be the compact submanifold

M := TN × P .

We de�ne our auxiliary dynamical as a dynamical system on the compact submanifoldM as
follows:

θ̇i = ωi + fi(θ, r, κ, γ̃,Φ), θ ∈ TN (A.12a)

ṙi = ri(ρ
2
i − r2

i ) +Gi(ri)gi(θ, r, κ, γ̃,Φ), r ∈ P . (A.12b)

Note that, by de�nition, the two dynamics (A.6) and (A.12) coincide on

M := TN × P , (A.13)

where

P :=

ß
r ∈ RN>0 : ri ∈

ï
3ρi
4
,

5ρi
4

ò
, i = 1, . . . , N

™
.

In particular (A.6) has an attractive normally hyperbolic invariant manifold Tp ⊂ M if and
only if (A.12) does.

Step 2: Invariance.

In order to apply (Hirsch et al., 1977, Theorem 4.1) to (A.12) with κ and γ̃ as the perturbation
parameters, we also have to show that the compact manifold M is invariant with respect to



the �ow of (A.12) independently of (κ, γ̃) ∈ RN×2N . In this case, the �ow of (A.12) mapsM
into itself independently of the perturbation parameters, as required by (Hirsch et al., 1977,
Theorem 4.1). By construction of the functions Gi in (A.11), the border ofM, i.e.

∂M := TN × ρ

2
∪ TN × 3ρ

2

are �xed points of the radius dynamics (A.12b), independently of the value of the parameters
κ, γ̃,Φ. In other words, for all (κ, γ̃,Φ) ∈ RN×(4N+3), the border of M is given by the union
of the two invariant torus TN × ρ

2 and TN × 3ρ
2 . This in turn ensures thatM is invariant for

(A.12). Indeed, if a trajectory exists crossing the border ofM, then the image of the crossing
point through the �ow of (A.12) falls out of ∂M, which violates its invariance.

Step 3: The nominal invariant manifold and construction of the perturbed one.

For κ = γ̃ = 0, the N-torus T0 = TN × ρ is attractive normally hyperbolic invariant for (A.12),
since T0 ⊂M and the same holds for (A.6).

It remains to show that, if |(κ, γ̃)| is small, then the C1-norm3 of the functions

M :−→ RN

(θ, r) 7−→ f
∣∣∣
M

(θ, r, κ, γ̃,Φ)

and

M :−→ RN

(θ, r) 7−→ G
∣∣∣
M

(r)g
∣∣∣
M

(θ, r, κ, γ̃,Φ)

where G := [Gi]i=1,...,N , is small as well. To this aim, note that f and its derivative ∂f
∂(θ,r) are

linear in (κ, γ̃). Furthermore, the coe�cients, which depend only on (θ, r,Φ), are uniformly

bounded onM×RN×(2N+3). Similarly, for the function Gg and its derivative ∂(Gg)
∂(θ,r) . It follows

that there exists Cf , Cg > 0, Cf , Cg independent of κ, γ̃, ω, and Φ, such that

‖̄f |M(·, ·, κ, γ̃,Φ)‖̄1 ≤ Cf |(κ, γ̃)| (A.14a)

‖̄G|M(·)g|M(·, ·, κ, γ̃,Φ)|M‖̄1 ≤ Cg|(κ, γ̃)|, (A.14b)

that is both f and g are |(κ, γ̃)|-small in the C1-norm. Note that the constants Cf , Cg solely
depend on the natural radius ρi.

We can �nally apply (Hirsch et al., 1977, Theorem 4.1) to conclude the existence of δ′h > 0,
independent of κ, γ̃, ω, and Φ, such that, if

|(κ, γ̃)| ≤ δ′h, (A.15)

then (A.6) still has an attractive normally hyperbolic invariant N-torus Tp ⊂ M, which is
|(κ, γ̃)|-near in the C1-norm to T0. The fact that δ′h depends only on the natural radius ρi,
comes from the fact that the linear part of the unperturbed dynamics (A.9) solely depends on
ρi, i = 1, . . . , N . In particular, there exists Ch > 0 such that, if |(κ, γ̃)| < δ′h, then

|r − ρ| ≤ Ch|(κ, γ̃)|, ∀(θ, r) ∈ Tp, (A.16)

where again Ch is independent of κ, γ̃, ω, and Φ.

3The C1-norm of a C1 bounded function with bounded derivatives F : M → RN is de�ned as ‖̄F ‖̄1 :=
max{max

x∈M |F (x)|,max
x∈M |∂F/∂x(x)|}, where |F (x)| (resp. |∂F/∂x(x)|) is the Euclidean (resp. Frobenius)

norm of F (x) (resp. ∂F/∂x(x)).



To prove the proposition, it remains to pick |(κ, γ̃)| su�ciently small that Tp ⊂M, whereM,
de�ned in (A.13), is the region where (A.12) coincides with (A.6). To this aim, from (A.15),
(A.16), and the de�nition (A.13) ofM, it su�ces to pick

δh :=
mini=1,...,N ρi

4Ch
, (A.17)

and
|(κ, γ̃)| ≤ δh, (A.18)

�

Remark A.2. We refer to condition (A.18) as the small coupling condition. Note that the
constant δh, and thus the small coupling condition, depends only on the oscillator natural
radius ρi. In particular, it is independent of the natural frequencies ω.

If the small coupling condition is veri�ed, then Proposition A.1 has two important consequences:

1. On the attractive normally hyperbolic invariant torus Tp, the oscillator radius variations
around their natural radius are bounded by |r(t) − ρ| ≤ Ch|(κ, γ̃)|, for all t ≥ 0. In
particular, they are small, provided that |(κ, γ̃)| is small.

2. To the �rst order in |(κ, γ̃)| the phase dynamics does not depend on the radius dynamics.
Indeed from (A.10) and (A.14) it follows that∣∣∣∣∂f∂r (θ, r, κ, γ̃,Φ)(r − ρ)

∣∣∣∣ ≤ ∣∣∣∣∂f∂r (θ, r, κ, γ̃,Φ)

∣∣∣∣ |r − ρ|
≤ Cf |(κ, γ̃)|Ch|(κ, γ̃)|
= CfCh|(κ, γ̃)|2.

Items 1 and 2 justify Assumption 1. In particular, to the �rst order in |(κ, γ̃)|, i.e. to the �rst
order in the coupling and feedback strength, if the small coupling condition (A.18) holds true,
then

θ̇i = ωi −
N∑
j=1

κij sin(δij + ηi) + f̄i(θ, k, γ,Φ), (A.19a)

where

f̄i(θ, k, γ,Φ) := ωi −
N∑
j=1

κij sin(δij + ηi) +
N∑
j=1

kij sin(θj − θi + δij + ηj) (A.20a)

+
N∑
j=1

γij

ï
sinϕj + cosϕj

2
sin(θj − θi + φij + ψj) (A.20b)

+
sinϕj − cosϕj

2
sin(θj + θi − φij + ψj)

ò
, (A.20c)

with k := [kij ]ij=1,...,N :=
î
κijρj
ρi

ó
and γ := [γij ]ij=1,...,N :=

î
γ̃ijρj
ρi

ó
. We stress that the error

between the nominal phase dynamics (A.6) and (A.19) is of the same order as |(κ, γ̃)|2. It is
thus small provided that |(κ, γ̃)| is small.

The generalized phase dynamics (A.19) constitutes the object of our analyses in this chapter.



A.3 Generalization of the results of Chapter 2

In this section we extend the results contained in Lemmas 2.3 and 2.4 and Theorem 2.2, to
the generalized phase dynamics (A.19). We stress that all the forthcoming analysis is valid,
provided that the small coupling condition (A.18) is satis�ed, independently of the natural
frequencies.

A.3.1 Generalized �xed point equation

Similarly to Chapter 2, we start by identifying the phase-locked solutions or, equivalently, the
�xed points of the incremental dynamics of (A.19), i.e. θ̇i − θ̇j = 0, for all i, j = 1, . . . , N .
Given some initial conditions θ∗(0), this �xed points equation reads

0 = ωi −
N∑
h=1

κih sin(δih + ηi) +
N∑
h=1

kih sin(∆ih + δih + ηh) (A.21a)

+
N∑
h=1

γih
sinϕh + cosϕh

2
sin(∆ih + φih + ψh) (A.21b)

−ωj +
N∑
h=1

κjh sin(δjh + ηj)−
N∑
h=1

kjh sin(∆jh + δjh + ηh) (A.21c)

−
N∑
h=1

γjh
sinϕh + cosϕh

2
sin(∆jh + φjh + ψh) (A.21d)

+
N∑
h=1

sinϕh − cosϕh
2

sin(2ΛΩ(t) + ∆ih + 2θ∗i (0)− φih + ψh) (A.21e)

−
N∑
h=1

sinϕh − cosϕh
2

sin(2ΛΩ(t) + ∆jh + 2θ∗j (0)− φjh + ψh). (A.21f)

where the phase di�erences ∆ ∈ RN×N and the common frequency of oscillation Ω : R → R
are de�ned in (2.12) and (2.13), respectively.

Let us introduce some notation. The �xed point equation (A.21) must be solved in ∆ and
Ω. It is parametrized, apart from the natural frequencies ω, by the elements of the matrix
Υ ∈ RN×(4N+3), which is de�ned as

Υ := (k, κ,Φ). (A.22)

Let us denote the �rst four (time-independent) lines of (A.21) as the function ΦTI
ij : RN ×

RN×(4N+3) × RN×N → R, that is

ΦTI
ij (ω,Υ,∆) = ωi −

N∑
h=1

κih sin(δih + ηi) +
N∑
h=1

kih sin(∆ih + δih + ηh)

+
N∑
h=1

γih
sinϕh + cosϕh

2
sin(∆ih + φih + ψh)

−ωj +
N∑
h=1

κjh sin(δjh + ηj)−
N∑
h=1

kjh sin(∆jh + δjh + ηh)

−
N∑
h=1

γjh
sinϕh + cosϕh

2
sin(∆jh + φjh + ψh). (A.23)



Similarly we denote the last two (time-dependent) lines of (A.21) as the function ΦTD
ij : R ×

RN×(4N+3) × RN×N × RN → R, that is

ΦTD
ij (t,Υ,∆, θ∗(0)) :=

N∑
h=1

sinϕh − cosϕh
2

sin(2ΛΩ(t) + ∆ih + 2θ∗i (0)− φih + ψh) (A.24)

−
N∑
h=1

sinϕh − cosϕh
2

sin(2ΛΩ(t) + ∆jh + 2θ∗j (0)− φjh + ψh).

Then we can generalize Lemma 2.3 as follows.

Lemma A.3. For all initial conditions θ∗(0) ∈ TN , all natural frequencies ω ∈ RN , all

parameters Υ ∈ RN×(4N+3), if system (A.19) admits an oscillating phase-locked solution start-

ing in θ∗(0) with phase di�erences ∆ and collective frequency of oscillation Ω, then, for all

1 ≤ i < j ≤ N , the functions de�ned in (A.23) and (A.24) satisfy

ΦTI
ij (ω,Υ,∆) = 0, (A.25a)

ΦTD
ij (t,Υ,∆, θ∗(0)) = 0. (A.25b)

Proof The proof follows along the same lines as those of the original lemma. Firstly, note
that, by de�nition, the �xed point equation (A.21) can be rewritten as

ΦTI
ij (ω,Υ,∆) + ΦTD

ij (t,Υ,∆, θ∗(0)) = 0.

Since ΦTI
ij (ω,Υ,∆) is constant, this is equivalent to writing

ΦTI
ij (ω,Υ,∆) = cij ,

ΦTD
ij (t,Υ,∆, θ∗(0)) = −cij , (A.26)

for some constant cij ∈ R. We claim that, if the phase-locked solution is oscillating, then
necessarily cij = 0. To see this, di�erentiate (A.26) with respect to time. We obtain, for all
t ≥ 0,

0 = 2Ω(t)×{
N∑
h=1

γih
[

cosψh cos(2ΛΩ(t) + ∆ih − φi + 2θ∗i (0))− sinψh sin(2ΛΩ(t) + ∆ih − φi + 2θ∗i (0))
]

−
N∑
h=1

γjh
[

cosψh cos(2ΛΩ(t) + ∆jh − φj + 2θ∗j (0))− sinψh sin(2ΛΩ(t) + ∆jh − φj + 2θ∗j (0))
]}
.

(A.27)
Since the solution is oscillating, Ω is a non-identically zero continuous function, and, thus,
there exists an open interval (t, t̄), such that Ω(t) 6= 0, for all t ∈ (t, t̄). Hence, (A.27) implies
that

N∑
h=1

γih
[

cosψh cos(2ΛΩ(t) + ∆ih − φi + 2θ∗i (0))− sinψh sin(2ΛΩ(t) + ∆ih − φi + 2θ∗i (0))
]

−
N∑
h=1

γjh
[

cosψh cos(2ΛΩ(t)+∆jh−φj +2θ∗j (0))− sinψh sin(2ΛΩ(t)+∆jh−φj +2θ∗j (0))
]

= 0,

(A.28)



for all t ∈ (t, t̄). By di�erentiating (A.28) with respect to time and considering once again that
Ω(t) 6= 0 for all t ∈ (t, t̄), one gets

ΦTD
ij (t,Υ,∆, θ∗(0)) = 0

for all t ∈ (t, t̄), that is, at the light of (A.26), cij = 0, which concludes the proof. �

A.3.2 Invertibility of the time-independent part of the generalized �xed
point equation

In the following lemma, which generalizes Lemma 2.4, we show that the time-independent
part (A.25a) of the �xed point equation (A.21) can be inverted for a generic choice of the
parameters.

Lemma A.4. There exists a set N ⊂ RN×RN×(4N+3), and a set N0 ⊂ N satifying µ(N0) = 0,
such that (A.25a) with natural frequencies ω∗ ∈ RN and parameters Υ∗ ∈ RN×(4N+3) admits

a solution ∆∗ ∈ RN×N if and only if (ω∗,Υ∗) ∈ N . Moreover, for all (ω∗,Υ∗) ∈ N \ N0,

there exists a neighborhood U of (ω∗,Υ∗), a neighborhood W of ∆∗, and an analytic function

f : U → W , such that, for all (ω,Υ) ∈ U ,
Ä
ω, Υ, ∆ := f(ω,Υ)

ä
is the unique solution of

(A.25a) in U ×W .

Remark A.5. In this generalized version, we prove the analyticity of f , instead of simply
smoothness as for Lemma 2.4, since this permits to largely simplify the proof of the existence
Theorem A.6.

Proof (SKETCH) The �rst part of the proof follows exactly the same steps as that of
Lemma 2.4, with the matrix Υ at the place of the matrix Γ, and with the two function F
and F̂ (currently de�ned in (2.21) and (2.33), respectively) rede�ned as follows. By letting
yi := ∆iN , i = 1, . . . , N − 1, we let

Fi(ω,Υ, y) := ΦTI
iN (ω,Υ,∆(y)),

and
F̂i(ω̂i,Υ, y) := ΦTI

iN (0,Υ,∆(y)) + ω̂i,

where ∆iN (y) := yi, i = 1, . . . , N − 1, and ∆nm(y) = ym− yn, n = 1, . . . , N , m = 1, . . . , N − 1.
The end of the proof is slightly di�erent since, to prove the analyticity of f , instead of just
smoothness, one has to invoke the fact that F is analytic and then apply the analytic implicit
function theorem (Krantz and Parks, 2002, Theorem 2.3.5). For more details, we invite the
reader to retrace the proof of Lemma 2.4, with the above modi�cations in mind. �

A.3.3 Non-existence of oscillating phase-locked solutions in the generalized
dynamics

In the following theorem, which generalizes Theorem 2.2, we show that, for a generic choice of
the parameters, no oscillating phase-locked solution exists in the phase dynamics (A.19).

Theorem A.6. For all initial conditions θ∗(0), and for almost all ω ∈ RN and Υ ∈ RN×(4N+3),

(A.19) admits no oscillating phase-locked solution starting in θ∗(0).

Proof



Observe that, if (ω,Υ) 6∈ N , then, by Lemma A.4, the time-independent part of the �xed point
equation (A.25a) admits no solutions and, thus, by Lemma A.3, the phase dynamics (A.19)
admits no oscillating phase-locked solution.

Therefore, let us assume that (ω,Υ) ∈ N . We claim that there existsM0 ⊂ N , with µ(M0) =
0, such that, given initial conditions θ∗(0), if there exists an oscillating phase-locked solution
of (A.19) starting in θ∗(0), then (ω,Υ) ∈ N0 ∪ M0, where N0 is de�ned in Lemma A.4 in
Section A.3.2. If our claim holds true, noticing that µ(M0 ∪ N0) = 0, then the theorem is
proved.

We want to constructM0 as the zeros of a suitable analytic function, thus ensuring that it has
zero Lebesgue measure (Krantz and Parks, 2002, Page 83).
Given (ω,Υ) ∈ N \ N0, it follows from Lemma A.4 that there exists a unique ∆(ω,Υ) such
that (ω, Υ, ∆(ω,Υ)) is solution to (A.25a). That is the function

N \N0 :−→ RN×N

(ω,Υ) 7−→ ∆(ω,Υ)

is well de�ned. It is also analytic, since, again by Lemma A.4, for all (ω,Υ) ∈ N \ N0 it is
analytic in a neighborhood U 3 (ω,Υ). Given a pair of indexes i 6= j, consider the function

N \N0 :−→ R (A.29a)

(ω,Υ) 7−→ G(ω,Υ) := ΦTD
ij (0,Υ,∆(ω,Υ), θ∗(0)) (A.29b)

where ΦTD
ij is de�ned in (A.24). The function G de�ned by (A.29) is analytic on N \N0, since

it is the composition of two analytic functions (Krantz and Parks, 2002, Proposition 1.4.2).
We de�neM0 as the zero set of G, that is

M0 := {(ω,Υ) ∈ N \ N0 : G(ω,Υ) = 0}. (A.30)

As anticipated above, since G is analytic, µ(M0) = 0. By construction, if (ω,Υ) ∈ (N \N0) \
M0, then G(ω,Υ) 6= 0, that is, by the de�nition of G in (A.29), the time-dependent part of the
�xed point equation (A.25b) admits no solutions. By Lemma A.3, this implies that, if there
exists an oscillating phase-locked solution starting from θ∗(0), then necessarily

(ω,Υ) ∈ N \
î
(N \N0) \M0

ó
= N \

î
N \ (N0 ∪M0)

ó
= N0 ∪M0,

which proves the claim. �

A.3.4 A particular parameter con�guration

Theorem A.6 holds only generically in the space of natural frequencies and parameters. This
means that there exist sets of zero Lebesgue measure in this space where oscillating phase-
locked solutions may indeed exist. In Section 2.4.2 we provide one examples (Example 2.3).
Here we relate this zero measure set to the normal form (A.4) in (Aronson et al., 1990).

It is proved in that reference that the normal (A.4) admits asymptotically stable (oscillating)
phase-locked solutions. At the same time, as discussed in Section A.1, this normal form can
be obtained from our generalized dynamics via a suitable choice of the parameter matrix Φ,
de�ned in (A.3). However, this does not contradict Theorem A.6. The normal form (A.4) falls
indeed in the parameter zero measure set for which Theorem A.6 does not apply.



We stress that this intrinsic di�erence between our analysis and the analysis in (Aronson et al.,
1990) re�ects the di�erent assumptions in the derivation of the phase-dynamics:

? Under the assumption that the attractivity of the limit cycles in (A.1) is large, compared
to the di�usive coupling and feedback strengths, to the �rst order, the radius dynamics
can be ignored and the phase dynamics has the form (A.19), as derived in Section A.2.

?? Under the assumption that the oscillators are near the Hopf bifurcation, as in that refer-
ence, the attractivity of the limit cycle is small and, to the �rst order, the phase dynamics
depends only on the phase di�erences. At the same time, the e�ects of the radius varia-
tions are not negligible.

Beyond the purely existence result of Theorem A.6 (which is not so informative about the
possible phenomena that can be observed), we stress in Section 4.3 and Section A.5 below
that the presence of non-di�usive terms in the phase dynamics is crucial to obtain robust
oscillation inhibition without death of the oscillation amplitude. The same fact is thoroughly
stressed in (Ermentrout and Kopell, 1990). In other words, oscillation inhibition can not be
robustly observed in the normal form (A.4) derived in (Aronson et al., 1990) without death
of the oscillation amplitude. At the same time, ignoring the radius dynamics necessarily leads
to ignoring the existence of other types of phenomena, in particular, the existence of stable
phase-trapped and phase-drift solutions, as de�ned and observed in that reference.

It would be interesting to explore an ensemble, or a couple, of Landau-Stuart oscillators in the
intermediate case between the strong attractivity assumption considered here and the weak
attractivity assumption considered in (Aronson et al., 1990). This is left to future work.

A.4 Extension of the results of Chapters 3

The result of Theorem 3.4, which characterizes the robustness of phase-locking between Ku-
ramoto oscillators, relies on the existence of an ISS Lyapunov function for the incremental phase
dynamics, whose local minima characterize asymptotically stable phase-locked solutions. In
this section we provide su�cient conditions for which the generalized incremental dynamics
associated to (A.19) still admits a Lyapunov function. The phase-locking robustness analysis
can then be generalized by retracing the steps in Chapter 3.

A.4.1 The generalized incremental dynamics with inputs

In the more general case (A.19), the incremental dynamics with inputs reads, for all i, j =
1, . . . , N ,

θ̇i(t)− θ̇j(t) = ω̃i(t)−ω̃j(t)+
N∑
h=1

kih sin(θh−θi+δih+ηh)−
N∑
h=1

kjh sin(θh−θj+δjh+ηh) (A.31)

where, for all i = 1, . . . , N and all t ∈ R, the grounded inputs ω̃i(t) are given by

ω̃i(t) = $i(t)−
1

N

N∑
j=1

$j(t). (A.32)

and, as in (3.2), the time-varying natural frequencies $i account for generic time-varying
perturbations to the oscillators, including, in particular, heterogeneities and the e�ects of



mean-�eld proportional feedback. They are given by

$i(t) = pi(t) + ωi −
N∑
j=1

κij sin(δij + ηi)

+
N∑
j=1

γij

ï
sinϕj + cosϕj

2
sin(θj(t)− θi(t) + φij + ψj) (A.33)

+
sinϕj − cosϕj

2
sin(θj(t) + θi(t)− φij + ψj)

ò
,

and pi : R→ R, i = 1, . . . , N , are measurable functions.

A.4.2 The generalized Lyapunov function

We want to �nd and ISS Lyapunov function for the generalized incremental dynamics with
inputs (A.31). To this aim, consider the following function

VI(θ̃) := 2
N∑
i=1

N∑
j=1

Eij sin2
Å
θj − θi + δij + ηj

2

ã
, (A.34)

where Eij =
kij
K , and K = maxij |kij |, if k 6= 0, or K = 1, otherwise.

We now provide su�cient conditions on the parameter matrix Υ, de�ned in (A.22), for which
(A.34) is an ISS Lyapunov function for the incremental dynamics (A.31) with inputs ω̃. More
precisely, we require that the coupling matrix k is symmetric and that, moreover, the phases
δij + ηj are antisymmetric under the exchange of i and j, that is

kij = kji ∀i, j = 1, . . . , N, (A.35a)

δij + ηj = −δji − ηi, ∀i, j = 1, . . . , N. (A.35b)

Condition (A.35a) is the same symmetric coupling assumption made in Chapter 3, whereas
(A.35b) ensures that the di�usive coupling terms sin(θj − θi + δij + ηj) are antisymmetric.
We stress that, if (A.35) is not exactly veri�ed, the resulting dynamical uncertainties can be
embedded in the perturbation term pi in (A.33). This ensures, in particular, that our robustness
analysis extends to a full neighborhood of the subset of parameters de�ned by (A.35).

If (A.35) holds, then the derivative of the Lyapunov function VI along the trajectories of the
incremental dynamics (A.31) reads

V̇I(θ̃) := (∇θ̃VI)
T ˙̃
θ

= −
N∑

i,j=1

Eij sin(θj − θi + δij + ηj)(θ̇i − θ̇j)

= −2
N∑

i,j=1

Eij sin(θj − θi + δij + ηj)θ̇i,

where the last equality comes from the fact that, since by de�nition and (A.35a) E is a sym-
metric matrix, whereas, by (A.35b), sin(θj − θi + δij + ηj) is antisymmetric,

∑N
i,j=1Eij sin(θj −

θi + δij + ηj)θ̇j = −∑N
i,j=1Eij sin(θj − θi + δij + ηj)θ̇i. Since, for the same reason, it also holds



that
∑N
i,j=1Eij sin(θj − θi + δij + ηj)

∑N
h=1$h(t) = 0, we �nally get that

V̇I = −2
N∑
i=1

Ñ
N∑
j=1

Eij sin(θj − θi + δij + ηj)

é(
K

N∑
h=1

Eih sin(θh − θi + δij + ηj)) + ω̃i

)
= −2(K∇V T∇V +∇V T ω̃),

which proves that VI is, at least locally near its local minima, an ISS Lyapunov function for
(A.31).

A.4.3 Statement of the generalized result

Based on the function (A.34), we can retrace the same steps of Chapter 3 for the generalized
phase dynamics (A.19) and derive the following result.

Theorem A.7. Let k be a given symmetric interconnection matrix and suppose that δij +ηj =
−δji − ηi for all i, j = 1, . . . , N . Suppose, moreover, that the set Ok of asymptotically stable

�xed points of the unperturbed, i.e. ω̃ = 0, incremental dynamics (A.31) in non-empty. Then

Ok is locally input-to-state stable with respect to small ω̃.

Similarly to the original Theorem 3.4, the proof of Theorem A.7 relies on the existence of
the explicit (incremental) Lyapunov function (A.34), which permits to compute explicitly the
di�erent ISS gain and bounds. At the light of this, a similar result to Corollary 3.6 also holds.
More precisely, if no other exogenous disturbances but the mean-�eld proportional feedback
are present, then the necessary condition for desynchronization becomes:∣∣∣∣∣∣ωi − 1

N

N∑
j=1

ωj −
N∑
j=1

κij sin(δij + ηi)−
1

N

N∑
h=1

κhj sin(δhj + ηh)

∣∣∣∣∣∣+ 2γ̄N
√
N ≤ δω,

where again γ̄ is the feedback intensity and is de�ned as in 3.10, and where the constant δω > 0
depends only on the interconnection matrix k.

A.5 Extension of the results of Chapters 4

The analysis of Chapter 4 entirely relies on the gradient nature of the closed-loop dynamics.
In the all-to-all case analyzed in Chapter 4, we show, in particular, that the critical set of the
potential function consists of only normally hyperbolic invariant manifolds (including isolated
critical points, which are zero-dimensional invariant manifolds) and that all its minima are
isolated. This ensures robust almost-global convergence to the set of isolated local minima,
corresponding to robust oscillation inhibition.



A.5.1 Generalized gradient dynamics

Here we want to derive conditions on the parameter matrix Υ, de�ned in (A.22), for which
(A.19) still admits a gradient dynamics structure. We claim in particular that, if

kij = kji, ∀i, j = 1, . . . , N, (A.36a)

γij = γji, ∀i, j = 1, . . . , N, (A.36b)

ϕi = ϕj , ∀i, j = 1, . . . , N, (A.36c)

δij + ηj = −δji − ηi, ∀i, j = 1, . . . , N, (A.36d)

ψi = −φij ∀i, j = 1, . . . , N. (A.36e)

then (A.19) can be written as a gradient dynamics. Condition (A.36a) is the known symmetric
coupling assumption. Simple computations, reveal that conditions (A.36b,c) are equivalent to
asking that both γij(sinϕj + cosϕj) and γij(sinϕj− cosϕj) are symmetric under the exchange
of i and j. This ensures that the e�ective gains

γ∓ij := γij
sinϕj ± cosϕ

2
(A.37)

in front of both the di�usive and the additive feedback terms (A.19c) and (A.19d) are sym-
metric, that is γ∓ij = γ∓ji , for all i, j = 1, . . . , N . As in Section A.4, condition (A.36d) ensures
that the di�usive coupling terms sin(θj − θi + δij + ηj) are antisymmetric. Finally, simple
computations reveal that (A.36e) is equivalent to asking that the di�usive feedback terms
sin(θj − θi +φij +ψj) are antisymmetric, whereas the additive terms sin(θj + θi−φij +ψj) are
symmetric.

Consider the function

W (θ, ω, κ, k, γ,Φ) =
N∑

i,j=1

kij sin2
Å
θj − θi + δij + ηj

2

ã
(A.38a)

+
N∑

i,j=1

γ−ij sin2
Å
θj − θi + φij + ψj

2

ã
(A.38b)

−
N∑

i,j=1

γ+
ij sin2

Å
θj + θi − φij + ψj

2

ã
(A.38c)

−
N∑
i=1

Ñ
ωi −

N∑
j=1

κij sin(δij + ηi)

é
θi. (A.38d)

We claim that, if (A.36) holds true, then (A.19) can be written as the gradient dynamics

θ̇ = −∇θW . Let us denote by ∂(A.38q)
∂θh

, where q ∈ {a, b, c} and h ∈ {1, . . . , N}, the partial
derivatives of the di�erent right terms in (A.38) with respect to θh. Then we have

−∂(A.38a)
∂θh

=
1

2

 N∑
j=1

khj sin(θj − θh + δhj + ηj)−
N∑
i=1

kih sin(θh − θi + δih + ηh)


=

1

2

 N∑
j=1

khj sin(θj − θh + δhj + ηj) +
N∑
i=1

khi sin(θi − θh + δhi + ηi)


=

N∑
j=1

khj sin(θj − θh + δhj + ηj) (A.39)



where the second equality comes from the fact that, by assumption (A.36a,d), for all i, j =
1, . . . , N , −kji sin(θi − θj + δji + ηi) = kij sin(θj − θi + δij + ηj). Similar computations for the
di�usive feedback term (A.38b) reveal that

−∂(A.38b)
∂θh

=
N∑
j=1

γ−hj sin(θj − θh + φhj + ψj). (A.40)

For the di�usive additive term (A.38c), we have

−∂(A.38c)
∂θh

=
1

2

 N∑
j=1

γ+
hj sin(θj + θh − φhj + ψj) +

N∑
i=1

γ+
ih sin(θh + θi + φih + ψh)


=

1

2

 N∑
j=1

γ+
hj sin(θj + θh − φhj + ψj) +

N∑
i=1

γ+
hi sin(θi + θh + φhi + ψi)


=

N∑
j=1

γ+
hj sin(θj + θh − φhj + ψj), (A.41)

where the second equality come from the fact that, by assumption (A.36b,c,e), for all i, j =
1, . . . , N , γ+

ij sin(θj + θi − φij + ψj) = γ+
ji sin(θi + θj − φji + ψi). Finally, by noticing that

− ∂

∂θh

Ñ
−

N∑
i=1

Ñ
ωi −

N∑
j=1

κij sin(δij + ηi)

é
θi

é
= ωh −

N∑
j=1

κhj sin(δhj + ηh),

Equations (A.39)-(A.40)-(A.41) show that, if (A.36) holds true, then −∂W
∂θh

= θ̇h, which shows
that W is a potential function for (A.19).

A.5.2 Statement of the generalized result

In Sections 4.2.1, 4.2.2, and 4.2.3 we thoroughly analyze the critical set of the potential function
W in the ideal case of all-to-all coupling and feedback, and zero natural frequencies. A similar
analysis can be developed for the generalized potential function (A.38). More precisely, one
should analyze the critical set of (A.38) under condition (A.36) and in the ideal case ωi −∑N
j=1 κij sin(δij + ηi) = 0, for all i = 1, . . . , N . This translates into studying the critical set of

the unperturbed potential function

W0(θ, k, γ,Φ) =
N∑

i,j=1

kij sin2
Å
θj − θi + δij + ηj

2

ã
(A.42a)

+
N∑

i,j=1

γ−ij sin2
Å
θj − θi + φij + ψj

2

ã
(A.42b)

−
N∑

i,j=1

γ+
ij sin2

Å
θj + θi − φij + ψj

2

ã
, (A.42c)

under the assumption that (A.36) holds true. Note that −∇θW0 = f̄(θ, k, γ,Φ), where f̄ is
de�ned in (A.19b). Similarly to Chapter 4, if the parameters are such that the critical set ofW0

consists of only normally hyperbolic invariant manifolds and all its minima are isolated, then
one can plug the e�ective natural frequencies ωi−

∑N
j=1 κij sin(δij+ηi) back in as perturbations

and conclude robust oscillation inhibition. We can formalize this discussion as follows.



Theorem A.8. Consider the dynamics (A.19) and suppose that (k, γ,Φ) satisfy (A.36). Sup-

pose, moreover, that the critical set of the unperturbed potential function W0 is made of only

normally hyperbolic invariant manifolds, and that the set Wm of its local minima is non-empty

and made of isolated critical points. Then, there exists δ > 0 and a class K∞ function ρ such

that, if ∣∣∣∣∣∣∣ω −
 N∑
j=1

κij sin(δij + ηi)


i=1,...,N

∣∣∣∣∣∣∣ ≤ δ (A.43)

then there exists a set of isolated points W̃m, satisfying

|W̃m|Wm ≤ ρ

Ö∣∣∣∣∣∣∣ω −  N∑
j=1

κij sin(δij + ηi)


i=1,...,N

∣∣∣∣∣∣∣
è
,

which contains all the local minima of the potential function W and which is almost globally

attractive for (A.19).

Theorem A.8 provides a condition on the coupling and feedback gains, and on the phases Φ,
for which oscillation inhibition can be robustly achieved via mean-�eld proportional feedback.
We stress that the analysis of the critical set of W can be a hard task in general. However,
once the system dimension N is �xed, numerical analysis can come into play to check whether
this set is hyperbolic or not.

Remark A.9. The phase dynamics associated to the normal form (A.4) derived in (Aronson
et al., 1990) does not satisfy the assumptions of Theorem A.8. Recalling the discussion in
Item 2 in Section A.1, it is easy to verify that for the set of parameters associated to this
normal form, the phase dynamics (A.19) and, thus, the potential function W contain only
di�usive terms. As a consequence, all the critical points of W are non-isolated. Indeed,
given a critical point θ∗, all the points of the form θ∗ + a1N , with a ∈ R, are again critical
points of W . When the closed-loop dynamics contains only di�usive coupling terms, robust
oscillation inhibition is thus impossible. Indeed, all the �xed points are at most stable, but
never asymptotically, thus excluding robustness by converse Lyapunov theorems (Khalil, 2001,
Theorem 4.17),(Sontag and Wang, 1999). The same fact is stressed, with di�erent arguments,
in the introduction of (Ermentrout and Kopell, 1990), where the authors study oscillation
inhibition (without death of the amplitude) in pairs or chains of coupled neuronal oscillators.

A.6 Extension of the results of Chapters 5

The practical desynchronization condition in Chapter 5 relies on two main points:

A) The mean natural frequency must be su�ciently large, in such a way that the average
contribution of the additive coupling terms is small (cf. Claim 5.12 in the proof of
Theorem 5.10).

B) The closed-loop di�usive coupling must be small.

A): In the general case (A.19), the average contribution of the additive feedback terms can
still be analyzed via Claim 5.12 in the proof of Theorem 5.10. Indeed, Claim 5.12 naturally
extends to the case when an arbitrary phase is added in the sine argument. Thus, the average
contribution of each additive term admits the same upper bound as for the original phase
dynamics (2.6).



B): The closed-loop di�usive coupling requires more attention.
With the notation ζij := φij + ψj − δij − ψj , for all i, j = 1, . . . , N , we start by rewriting the
di�usive feedback terms as follows:

sin(θj − θi + φij + ψj) = sin(θj − θi + δij + ηj) + sin(θj − θi + δij + ηj + ζij)

− sin(θj − θi + δij + ηj)

= sin(θj − θi + δij + ηj) (A.44)

+2 sin

Å
ζij
2

ã
cos

Å
θj − θi + δij + ηj +

ζij
2

ã
,

where the second equality comes from the trigonometric identity sin a−sin b = 2 sin
Ä
a−b

2

ä
cos
Ä
a+b

2

ä
.

By plugging (A.44) in (A.19), the closed-loop di�usive coupling becomes, for all i = 1, . . . , N ,

N∑
j=1

kij sin(θj − θi + δij + ηj) +
N∑
j=1

γij
sinϕj + cosϕj

2
sin(θj − θi + φij + ψj) =

N∑
j=1

(kij + γ−ij ) sin(θj − θi + δij + ηj) + 2
N∑
j=1

γ−ij sin

Å
ζij
2

ã
cos

Å
θj − θi + δij + ηj +

ζij
2

ã
. (A.45)

where γ−ij are de�ned in (A.37). In the ideal case

δij + ηj = φij + ψj , ∀i, j = 1, . . . , N, (A.46)

it holds that ζij = 0 and thus the closed-loop di�usive coupling can be directly modi�ed via
γ−ij . In this case, we fall back to the same analysis as the the original case. In particular,
if (A.46) holds true, by retracing the proof of Theorem 5.10, it follows that the practical
desynchronization condition (5.17) becomes

Ωij := |ωi − ωj | −
N∑
h=1

Ä
|γ+
ih|+ |γ

+
jh|
äÇπν

2ω
+

ν2

6ω2

å
−

N∑
h=1

Ä
|εih|+ |εjh|

ä
> 0,

where

ν := 2 max
h=1,...,N

(
|ω̃h|+

N∑
h′=1

Ä
|γ+
hh′ |+ |εhh′ |

ä)
, (A.47a)

ω :=
1

N

N∑
i=1

ωi, (A.47b)

ω̃h := ωh − ω̄, ∀h = 1, . . . , N, (A.47c)

εhh′ := khh′ + γ−hh′ , ∀h, h
′ = 1, . . . , N. (A.47d)

Conversely, if [ζij ]ij=1,...,N 6= 0, the term −∑N
h=1

(∣∣∣γ−ih sin
Ä
ζih
2

ä∣∣∣+ ∣∣∣γ−jh sin
(
ζjh
2

)∣∣∣) must be

added to the desynchronization condition. To summarize, we have the following result, which
generalizes Theorem 5.10 to the extended phase dynamics (A.19).

Theorem A.10. Suppose that there exists (i, j) ∈ N 6=N , such that

Ωij := |ωi − ωj | −
N∑
h=1

Ä
|γ+
ih|+ |γ

+
jh|
äÇπν

2ω
+

ν2

6ω2

å
−

N∑
h=1

Ä
|εih|+ |εjh|

ä
−

N∑
h=1

Å∣∣∣∣γ−ih sin

Å
ζih
2

ã∣∣∣∣+ ∣∣∣∣γ−jh sin

Å
ζjh
2

ã∣∣∣∣ã > 0. (A.48a)



where ν, ω, ω̃h, εh,h′ , h, h
′ = 1, . . . , N , are de�ned in (A.47). Then the pair of oscillators (i, j)

is practically desynchronized for (A.19) in the sense of De�nition 5.6.

Remark A.11. We stress that the generalized practical desynchronization condition (A.48)
can be robustly obtained on an open set of parameters. Indeed, if (A.46) is not exactly veri�ed,

the contribution associated to the parametric uncertainties, i.e. −∑N
h=1

(∣∣∣γ−ih sin
Ä
ζih
2

ä∣∣∣+ ∣∣∣γ−jh sin
(
ζjh
2

)∣∣∣),
is small, provided that those uncertainties are small. This ensures that, if (A.48) holds true in
the ideal case ζij = 0, for all i, j = 1, . . . , N , then we can �nd an upper bound δdesynch > 0,
such that (A.48) is still veri�ed in the perturbed case ζij 6= 0, provided that |ζij | < δdesynch,
for all i, j = 1, . . . , N .

A.7 Numerical simulations on Van der Pol and Hodgkin-Huxley

models

In this section we numerically explore the e�ect of proportional mean-�eld feedback on ensem-
bles of coupled Van der Pol and Hodgkin-Huxley oscillators. We pick the parameters in such
a way that, in the absence of stimulation, the ensembles are frequency synchronized.

The main result is the (numerical) evidence that the phenomenology observed and analyti-
cally explained for strongly attractive Landau-Stuart oscillators in Chapter 3 (robustness of
phase-locking to small feedback intensity), Chapter 4 (oscillation inhibition for small natural
frequencies), and Chapter 5 (desynchronization for large natural frequencies) also hold for these
more complex models. This opens the way to future analytical investigation.

A.7.1 Van der Pol oscillators under proportional mean-�eld feedback

We consider an ensemble of all-to-all interconnected Van der Pol oscillators under the e�ect of
a homogeneous proportional mean-�eld feedback. Their dynamics read

V̇i = 5Vi − V 3
i − aiwi +

K

N

Ñ
N∑
j=1

Vj −NVi

é
+
γ

N

N∑
j=1

Vj (A.49)

ẇi = aiVi + 0.1
K

N

Ñ
N∑
j=1

wj −Nwi

é
(A.50)

for all i = 1, . . . , N . In order to obtain a heterogeneous ensemble, in the large frequency
con�guration, the coe�cients ai are centered at ā = 1 as follows

ai = 0.95 + 0.1
i− 1

N − 1
,

i = 1, . . . , N , whereas in the small natural frequency con�guration they are centered at a = 0.1
as follows

ai = 0.095 + 0.01
i− 1

N − 1
,

i = 1, . . . , N . The coupling strength is given by K = 0.5. The small feedback con�guration is
obtained for γ = −1.7K, whereas the large feedback con�guration for γ = −2K. The result of
simulations, is provided in Figures A.1, A.2, and A.3.

As illustrated in Figure A.1, when the oscillator frequency is large, the e�ect of the mean-�eld
feedback is to desynchronize the oscillators, provided that the feedback gain is su�ciently large



(cf. Chapter 5 and Section A.6). For smaller feedback gain, phase-locking robustly persists
(Figure A.2), even though the irregularity increases (cf. Chapter 3 and Section A.4). Con-
versely, as illustrated in Figure A.3, for small natural frequencies, the mean-�eld proportional
feedback inhibits the oscillations (cf. Chapter 4 and Section A.5). We stress that, as depicted
in Figure A.3(right), even though oscillation inhibition is robustly achieved, the trajectories of
the single oscillators remain close to the original limit cycle attractor (cf. Section A.2).
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Figure A.1: Response of all-to-all coupled (N = 5) Van der Pol oscillators to proportional
mean-�eld feedback. The feedback is switched on at t = 50. Large natural frequencies:

desynchronization. Left: voltages. Right: ensemble mean-�eld.
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Figure A.2: Response of all-to-all coupled (N = 5) Van der Pol oscillators to proportional
mean-�eld feedback. The feedback is switched on at t = 50. Small feedback gain: robust
phase-locking. Left: voltages. Right: ensemble mean-�eld before and after the feedback is

switched on.
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Figure A.3: Response of all-to-all coupled (N = 5) Van der Pol oscillators to proportional
mean-�eld feedback. The feedback is switched on at t = 50. Small natural frequencies:
oscillation inhibition. Left: ensemble mean-�eld. Right: trajectory behavior in the Vi, wi

planes.

A.7.2 Hodgkin-Huxley neurons under mean-�eld proportional feedback

We consider an ensemble of N = 7 di�usively coupled Hodgkin-Huxley dynamics under pro-
portional mean-�eld feedback

CV̇i = Iapp − gK,in4
i (Vi − VK)− gNa,im3

ihi(Vi − VNa)− gl(Vi − Vl)

+
K

N

Ñ
N∑
j=1

Vj −NVi

é
+
γ

N

N∑
j=1

Vj

ṅi = αn(Vi)(1− ni)− βn(Vi)ni

ṁi = αm(Vi)(1−mi)− βm(Vi)mi

ḣi = αh(Vi)(1− hi)− βh(Vi)hi,

for all i = 1, . . . , 7, where the functions αx, βx, x = n,m, h, can be found in the paper Hodgkin
and Huxley (1952). The value for the potassium Nernst potential VK = −12 is the same as
in Hodgkin and Huxley (1952), while the sodium Nersnt and the leak Nernst potentials are
rounded to VNa = 120 and Vl = 10.6, respectively. The leak current conductance is gl = 0.3. In
order to obtain an heterogeneous ensemble, the maximum sodium and potassium conductances
are de�ned as

gK,i = ḡK(1 + i)

gNa,i = ḡNa(1 + 2i),

where ḡK = 36 and gNa = 120. The large natural frequencies con�guration is obtained for
Iapp = 60, whereas the small natural frequency con�guration for Iapp = 0. The coupling
strength is given by K = 2. The large feedback con�guration is obtained for γ = −2K,
whereas the small feedback con�guration for γ = −1.41K. The result of simulations is provided
in Figures A.4, A.5, and A.6.

As illustrated in Figure A.1, when the oscillator frequency is large, the e�ect of the mean-�eld
feedback is to desynchronize the oscillators, provided that the feedback gain is su�ciently large
(cf. Chapter 5 and Section A.6). For smaller feedback gain, phase-locking robustly persists
(Figure A.2), even though the irregularity increases (cf. Chapter 3 and Section A.4). Con-
versely, as illustrated in Figure A.3, for small natural frequencies, the mean-�eld proportional



feedback inhibits the oscillations (cf. Chapter 4 and Section A.5).
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Figure A.4: Response of all-to-all coupled (N = 7) Hodgkin-Huxley neuron model to propor-
tional mean-�eld feedback. The feedback is switched on at t = 250. Large natural frequencies:

desynchronization. Left: voltages. Right: ensemble mean-�eld.
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Part II

More realistic neuron models





Chapter 6

Reduced modeling of calcium-gated

Hodgkin-Huxley neuronal dynamics1

Motivated by the need for a deeper mathematical understanding of the synchronization phe-
nomena exhibited by dopaminergic neurons (Drion et al., 2011a,b) illustrated in Section 1.6,
we develop in this chapter a mathematical analysis of calcium-gated Hodgkin-Huxley dynam-
ics based on reduced models. Calcium currents are involved in the regulation of the spiking
behavior of a large family of neurons, including dopaminergic, but also STN, and other central
nervous system's neurons, suggesting that they might play a central role also in the electro-
physiological mechanisms behind PD. We refer the reader to Sections 1.4.2 and, in particular,
page 16 for more details and some references.

Hybrid reduced models of the Izhikevich type (Izhikevich, 2010) o�er a valuable tool for the
mathematical modeling of neuron dynamics. In their simple form they are indeed able to
reproduce with �delity the behavior of a large family of neurons (Izhikevich, 2003).

We show, however, that the Izhikevich model fails at reproducing some physiological behaviors
exhibited by dopaminergic neurons, namely robust periodic spiking (pacemaking) and after-
depolarization potentials, or ADPs, (Guzman et al., 2009). We show that this de�ciency is
intrinsically due to a speci�c type of bifurcation in the fast voltage dynamics of calcium-gated
neurons that is absent in the Izhikevich model. We therefore propose a new hybrid neuron
model, embedding this calcium-gated bifurcation and reproducing the robust pacemaking of
dopaminergic (DA) neurons, as we are going to brie�y illustrate in this introduction.

The pacemaking activity of DA neurons, as the one depicted in Figure 6.1, is characterized
by ADPs, a hallmark of voltage-regulated calcium currents (Chen and Yaari, 2008). See also
Section 1.4.2. ADPs are tightly linked to the excitability properties of neurons, since they are
associated to a post-spike phase of high excitability that is due to the persistent activation
of depolarizing calcium currents (Chen and Yaari, 2008; Beurrier et al., 1999). At the same
time, DA neurons pacemaking and ADPs generation are very robust in biologically meaningful
conditions (Guzman et al., 2009), meaning that the spiking rhythm and ADPs shape are barely
in�uenced in the presence of small exogenous perturbations.

1The results presented in this chapter were obtained under the supervision of Prof. R. Sepulchre at the
University of Liège, Belgium. This work was supported by the Belgian Network DYSCO (Dynamical Systems,
Control, and Optimization), funded by the Interuniversity Attraction Poles Programme, initiated by the Belgian
State, Science Policy O�ce, and by the European Union Seventh Framework Programme [FP7/2007-2013] under
grant agreement n.257462 HYCON2 Network of excellence. The obtained results were also the motivating
subject of a submitted �CALL CREDITS AND PROJECTS F.R.S.-FNRS 2011 (CC)� project.
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Figure 6.1: Robust pacemaking and afterdepolarization potentials in a detailed computa-
tional model of dopaminergic neurons. The gray trace depicts the injected stimulus.

In order to study DA neurons mathematically, we proceed with a planar hybrid reduction
by �tting the parameters of the Izhikevich model to the DA neurons spiking pattern. In
the absence of exogenous inputs, the obtained hybrid dynamics reproduces with �delity the
behavior of DA neurons. Interestingly, however, even tiny amounts of current completely
disrupt its pacemaking activity and ADPs shape. These numerical observations are reported
in Figure 6.13. This lack of robustness compromises the realism of the obtained modeling,
thus making it unsuitable to use in biologically meaningful conditions and, in particular, in the
presence of exogenous inputs. The forthcoming analysis thus aims at deriving an alternative
simple neuron model that captures the essential dynamical mechanisms behind the robustness
of pacemaking and ADPs.

More precisely, since we are interested in qualitative aspects, instead of considering a particular
and detailed neuron model, we propose in Section 6.2 a simple modi�cation of the original
Hodgkin-Huxley dynamics exhibiting the typical behaviors of calcium-gated neurons, that is
ADPs (Chen and Yaari, 2008), plateau oscillations (Brown and Randall, 2009), and spike
latency (Molineux et al., 2005). See also Section 1.4.2 for an informal description of this
phenomena and other references. Following the standard reduction of the Hodgkin-Huxley
equations, we reduce the proposed model to a planar dynamics exhibiting the same qualitative
behavior, and explain in Sections 6.2.2 and 6.2.3 the origin of ADPs, plateau oscillations, and
spike latency via phase-portrait and numerical bifurcation analysis. In Section 6.3, we deepen
further this investigation. We show, in particular, the existence of a transcritical bifurcation

in the fast voltage dynamics of the reduced model. The same bifurcation is absent in the
Izhikevich model, as well as in other existing simple neuron models, such as FitzHugh-Nagumo
(FitzHugh, 1961) or Hindmarsh-Rose (Hindmarsh and Rose, 1984). We identify this bifurcation
as the mathematical signature of calcium-gated neurons.

Based on normal forms, we derive a simple dynamics that captures the qualitative behavior
associated to this transcrtical bifurcation. We prove analytically, with the help of geometrical
singular perturbations, the existence of a saddle-homoclinic bifurcation, as highlighted by the
numerical bifurcation analysis on the calcium-gated Hodgkin-Huxley model.

Inspired by the above normal form, we propose in Section 6.4 a novel reduced hybrid neuron
model. Similarly to the Izhikevich model, its parameters can be chosen to reproduce qual-
itatively the spiking pattern of DA neurons. As opposed to the Izhikevich model, however,
the proposed model exhibits the same robustness properties of DA neurons. At the light of
the analysis developed in the rest of the chapter, we illustrate how this di�erence is closely
related to the di�erent bifurcations of the fast voltage dynamics in the two models: fold, for
the Izhikievich model, and transcritical, for the proposed model.

As a conclusion to this analysis, we propose the novel reduced model as a suitable choice
for the mathematical analysis of calcium-gated neurons and, in particular, for the study of



the response of the latter to exogenous inputs. As discussed in Section 1.6.1, apart from
neuronal synchronization analysis and control, the potentiality of the proposed hybrid modeling
of neurons involved in PD/DBS could also be relevant for the DBS computational model-based
approach (Schi�, 2010).

6.1 A short survey on the ionic basis of spiking

We start with a brief recall of the ionic mechanism underlying neurons electrical activity that
will be useful in the sequel.

6.1.1 Electrical properties of the neuron membrane

Neurons, as living cells, have a membrane that separates them from the outside world (Trevors
and Saier Jr, 2011, Second Law of Biology). The electrical activity of neurons is due to a
potential di�erence between the interior and the exterior of the cell and to currents across
its membrane. In the following, we brie�y describe this mechanism. All the information
reported here, and many more details, can be found elsewhere. For an electro-physiological
perspective, see in (Hille, 1984, Chapters 1-5), and references therein. For an elementary
dynamical perspective, see (Izhikevich, 2007, Chapters 5-9), and references therein. For a
more advanced mathematical discussion, see (Ermentrout and Terman, 2010, Chapters 1-7),
and references therein.

The neuron membrane is endowed with ionic channels that transport di�erent ions, mainly
sodiumNa+, potassiumK+, and calcium Ca2+ ions. The �ow of these ions through the neuron
membrane generates a net current Iions, and the di�erence in ions concentration between the
intracellular and extracellular mediums a net membrane voltage Vm.

The neuron membrane plays itself an electrical role. Via its lipid bilayer, it acts as an insulator
between two charged mediums (the interior and the exterior), that is it acts as a capacitance
Cm. The rate of change of Vm under a current Iions is thus given by

Cm
dVm
dt

= Iions. (6.1)

Since it is also a conductive medium, the neuron membrane must also satisfy Ohm's law. Let
I be an externally applied current. If g is the membrane conductance, then it holds that

I + Iions + gVm = 0. (6.2)

By plugging (6.2) into (6.1), we get

Cm
dVm
dt

= −gVm + I,

that is the membrane voltage dynamics can be described by a RC-circuit. As such, a neuron
would not even be able to autonomously generate an oscillatory electrical activity. The complex
behavior exhibited by real neurons relies on a number of important properties that we have
hidden until now, and that we present in what follows.



6.1.2 Ionic dynamics in the neuron membrane

Due to chemical kinetics, each ion crossing the neuron membrane possesses a di�erent equilib-
rium Nernst2 potential. Ions with a negative Nernst potential (likeK+) tend to �ow outside the
cell generating negative (outward) currents. Conversely, ions with a positive Nernst potential
(Na+ and, even more, Ca2+) tend to generate positive (inward) currents.

The membrane conductance is also ion-dependent, meaning that its permeability, through
selective ionic channels, depends on the ion type. Moreover, the di�erent conductances are not
static, but they change dynamically and nonlinearly following voltage changes.

More precisely, each selective ionic channel is endowed with voltage-sensitive gates. There
are two types of gates: activation gates, and inactivation gates. Activation gates open (acti-
vate) ionic channels, and, conversely, inactivation gates close (inactivate) ionic channels. Ionic
channels can exhibit activation, inactivation, or both types of gates. The probability that a
sodium activation gate is in the open state is usually denoted by m, while the probability
that a sodium inactivation gate is not closed by h. Similarly, we use n and d for potassium
and calcium activation gates3. As a representative example, in the Hodgkin-Huxley model
(Hodgkin and Huxley, 1952) the membrane conductances gNa and gK with respect to sodium
and potassium ions are given by

gNa = ḡNam
3h, gK = ḡKn

4, (6.3)

where ḡNa, ḡK > 0 are the maximal conductances and are proportional to the number of ionic
channels of the given ion type. The exponent on each gating variable is the number of gates
of that type for each channel. So, for instance, when all the potassium activation gates are
open, then n = 1 and the potassium conductance is maximal. Similarly, if the 20% of the
sodium activation gates are open, and the 60% of the inactivation gates are not closed, then
gNa = ḡNa0.2

30.6 = 0.048ḡNa .

The di�erent gates evolve dynamically following voltage changes and the rapidity with which
they react is ion-dependent. In particular, the Na+ activation gate m is much faster to react
than its inactivation h, and both K+ and Ca2+ activation gates n and d. Conversely, h, n,
and d, evolve on a similar time-scale.

The co-operation of all these properties transform the �rst order linear RC-circuit (6.1.1)
in a higher order nonlinear RC-circuit with voltage dependent conductances and timescale
separations. The �rst conductance-based model able to capture all these important properties
of neuron dynamics is the aforementioned Hodgkin-Huxley model (Hodgkin and Huxley, 1952),
whose equivalent circuit is depicted in Figure 6.2. As an emblematic choice, we pick the
Hodgkin-Huxley model for all the forthcoming analysis.

6.2 Reduction of a calcium-gated Hodgkin-Huxley models

Consider the Hodgkin-Huxley model (Hodgkin and Huxley, 1952) provided with an extra non-
inactivating calcium current ICa = −ḡCada(V − VCa), where ḡCa is the maximum calcium
conductance, VCa is the calcium Nernst potential, and a is the number of activation gates per
calcium channel. Since they evolve on a similar time-scale, we assume for simplicity that the
behavior of the calcium activation gating variable d can be well approximated as a function

2The Nerst potential VX of an ion X is the voltage of a permeable membrane separating two mediums
containing X for which kinetic equilibrium is achieved. It depends on the di�erence in ion concentration
between the two mediums. More precisely, VX ∝ log [X]in

[Xout]
(Hille, 1984, Chapters 1).

3In the following we only consider potassium and calcium channels that do not inactivate.



Figure 6.2: Electrical circuit equivalent to the Hodgkin-Huxley model. Cm denotes the
neuron membrane capacitance. VNa and VK are, respectively, the sodium and potassium
Nernst potential. The nonlinear conductances gNa and gK are given by (6.3). IC = CmdV/dt
is the current at membrane capacitance. INa and IK are the ionic currents generated by,
respectively, sodium and potassium ions. The leak current IL approximates passive properties

of the cell. Adapted from (Skinner, 2006), with permission.

f(n) of the potassium activation gating variable n, for some function f : [0, 1] → [0, 1]. The
obtained model reads

V̇ = I − ḡKn4(V − VK)− ḡNam3h(V − VNa)− gl(V − Vl)− ḡCaf(n)a(V − VCa) + Ipump

ṅ = αn(V )(1− n)− βn(V )n

ṁ = αm(V )(1−m)− βm(V )m

ḣ = αh(V )(1− h)− βh(V )h, (6.4)

where the extra DC-current Ipump accounts for the e�ects of outward calcium pumps currents
(Hille, 1984, Chapters 4). For the Hodgkin-Huxley part, we use the parameters of the original
paper (Hodgkin and Huxley, 1952). As a simple choice, we pick in our analysis f(n) := n,
and a := 3, corresponding to calcium activation gates with the same kinetics of potassium
activation gates and three activation gates per channel. In the following, we let the state �ICa-
o�� correspond to gCa = Ipump = 0, and the state �ICa-on� to gCa = 2.7 and Ipump = −19.
Such parameters do not re�ect any precise physiological calcium current. We choose them as a
simple prototypical example. Figure 6.3 depicts the spiking behavior in the two con�gurations.

Compared to the original Hodgkin-Huxley model (see Figure 6.3a), the presence of the calcium
current (see Figure 6.3b) is characterized by three hallmarks: A) spike latency (the burst
initiates with a delay with respect to the onset of the stimulation); B) plateau oscillations
(spike train oscillations are generated at higher voltage than the hyperpolarized state); C)
after-depolarization potential, or ADP, (the burst terminates with a small depolarization).
Such behavior is typical for neurons with su�ciently strong calcium currents. See for instance:
spike latency (Rekling and Feldman, 1997; Molineux et al., 2005), plateau oscillations (Beurrier
et al., 1999), ADPs (Azouz et al., 1996; Chen and Yaari, 2008). See Sections 1.4.2. In the
following we analyze and explain the origin of this behavior mathematically, relying on reduced
models.
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Figure 6.3: Exogenous bursting in the Hodgkin-Huxley model (6.4) with and without cal-
cium current.
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Figure 6.4: Exogenous bursting in the reduced Hodgkin-Huxley model with and without
calcium current.

6.2.1 Planar reduction

The original Hodgkin-Huxley model can be reduced in a standard way to a two dimensional
system by: i) assuming an instantaneous sodium activation, m ≡ m∞(V ), where m∞(V ) =
αm(V )/(αm(V ) + βm(V )); ii) exploiting the approximate linear relation, originally proposed
in (FitzHugh, 1961), h + sn = c, with s, c ' 1. Applying the same reduction to (6.4) with
parameters as above we obtain the planar system

V̇ = I − ḡKn4(V − VK)− ḡNam∞(V )3(0.89− 1.1n)(V − VNa)− gl(V − Vl)
−ḡCan3(V − VCa) + Ipump

ṅ = αn(V )(1− n)− βn(V )n (6.5)

exhibiting the same qualitative behavior as the full model, as depicted in Figure 6.4.



6.2.2 Phase portrait analysis

The beauty of planar reductions is that they permit to understand complex phenomena through
phase-portrait analysis. In what follows, we de�ne the �nullcline� associated to a variable x,
with x = V, n, as the set {(V, n) ∈ R2 : ẋ = 0}.
Figure 6.5 (left) depicts the phase-portrait of the reduced Hodgkin-Huxley model. This phase
portrait and the associated reduced dynamics are well studied in the literature. See (FitzHugh,
1961) for FitzHugh paper, and (Ermentrout and Terman, 2010, Section 3.6) and (Izhikevich,
2007, Section 5.2) for a recent discussion and more references. We recall them for comparison
purposes only. The resting state is a stable focus, lying near the minimum of the V -nullcline,
which exhibits the familiar N-shape. When the stimulation is turned on, this �xed point
loses stability in a subcritical Andronov-Hopf bifurcation, as discussed in Section 6.2.3 through
bifurcation analysis, and the trajectory rapidly converges to the periodic spiking limit cycle
attractor. As the stimulation is turned o�, the resting state becomes again globally stable, and
the burst terminates with small subthreshold oscillations (cf. Figure 6.4 (a)).

In the presence of the calcium current the phase-portrait changes drastically, as in Figure
6.5 (right). In the �stimulation o�� con�guration, the resting state is a stable node lying on
the far left of the phase-plane. The V -nullcline exhibits an original �hourglass� shape. Its
left branch is stable and guides the relaxation toward the resting state after a spike has been
generated. In this phase V̇ changes sign from positive to negative approximately at the funnel
of the hourglass, corresponding to the ADP apex. The right branch is unstable and its two
intersections with the n-nullcline are a saddle and an unstable focus. When the stimulation
is turned on, the V -nullcline breaks up in two branches. The upper one exhibits the familiar
N-shape and contains an unstable focus surrounded by a stable limit cycle. Around this branch
the dynamics is basically equivalent to that of the original Hodgkin-Huxley model. Note that
a comparison between Figure 6.5 (b) and (d) of the position of, respectively, the resting state
and the spiking limit cycle explains the presence of plateau oscillations. The lower branch of
the V -nullcline lies now below the n-nullcline, and no more �xed points are present in this
region. While converging toward the spiking limit cycle attractor, the trajectory, originally at
rest, travels in the small region between the two nullclines where the vector �eld is small. As a
consequence, the �rst spike is �red with a latency with respect to the onset of the stimulation,
as observed in Figures 6.3 and 6.4 in the presence of the calcium current.

6.2.3 Bifurcation analysis

We can shed more light on the transition mechanism between the stimulation-on and o� con-
�gurations by computing the bifurcation diagram of (6.5) with I as the bifurcation parameter,
as depicted in Figure 6.6. We use XPPAUT (Ermentrout, 2002, 2004) for this numerical anal-
ysis. In both the ICa-on and o� con�gurations we draw the bifurcation diagram only for small
I, corresponding to the hyperpolarized-spike transition. In both cases the stable limit cycle
disappears for higher values of I in a supercritical Andronov-Hopf bifurcation, which leads to
a stable depolarized, i.e. high-voltage, state.

Figure 6.6 (left) illustrates the bifurcation diagram of the original Hodgkin-Huxley model. As
anticipated, for I < IAH the unique �xed point is a stable focus that loses stability at I = IAH
in a subcritical Andronov-Hopf bifurcation. At this bifurcation the trajectory converges to
the stable spiking limit cycle. When I is lowered again below ISNLC , the spiking limit cycle
disappears in a saddle-node of limit cycles, the unstable one (not drawn) being born from the
subcritical Andronov-Hopf bifurcation, and the trajectory relaxes back to rest.
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Figure 6.5: Phase portraits of the reduce Hodgkin-Huxley model with and without calcium
current. The V -nullcline is drawn as a solid thin line, the n-nullcline as a dashed thin line.
Trajectories are drawn as solid oriented lines. Black circles denote stable focus, black squares

stable nodes, white circles unstable focus, and white square saddle points.

Figure 6.6 (right) illustrates the bifurcation diagram of the calcium-gated Hodgkin-Huxely
model. For I < ISN there are a stable node (lower branch), a saddle (central branch), and
an unstable focus (upper branch), like in Figure 6.5 (b). The node and the saddle coalesce in
a supercritical fold bifurcation at I = ISN , and disappear for I > ISN letting the trajectory
converge toward the stable limit cycle. The spike latency observed in the ICa-on con�guration
unmasks the ghost of this bifurcation, when we expect the lower branch of V -nullcline in Figure
6.5 (d) be tangent to the n-nullcline, as depicted in Figure 6.7. The stable limit cycle disappears
in a saddle homoclinic bifurcation as I diminishes below ISH , which lets the trajectory relax
back to the hyperpolarized state. Note that this bifurcation diagram is qualitatively identical
to that of the detailed computational model of dopaminergic neuron derived in (Drion et al.,
2011a).

In the next section we provide further mathematical details about the mechanism underlying
the homoclinic bifurcation exhibited by the calcium-gated Hodgkin-Huxley model.
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Figure 6.6: One parameter bifurcation diagram of the reduced Hodgkin-Huxley model with
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I ∼ ISN . The gray thick trajectory depict the stable manifold of the saddle-node.

6.3 Calcium gated transcritical and saddle-homoclinic bifurca-

tion

As highlighted in Figure 6.5, the sharp time scale separation∣∣∣∣dVdt
∣∣∣∣� ∣∣∣∣dndt

∣∣∣∣
between V and n lets the trajectory spend most of the time near the attractive branches of the
V -nullcline. The shape of this set is thus crucial in determining the behavior of the associated
dynamics.

In this section, we �rst provide a qualitative description of the shape of the V -nullcline. We do
this based on the existence of an algebraic bifurcation in the de�ning equation that is associated



to a transcritical bifurcation of the fast V -dynamics. We then exploit this analysis to derive
rigorously the mechanisms underlying the homoclinic bifurcation discussed in Section 6.2.3.

6.3.1 Transcritical bifurcation of the fast dynamics

A graphical comparison of Figure 6.8 (a) and (b) suggests that, by the di�erentiability of V̇
with respect to I and the implicit function theorem (Lee, 2006), there must exist a critical
value Itc ∈ (2.4, 2.46) of the input current for which the V -nullcline has a self-intersection.
Let fV (V, n, I) be the voltage dynamics of the reduced model (6.5) in the presence of calcium
currents, that is

fV (V, n, I) := V̇
∣∣∣
ICa-on

, (6.6)

where V̇ is de�ned in (6.5) and all the other parameters are unchanged. We claim that there
exists (Vtc, ntc) ∈ R2, such that

fV (Vtc, ntc, Itc) = 0 (6.7a)
∂fV
∂V

(Vtc, ntc, Itc) = 0 (6.7b)

∂fV
∂n

(Vtc, ntc, Itc) = 0 (6.7c)∣∣∣∣∣∣∣∣∣
∂2fV
∂V 2

(Vtc, ntc, Itc)
∂2fV
∂V ∂n

(Vtc, ntc, Itc)

∂2fV
∂V ∂n

(Vtc, ntc, Itc)
∂2fV
∂n2

(Vtc, ntc, Itc)

∣∣∣∣∣∣∣∣∣ < 0 (6.7d)

∂2fV
∂V 2

(Vtc, ntc, Itc) 6= 0, (6.7e)

describing a non-degenerate (transversal) self-intersection (Seydel, 2010, Section 5.5.2, Th. 5.7)
of the V -nullcline at (Vtc, ntc), and satisfying the additional condition that both intersecting
branches are not parallel to the V axis, as implied by Condition (6.7e). Condition (6.7a) is
the V -nullcline equation. Noticing that ∂fV

∂n and ∂fV
∂V do not depend on I, conditions (6.7b)

and (6.7c) follows by the fact that, as I < Itc varies, as in Figure 6.8(a), the right and left
extrema of, respectively, the left and right branches of the V -nullcline lie, by de�nition, on
the line ∂fV

∂n = 0, and, similarly, as I > Itc varies, as in Figure 6.8(b), the minimum and the
maximum of, respectively, the upper and lower branches of the V -nullcline lie, by de�nition,
on the line ∂fV

∂V = 0. Since at the intersection the four extrema coincide, conditions (6.7b) and
(6.7c) follow. We stress that (6.7b) and (6.7c) de�ne the point (Vtc, ntc) in a unique way as the
intersection of two planar lines (cf. Figure 6.8 (a)). Conditions (6.7d) and (6.7e) are generic
and can be easily veri�ed numerically.

In the singular limit ṅ = 0, the self intersection described by conditions (6.7) corresponds to
a transcritical bifurcation (Strogatz, 2001) of the voltage dynamics, with n as the bifurcation
parameter. That is, as sketched in Figure 6.9, for I = Itc, the two intersecting branches
exchange their stability at n = ntc. More precisely, the two branches lying in the region on

the left of the line ∂V̇
∂V = 0 are stable, since there ∂V̇

∂V < 0. Conversely, the two branches on

the right of the line ∂V̇
∂V = 0 are unstable. This bifurcation is absent in the reduced Hodgkin-

Huxley equation without calcium current and constitutes the mathematical signature of the
new reduced model.
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Figure 6.8: Phase portrait in the ICa-on con�guration for di�erent values of the input
current. The V -nullcline is drawn as a solid thin line, the n-nullcline as a dashed thin line.
Ws denotes the stable manifold of the saddle point, and Wu its unstable manifold. L denotes

a saddle-homoclinic trajectory.
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Figure 6.9: Sketch of the voltage dynamics of (6.5) for I = Itc near the V -nullcline self-
intersection in the singular limit ṅ = 0. Thick lines are stable �xed points, dashed lines

unstable. The dotted line is the locus ∂V̇
∂V = 0. Arrows delineate the sign of V̇ in the

di�erent regions. The intersection point is a degenerate singular point of the voltage dynamics,
corresponding to a transcritical bifurcation.



6.3.2 A normal form lemma

In this technical section we compute a normal form of (6.5) associated to conditions (6.7).

Let
εg(V, n) := ṅ, (6.8)

where ṅ is de�ned in (6.5), and
g0 := g(Vtc, ntc), (6.9)

where Vtc and ntc satisfy the de�ning conditions (6.7b)-(6.7b). The form (6.8) is a rescaling
of the recovery variable dynamics to highlight the timescale separation between V and n. The
following lemma is an application of (Krupa and Szmolyan, 2001b, Lemma 2.1) to the reduced
calcium-gated Hodgkin-Huxley model.

Lemma 6.1. Suppose that g0 < 0. Then there exists an a�ne change of coordinates and a

rescaling of ε and I that transform the dynamical system

V̇ = fV (V, n, I) (6.10a)

ṅ = εg(V, n), (6.10b)

where fV and g are respectively de�ned in (6.6) and (6.8), into the following normal form

v̇ = v2 − w2 + I + h1(v, w, ε) (6.11a)

ẇ = ε(−1 + h2(v, w, ε)), (6.11b)

where h1(v, w, ε) = O(v3, v2w, vw2, w3, εv, εw, ε2) and h2(v, w, ε) = O(v, w, ε).

Proof Let α := 1
2
∂2fV
∂V 2 (Vtc, ntc, Itc), β := 1

2
∂2fV
∂V ∂n(Vtc, ntc, Itc), γ := 1

2
∂2fV
∂n2 (Vtc, ntc, Itc), and

λ := −β√
β2−γα

. From (6.7) and (Krupa and Szmolyan, 2001b, Lemma 2.1), it follows that, for

I = Itc, the a�ne change of variable v = α(V − Vtc) + β(n − ntc), w =
√
β2 − γα(n − ntc),

transforms (6.10), after a suitable rescaling of ε, into the equation

v̇ = v2 − w2 + λε+ h1(v, w, ε)

ẇ = ε(−1 + h2(v, w, ε)).

Noticing that fV is a�ne in the input current, in the case I 6= Itc the extra term α(I−Itc) must
be added to v̇. The result follows by de�ning the rescaled input current Ĩ := λε + α(I − Itc).
�

For the dynamical system (6.11) with I = 0 the self intersection of the V -nullcline discussed
in Section 6.3.1 becomes evident, with the two intersecting branches given by w = ±

√
v2.

6.3.3 Singularly perturbed saddle-homoclinic bifurcation

Figures 6.8 (b),(c),(d) provide a graphical evidence of the calcium-gated homoclinic bifurcation
highlighted in Section 6.2.3 through numerical bifurcation analysis. In order to prove the
existence of this bifurcation rigorously, we rely on the normal form introduced in Lemma 6.1 and
exploit the timescale separation between v and w through geometrical singular perturbations
theory (GSPT).

Let us brie�y recall some basic of GSPT. The interested reader will �nd in (Jones, 1995)
an excellent introduction to the topic, and in (Krupa and Szmolyan, 2001c,b,a) some recent
extensions on which we rely for the forthcoming analysis.
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The time rescaling t := ετ transforms (6.11) into the equivalent system

εv̇ = v2 − w2 + I + h1(v, w, ε) (6.12a)

ẇ = (−1 + h2(v, w, ε)), (6.12b)

which describes the dynamics (6.5) in the slow timescale τ . In the limit ε = 0, commonly
referred to as the singular limit, one obtains from (6.11) and (6.12) the two new dynamical
systems

0 = v2 − w2 + I + h1(v, w, ε) (6.13a)

ẇ = (−1 + h2(v, w, ε)), (6.13b)

called the reduced problem and evolving on the slow timescale τ , and

v̇ = v2 − w2 + I + h1(v, w, ε) (6.14a)

ẇ = 0, (6.14b)

called the layer problem and evolving on the fast timescale t. Figure 6.10 (a) depicts the
fast-slow dynamics associated to (6.13)-(6.14). The main idea behind GSPT is to combine
the analysis of the reduced and layer problems to derive conclusion on the behavior of the
associated non-singular system, i.e. with ε > 0.

The reduced problem (6.13) is a dynamical system on the set S0 := {(v, w) ∈ R2 : v2 −
w2 + I + h1(v, w, ε) = 0}, usually called the critical manifold. The points in S0 are indeed



critical points of the layer problem (6.14). More precisely, portions of S0 on which ∂V̇
∂V is non-

vanishing are normally hyperbolic invariant manifolds of equilibria of the layer problem, whose

stability is determined by the sign of ∂V̇
∂V . Conversely, points in S0 where ∂V̇

∂V = 0 constitute
degenerate equilibria. In particular, the layer problem (6.14) exhibits, for I = 0, two degenerate
�xed points. As depicted in Figure 6.10 (a), they are given by the self-intersection of the V -
nullcline, corresponding to a transcritical singularity, and and by the fold singularity at the
right knee of the upper branch of the V -nullcline.

The basic result of GSPT, �rstly derived by Fennichel (Fenichel, 1979), is that, for ε su�ciently
small, non-degenerate portions of S0 persist as nearby normally hyperbolic locally invariant
manifolds Sε of (6.10). More precisely, the slow manifold Sε lies in a neighborhood of S0 of
radius O(ε). The dynamics on Sε is a small perturbation of the reduced problem (6.13). We
point out that Sε may not be unique, but is determined only up to O(ec/ε), for some c > 0.
That is, two di�erent choices of Sε are exponentially close (in ε) one to the other. Since the
presented results are independent of the particular Sε considered, we let this choice be arbitrary.
The trajectories of the layer problems perturb to a stable and an unstable invariant foliations
with basis Sε.

The analysis near degenerates point is more delicate. Only recently some works have treated
this problem for di�erent types of degenerate singularities (Krupa and Szmolyan, 2001c,b,a).
Figure 6.10 (b),(c),(d) sketch the extension of the slow manifold Sε after the fold point, and
the three possible way in which Sε can continue after the trascritical singularity, depending on
the injected current.

The result depicted in Figure 6.10 relies on the following theorem, adapted from (Krupa and
Szmolyan, 2001b).

Let ∆ := {(v, w) ∈ R2 : v− ≤ v ≤ v+, w = ρ}, be the section depicted in Figure 6.10, where
ρ < 0 and |ρ| is su�ciently small, and v−, v+ are such that ∆ ∩ S+

r 6= ∅. For a given ε > 0, let
qa,ε := ∆ ∩ Sεa and qr,ε := ∆ ∩ Sεr be the intersections, whenever they exist, of respectively the
locally attractive and locally repelling invariant submanifolds Sεa and Sεr with the section ∆.
The following theorem reformulates in a compact way the discussion contained in Remark 2.2
and Section 3 of (Krupa and Szmolyan, 2001b)4 for systems with inputs of the form (6.11).

Theorem 6.2 (Krupa and Szmolyan (2001b)). Consider the system (6.11). Then there exists

ε0 > 0 and a smooth function Ic(
√
ε), de�ned on [0, ε0] and satisfying Ic(0) = 0, such that, for

all ε ∈ (0, ε0], the following assertions hold

1. qa,ε = qr,ε if and only if I = Ic(
√
ε)

2. there exists an open interval A 3 Ic(
√
ε), such that, for all I ∈ A, it holds that ∆∩Sεa 6= ∅,

∆ ∩ Sεr 6= ∅, and
∂

∂I
(qa,ε − qr,ε) > 0.

Figure 6.10 illustrates this result.

Remark 6.3. The function Ic(
√
ε) is related to the function λc(

√
ε) de�ned in (Krupa and

Szmolyan, 2001b, Remark 2.2) by Ic(
√
ε) := ελc(

√
ε). Similarly, for ε > 0, the parameter I

appearing in Theorem 6.2 is just the re-scaling I = ελ of the parameter λ appearing in (Krupa
and Szmolyan, 2001b, Remark 2.2 and Sections 3).

Theorem 6.2 can readily be applied to prove the existence of a saddle-homoclinic bifurcation for
the dynamics (6.11). By Lemma 6.1, the same result then holds for the reduced calcium-gated
Hodgkin-Huxley model (6.5).

4The author is thankful to Prof. Szmolyan for his useful comments in this regard.



Firstly, note that, as depicted in Figure 6.10, the slow repelling one-dimensional manifold Sεr
coincides with the stable manifold of the saddle point Ws. To see this, assume that the saddle
point belongs to Sεr. Then for all initial condition in Sεr the trajectory converges to the saddle
point, that is Sεr ⊂ Ws. Since from the stable manifold theorem (Guckenheimer and Holmes,
2002, Theorem 1.3.2) Ws is also a one dimensional submanifold, Ws = Sεr. It remains to show
that the saddle point belongs to Sεr. Suppose the converse is true. Then for ε > 0, the slow
manifold Sεr passes in a neighborhood U of the saddle of radius O(ε) and is roughly parallel to
the repelling branch of the critical manifold S0. Pick ε su�ciently small in such a way that: i)
no other critical points but the saddle lie in U ; ii) the unstable invariant foliation, and thus the
unstable manifold of the saddleWu, are approximately horizontal in U . Under these conditions
Sεr and Wu must intersect somewhere in U . Since this intersection is an invariant point, it is a
�xed point, which contradicts the fact that no other �xed points but the saddle lie in U .

We also claim that Sεa can be chosen in such a way that Sεa = Wu, as depicted in Figure 6.10.
Consider the branch of Wu leaving on the left of the saddle. For ε su�ciently small, this
branch follows the unstable invariant foliation toward the right attractive branch of the critical
manifold. There, from standard GSPT arguments, it slides up toward the fold point at the right
knee. From (Krupa and Szmolyan, 2001a, Theorem 2.1), it follows that Wu continues after the
fold point, approximately following the associated critical �ber5, and arrives in the vicinity of
the left attractive branch of the critical manifold. Again, by standard GSPT arguments, Wu

continues there as a perturbation Sεa of S0, which proves the claim.

At the light of this analysis the existence of the homoclinic bifurcation is a direct corollary
of Theorem 6.2. For I > Ic(

√
ε), the unstable manifold of the saddle Wu continues after the

transcritical singularity on the right of Ws, and spirals toward an exponentially stable limit
cycle, whose existence can be proved with similar GSPT arguments (see for instance (Krupa
and Szmolyan, 2001c)). This situation is the one depicted in Figure 6.8 (d) and Figure 6.10
(b). As I tends to Ic(

√
ε), Wu tends to Ws. At I = Ic(

√
ε), Wu extends after the transcritical

point to Ws, forming the saddle-homoclinic trajectory, as depicted in Figure 6.8 (c) and Figure
6.10 (c). For I < Ic(

√
ε), the unstable manifold Wu continues after the transcritical singularity

on the left of Ws, toward the stable node. See Figure 6.8 (a) and (b) and Figure 6.10 (d).

6.4 A new reduced hybrid model of calcium-gated neuronal dy-

namics

Inspired by the normal form (6.11) computed in Lemma 6.1, and in the same spirit of the
Izhikevich reduction of neuronal dynamics to simple hybrid models (Izhikevich, 2010), we
consider the following hybrid dynamical system as a simple representation of the calcium-gated
Hodgkin-Huxley model

v̇ = v2 − w2 + I if v ≥ vth, then (6.15a)

ẇ = ε(av − w + w0) v ← c, u← d, (6.15b)

where a, c, d, w0, I, vth ∈ R are parameters. Hybrid neuronal models are intended to capture
the neuron subthreshold dynamics, in particular the bifurcation mechanism involved in the
resting-spiking transition. The spike generation mechanism is accounted for by the hybrid
reset mechanism: when v reaches a high threshold vth, both v and w are reseted to �xed
values c and d respectively. This reset mechanism has essentially the same role of the return

5The critical �ber is de�ned as the trajectory of the layer problem passing by the fold point, cf. Figure 6.10
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Figure 6.11: Simple model (6.15) with a = 0.6, c = 2, d = 35, w0 = −15, vth = 120.
exhibiting the same qualitative behavior of the calcium-gated Hodgkin-Huxley model. The

legend for the phase-portrait is the same as Figure 6.5.

mechanism provided by the left attractive branch of the V -nullcline in the full model, as
depicted in Figures 6.5 and 6.10, and discussed in Section 6.3.3 in terms of GSPT.

As illustrated by Figure 6.11, the hybrid dynamics (6.15) captures the qualitative properties of
the subthreshold dynamics in the reduced calcium-gated Hodgkin-Huxley model (Cf. Figure
6.5). As discussed in the Sections 6.2.2 and 6.3, due to the time scale separation between v
and w, the shape of the v-nullcline plays a major role in generating the observed behavior.
That is why we do not expect other hybrid neuron models with a concave v-nullcline, like the
aforementioned Izhikevich model, to exhibit the same characteristics.

6.4.1 Hybrid singularly perturbed saddle-homoclinic bifurcation

The saddle-homoclinic bifurcation analysis provided in Section 6.3.3 for the reduced calcium-
gated Hodgkin-Huxley model naturally extends to the hybrid dynamics (6.15). By construction
indeed, if w0 < 0, this model can be transformed in the normal form (6.11) derived in Lemma
6.1, and Theorem 6.2 applies directly.

Similarly to the derivation in Section 6.3.3, we can associate to (6.15) two new dynamical
systems describing its singular dynamics, i.e. with ε = 0, in the fast timescale t and in the
slow timescale τ := t/ε, respectively. More precisely, the dynamics

0 = v2 − w2 + I if v ≥ vth, then (6.16a)

ẇ = av − w + w0 v ← c, u← d, (6.16b)

and

v̇ = v2 − w2 + I if v ≥ vth, then (6.17a)

ẇ = 0 v ← c, u← d, (6.17b)

de�ne, respectively, the hybrid reduced problem and hybrid layer problem associated to (6.15).
Figure 6.12 (a) depicts the associated slow-fast hybrid dynamics for parameters as in Figure
6.11.

The analysis of the non-singular limit follows the same line of the analysis developed in Section
6.3.3 for the continuous time case. The only di�erence is that the return mechanism provided by
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Figure 6.12: Phase-portrait of the hybrid dynamics (6.15) for di�erent values of ε and I.
(a): Fast-slow dynamics for ε = I = 0. (b): Continuation of the slow manifolds for ε > 0
and I > Ic(

√
ε), where Ic(

√
ε) is de�ned as in Theorem 6.2. (c): Continuation of the slow
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√
ε). (d): Continuation of the slow manifolds for ε > 0 and
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√
ε).

the right attractive branch of the critical manifold S0 is replaced by the hybrid reset mechanism.
The result is summarized in Figure 6.12 (b),(c),(d). The slow attractive manifold Sεa is chosen
as the continuation of the trajectory starting at the reset point. In this way it also coincides
with the image of the unstable manifold of the saddleWu through the hybrid reset mechanism.
As in the continuous time case, the stable manifold of the saddle Ws can be shown to coincide
with the slow repelling manifold Sεr. Let Ic(

√
ε) be de�ned as in Theorem 6.2. For I > Ic(

√
ε),

the unstable manifoldWu is brought by the rest mechanism on the right ofWs and directly into
the hybrid limit cycle attractor, as in Figure 6.12 (b). At I = Ic(

√
ε) the hybrid reset connects

Wu and Ws, corresponding to a hybrid homoclinic bifurcation. The associated phase-portrait
is shown in Figure 6.12 (c). Finally for I < Ic(

√
ε), the unstable manifold Wu is brought back

on the left of Ws, and the resting state becomes globally stable.

We stress that the existence of the hybrid homoclinic bifurcation in (6.15) is independent of
the reset point (c, d), provided that the trajectory starting from it is attracted toward the left
upper branch of the critical manifold, as in Figure 6.12. As discussed in Section 6.3.3, under
this condition two di�erent choices of the reset point are associated to two slow manifolds
that are O(ec/ε) near, for some c > 0. By the result in Theorem 6.2, the two values of the
critical current Ic for which the slow attractive manifold extends to the slow repelling manifold
are again O(ec/ε) near. This also ensures that the value for which the hybrid homoclinic
bifurcation happens is independent of the reset point, modulo variations that are O(ec/ε). The
same robustness properties do not hold for other hybrid models with a concave v-nullclines.
There, the existence and the critical value of a hybrid homoclinic bifurcation heavily relies on
the reset point. The main reason for this is the lack in these models of an attractive singular
connection between the stable and the unstable manifold of the saddle, as in Figure 6.12 (a),
that can persist in the non-singular limit.



6.4.2 Hybrid modeling of calcium gated neurons

For quantitative modeling purposes we can modify (6.15) to obtain the equivalent dynamics

v̇ = v2 + bvw − w2 + I if v ≥ vth, then (6.18a)

ẇ = ε(av − w + w0) v ← c, u← d. (6.18b)

The extra parameter b ∈ R changes the inclination of the v-nullcline branches, similarly to the
reduced Hodgkin-Huxley model in Figure 6.5, and permits to �t with more �delity the behavior
of (6.18) to that of more detailed models. In this section we illustrate this possibility by
reproducing the behavior of the dopaminergic neuron model developed in (Drion et al., 2011a),
and which also constitutes, as discussed in Section 1.6, the main experimental motivation for
the analysis developed in this chapter. We compare the observed behavior with that of the
original Izhikevich model (Izhikevich, 2010), and explain the observed phenomena through the
analysis developed in Section 6.4.1.

More precisely, we focus on the generation of robust ADPs. By robust we mean that the
model behavior is only slightly perturbed in biologically meaningful conditions, i.e. in the
presence of small disturbances and parameters uncertainties and variability. Figure 6.13(top)
depicts the robust pacemaking activity and ADPs generation in the detailed computational
model of dopaminergic neurons (Drion et al., 2011a). A small amplitude DC current step or
an alternating current of the same amplitude only slightly change the pacemaking rhythm and
the ADP shape.

In order to generate a similar pacemaking activity in both the reduced model (6.18), and in the
Izhikevich model, we provide them with a slower adaptation variable z modeling the variation
of the intracellular calcium concentration. The adaptation variable variable z follows the linear
dynamics

ż = −εzz, if v ≥ vth, then z ← z + dz. (6.19)

The term −z, accounting for outward calcium pumps currents, is added to the v dynamics of
both the reduced models (6.18) and Izhikevich model. The dynamics equations and parameters
used for the Izhikevich model can be found in Appendix A on page 154.

Figures 6.13 and 6.14 provides a comparison of the nominal and perturbed pacemaking, and
of the ADPs generation mechanism in the two reduced hybrid models.

As already described in Section 6.2.2 for the calcium-gated Hodgkin-Huxley model and in Fig-
ure 6.11 for the reduced model (6.15), the voltage reaches the ADP apex approximately at the
hourglass funnel of the voltage nullcline. As illustrated in Figure 6.14, the mathematical anal-
ysis in Section 6.4.1 highlights the presence in that region of an attractive normally hyperbolic
manifold Sεa. This manifold attracts the trajectories and steers them through the ADP apex
and toward the resting point. That is why the ADP height and shape barely depend on the
chosen reset point. At the same time, the persistence to small perturbations of this invariant
manifold (Hirsch et al., 1977) ensures, as required in biologically meaningful conditions, the
robustness of the pacemaking and ADP generation mechanism to small inputs.

To generate ADPs in the Izhikevich model we follow (Izhikevich, 2007, Section 8.1.4) and we
use the parameters provided in http://www.izhikevich.org/publications/�gure1.m (see the end of
the chapter for the used equations and parameters).

In the Izhikevich model, ADPs are generated when trajectories cross the v-nullcline from below.
The unperturbed pacemaking activity of the Izhikevich model is strikingly similar to that of
the complex computational model in Figure 6.13(top). As illustrated in Figure 6.14, the lack
of any attractive structure lets, however, the ADP height and shape heavily rely on the reset
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100 150 200 250 300 350 400 450 500
−70

−60

−50

−40

−30

−20

−10

0

10

20

30

         

100 150 200 250 300 350 400 450 500
−80

−70

−60

−50

−40

−30

−20

−10

0

10

20

30

         

(c) Izhikevich model.

Figure 6.13: Nominal and perturbed pacemaking in (a) the computational model of DA
nuerons (Drion et al., 2011a), (b) the new reduced hybrid model (6.15), and (c) the Izhikevich
model (Izhikevich, 2010). The parameter for the novel reduced model (6.15) are: b = −1.5, I =
100, ε = 1, a = 0.25, w0 = −5, vth = 40, c = −10, d = 20, εz = 0.1, dz = 150. Equations and
parameters for the Izhikevich model and the computational model are provided in Appendix

A on page 154.
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point. When a step of DC current is applied the model barely changes the spiking pattern and
ADP shape, indicating that the perturbation intensity is small. Conversely, when a sinusoidal
current of the same amplitude is applied, the pace-making and ADP generation mechanisms
are completely disrupted. Even if small, due to the time-varying input the reset point changes
indeed at each spiking cycle and the lack of a robust attractive structure makes the spiking
behavior non robust to these variations. The proximity of the stable manifold of the saddle
lets even the reset point falls out of the basin of attraction of the stable �xed point, generating
doublets. This behavior does not correspond to the one exhibited by the detailed computational
model and is not satisfactory in biologically meaningful conditions.

In conclusion, even though in the absence of perturbations the Izhikevich model reproduces
with �delity the spiking pattern of the computational model, its lack of robustness makes it
unsuitable to analyze the neuron response to exogenous inputs. Conversely, the simple model
(6.15) captures the dynamical essence of the pacemaking and ADP generation mechanism of
dopaminergic neurons in the normally hyperbolic invariant manifold structure associated to the
the transcritical bifurcation of its voltage dynamics. That is why we propose (6.15) as a sim-
ple choice to analyze mathematically synchronization and control properties of dopaminergic
neurons, and, more in general, of calcium-gated neurons.

Appendix A - Equations and parameters of Izhikevich and dopamin-

ergic neuron models

Equations and parameters for the Izhikevich model in Figures 6.13 and 6.14

v̇ = 0.04v2 + 5v + 140− w + I − z if v ≥ vth, then

ẇ = a(bv − w) v ← c, u← u+ d,

ż = −azz z ← z + dz.

where I = 0 for the phase-portrait analysis and ADPs comparison and I = 5 for the time plots,
and a = 1, b = 0.2, vth = 30, c = −60, d = −21, dz = 5, az = 0.1.

Equations and parameters for the DA neuron model in Figure 6.13

CV̇ = −ḡNam3h(V − VNa)− ḡKn4(V − VK)− ḡCa(L)
KM,L

KM,L + [Ca2+]
dL(V − VCa)

−gl(V − Vl)− ICa,pump,max
Ç

1 +
KM,P

[Ca2+]

å−1

− ḡK,Ca
Ç

[Ca2+]

KD[Ca2+]

å2

(V − VK),

ṁ = (m∞(V )−m)/τm(V ),

ḣ = (h∞(V )− h)/τh(V ),

ṅ = (n∞(V )− n)/τn(V ),

ḋL = (dL∞(V )− dL)/τdL(V ),
˙[Ca2+] = −k1(ICa(L) + ICa,pump)− k2INa,

where C = 10−3 µF/cm2, VNa = 50 mV , VK = −95 mV , Vl = −54.3 mV , VCa = 120 mV ,
ḡNa = 0.16 S/cm2, ḡK = 0.024 S/cm2, gl = 0.3 10−3 S/cm2, ḡCa(L) = 3.1 10−3 S/cm2, ḡK,Ca =
5 10−3 S/cm2, ICa,pump,max = 0.0156 mA/cm2, KM,P = 0.0001 mM , KM,L = 0.00018 mM ,
k1 = 0.1375 10−3, KD = 0.4 10−3 mM , k2 = 0.018 10−4.



Chapter 7

Neuronal synchrony from an

input-output viewpoint1

Motivated by the generalization of the results in Part I to more realistic neuron models, in the
present chapter we extend an input/output approach recently proposed to analyze synchro-
nization in networks of nonlinear operators and apply this result to a network of heterogeneous
Hindmarsh-Rose neurons. We also provide in this way an analytical justi�cation of rather
counter-intuitive and physiologically meaningful synchronization phenomena observed in sim-
ulation.

As already discussed, synchronization in a network of agents can be interpreted as the appear-
ance of a correlated behavior among its constituting dynamical systems. It �nds applications
in many physical, engineering, medical, and biological �elds. The problem of �nding su�cient
conditions under which synchronization can be guaranteed is particularly challenging when the
components of the network are heterogeneous. Nonetheless, such a heterogeneity is common in
many biological applications, in particular in the study of neuronal synchronization. A similar
problem is cast in Chapter 3 for the particular case of periodically spiking neurons, modeled
as a simple complex oscillators.

Recently, a promising method has been developed (Scardovi et al., 2010) to provide explicit
conditions on the agents' dynamics and on their interconnection topology for a network of
identical systems to synchronize. This approach relies on the input/output properties of the
agents involved, and thus requires little knowledge on the individual dynamics. This feature is
of particular interest for neuronal synchronization, in which parameter and identi�cation are
often hard to achieve in a precise manner. However, that result imposes for the time-being
that all agents composing the network have the same dynamics, which constitutes a restrictive
constraint in view of the typical heterogeneities between neuronal cells. The aim of this chapter
is therefore to extend this method to make it cope some heterogeneity between the agents and
to apply it to a population of heterogeneous Hindmarsh-Rose neuronal models (Hindmarsh and
Rose, 1984).

As discussed in Section 1.6, in networks of neuronal cells, signaling occurs both internally,
through the interaction of the di�erent ionic currents, and externally, through synaptic cou-
pling. Following the framework introduced in (Scardovi et al., 2010), the model we rely on
explicitly takes into account internal and external interconnections by viewing each component
of the network (referred to as a compartment) as an interconnection of subsystems (referred

1The results presented in this chapter were obtained under the supervision of Prof. L. Scardovi at TUM, Mu-
nich, Germany. This work was supported by the European Union Seventh Framework Programme [FP7/2007-
2013] under grant agreement n.257462 HYCON2 Network of excellence.



to as species) represented by nonlinear input-output operators. The input to each operator
includes both the in�uence of the other species within the same compartment, and a di�usive
coupling term between the same species in di�erent compartments, as well as exogenous dis-
turbances. Similarly to (Scardovi et al., 2010; Arcak and Sontag, 2006; Sontag, 2006b; Arcak
and Sontag, 2008), the dynamical properties of the isolated subsystems as well as the alge-
braic properties of the interconnection are summarized in the so-called dissipativity matrix,
whose diagonal stability implies the robust synchronization of the network. This approach is
similar to classical works on large-scale systems such as (Vidyasagar, 1981; Moylan and Hill,
1978). The robustness property is quanti�ed through L2 gain conditions that can be explicitly
computed for particular interconnection structures.

Recently, other works have approached the study of synchronization in networks of nonlinear
systems. In (Stan and Sepulchre, 2007; Hamadeh et al., 2008; Stan et al., 2007; Oud and
Tyukin, 2004) the authors exploits the incremental passivity of the underlying dynamics. In
(Spong, 1996; Pavlov et al., 2004, 2006; Pham and Slotine, 2007; Lohmiller and Slotine, 1998;
Wang and Slotine, 2004; Steur et al., 2009) the authors use a convergent and contracting
dynamics approach. All these works heavily use a state-space formalism, which requires a
detailed knowledge of the underlying dynamics, as opposed to the purely input-output approach
used in this chapter.

This chapter generalizes the results in (Scardovi et al., 2010) in the following ways: i) the
elements belonging to the same species are not required to be identical, ii) the obtained syn-
chronization conditions are weaker, and iii) the bound on the synchronization error is explicitly
computed, thus paving the way to the study of interconnected systems forced by external inputs
(e.g. control signals).

The chapter is organized as follows. In Section 7.1, we recall the formalism of (Scardovi et al.,
2010) and adapt it to heterogenous compartments. In Section 7.2, the needed input/output
properties are de�ned and illustrated through some academic examples. The main result is
provided in Section 7.3, and its application to a network of Hindmarsh-Rose neuronal models
is presented in Section 7.4. Proofs are given in Section 7.5.

7.1 Preliminaries and problem statement

The needed notation is recalled in Section Notation at page 25.

The system under analysis is given by the di�usive interconnection of n compartments, each
composed ofN subsystems that we refer to as species (Scardovi et al., 2010). The compartments
are structurally identical, in the sense that they contain the same number of species, and that
the internal interconnection is common to all compartments. The heterogeneity comes into
play at the level of the species, i.e. the members of one species in di�erent compartments are
allowed to be di�erent. The class of heterogeneities that we can take into account with the
present approach will be detailed in the following sections.

Each species k ∈ {1, . . . , N} in the compartment j ∈ {1, . . . , n} is described through a nonlinear
operator Hk,j : Lm2e → Lm2e, and its input-output behavior is given by

yk,j = Hk,jvk,j , vk,j ∈ Lm2e. (7.1)

The inputs are given by

vk,j = wk,j +
N∑
i=1

σk,iyi,j +
n∑
z=1

akj,z(yk,z − yk,j), (7.2)



Figure 7.1: An illustration of the interconnection structure.

where wk,j models exogenous disturbances,
∑N
i=1 σk,iyi,j models the input-output coupling

among di�erent species in the same compartment j, and
∑n
z=1 a

k
j,z(yk,z − yk,j) represents the

di�usive coupling between the same species k in di�erent compartments (see Figure 7.1). The
coe�cients aki,j , k = 1, . . . , N , i, j = 1, . . . , n are non-negative. They represent the interconnec-

tion structure among di�erent compartments. We assume no self-loops, that is akj,j = 0, for all
k = 1, . . . , N and all j = 1, . . . , n. As highlighted by the species superscript k, the coe�cient
aki,j may vary from species to species, allowing for di�erent interconnection topologies between
di�erent species.

The internal interconnection structure is quanti�ed by the N ×N matrix

Σ := [σk,i]k,i=1,...,N . (7.3)

Moreover, for all η ∈ RN , let

Eη := Σ− diag(η1, . . . , ηN ). (7.4)

We respectively denote by Yk := col(yk,1, . . . , yk,n), Vk := col(vk,1, . . . , vk,n),Wk := col(wk,1, . . . , wk,n),
the vectors of outputs, inputs, and exogenous disturbances of the same species k. Given a set of
vectors Zk, k = 1, . . . , N , we indicate the stacked vector by Z := col(Z1, . . . , ZN ), for example
we indicated the stacked vector of outputs by Y := col(Y1, . . . , YN ) ∈ LnN2e .

The closed-loop input (7.2) can then be condensed as

Vk = Wk +
N∑
i=1

σk,iYi − LkYk, ∀k = 1, . . . , N, (7.5)

where Lk :=
î
lki,j
ó
i,j=1,...,n

∈ Rn×n is the Laplacian matrix associated to the k-th di�usive

interconnection, de�ned as

lki,j :=

® ∑n
z=1 a

k
i,z, i = j

−aki,j , i 6= j.
(7.6)

The connectivity properties of the di�usive interconnection can be associated to the algebraic



properties of Lk (Godsil and Royle, 2001). In particular, the algebraic connectivity λk can be
extended to the case of directed graphs (Wu, 2005) as

λk := min
z∈1⊥n ,|z|=1

zTLkz. (7.7)

To analyze the synchronization of the interconnected system (7.1)-(7.2), we compare the out-
puts of the same species in di�erent compartments. The mean output Y k ∈ Lm2e of a species k
is de�ned as

Y k :=
1

n

n∑
j=1

yk,j , k = 1, . . . , N. (7.8)

By de�ning the vector of synchronization error

Y ∆
k := col(yk,1 − Y k, . . . , yk,n − Y k), (7.9)

we have that Y ∆
k = 0 if and only if the outputs are synchronized, meaning that yk,1 = yk,2 =

. . . = yk,n. A natural quantity to characterize the degree of synchronization of the species k
over the time window [0, T ], T ≥ 0, is thus given by ‖Y ∆

k ‖T . In the sequel, the same notation
is used to de�ne the vectors V ∆

k and W∆
k .

7.2 De�nitions and �rst examples

In order to study synchronization properties of the system (7.1)-(7.2) we introduce some oper-
ator properties that will be extensively used in the paper

The next de�nition characterizes an incremental input-output property that relates output
di�erences to input di�erences for operators pairs. It thus constitutes a natural instrument to
study synchronization of input-output operators. This de�nition is the natural generalization
of (Scardovi et al., 2010, De�nition 1) to the case of heterogeneous populations.

De�nition 7.1. Given γ ∈ R and I ⊂ N, a familyH of input-output operatorsHi : Lm2e → Lm2e,
i ∈ I, is said to be γ-mutual relaxed co-coercive if, for all i, j ∈ I, there exists βi,j ∈ R, such
that, for all ui, uj ∈ Lm2e, and all T ≥ 0,

γ‖Hiui −Hjuj‖2T ≤ 〈(Hiui −Hjuj) , (ui − uj)〉T + βi,j . (7.10)

The constants βi,j are called the biases.

Let us illustrate De�nition 7.1 through some examples that will be useful for the development
of Section 7.4.

Example 7.1. With the same computation as in (Scardovi et al., 2010, Section V.A), a scalar

dynamical system ẋ = −f(x) + u with arbitrary initial conditions and output y = x can be

shown to de�ne mutually relaxed co-coercive operators, provided its right-hand side satis�es a

one-sided Lipschitz condition as the one studied in (Pavlov et al., 2004). In particular, a scalar

linear dynamics ẋ = −ax + bu, with arbitrary initial conditions de�nes mutually co-coercive

operators with co-coercivity constant γ = a
b .

For state space models De�nition 7.1 is satis�ed by incrementally output feedback passive
systems (Stan and Sepulchre, 2007; Oud and Tyukin, 2004) with small heterogeneities as
shown in the following proposition, whose proof is given in Section 7.5.1.



Proposition 7.2. Consider a family of input-output dynamics
ẋj = f(xj , uj) + δfj(xj , vj)

xj(0) = x0
j

yj = hk(xj)

(7.11)

where uj , yj ∈ Rm, xj ∈ Rp, and vj ∈ Rq, for all all j = 1, . . . , n. Note that f : Rp×Rm → Rp
is common to all xj, while the heterogeneity comes from the term δfj : Rp×Rq → Rp. Suppose
that there exists a smooth function V : Rp → R≥0 and a constant γ ∈ R such that along the

trajectories of (7.11), for all i, j = 1, . . . , n,

V̇ (xi − xj) ≤ −γ(yi − yj)2 + (ui − uj)T (yi − yj)+ï
∂V

∂x
(xi − xj)

òT
(δfi(xi, vi)− δfj(xj , vj)). (7.12)

Given two functions vi, vj : R≥0 → Rq, suppose that, for all initial conditions x0
i , x

0
j , there

exists a constant C ≥ 0 such that, for all input functions ui, uj ∈ Lm2e, along the trajectories of

(7.11), ∥∥∥∥∥
ï
∂V

∂x
(xi − xj)

òT
(δfi(xi, vi)− δfj(xj , vj))

∥∥∥∥∥
T

≤ C, (7.13)

for all T ≥ 0. Then the input-output operators associated to (7.11) are mutually relaxed co-

coercive with co-coercivity constant γ and biases βi,j = V (x0
i − x0

j ) + C.

The heterogeneity δfj(xj , vj) depends both on the state of the system, and on the (possibly
time varying) parametric uncertainties vj . The right hand side of (7.13) represents the energy
added to incremental storage function V by the presence of heterogeneities. Relation (7.13)
requires this energy to be �nite and independent from the systems inputs. When δfj = 0, for
all j = 1, . . . , n, the only heterogeneities are due to di�erent initial conditions. In this case
Proposition 7.2 says that identical incrementally passive systems de�ne a family of mutually
relaxed co-coercive operators. The following example illustrates a particular situation in which
condition (7.13) can be checked

Example 7.2. Consider a family of non-controllable passive system with (possibly nonlinear)

heterogeneities in the non-controllable part of the form
ẋcj = Acx

c
j +Buj +Aucxu,

ẋuj = Aux
u
j + δfj(x

u
j )

xj(0) = x0
j

yj = Cxcj

(7.14)

where yj , uj ∈ Rm, xcj ∈ Rpc , xuj ∈ Rpu, and [Ac, B] is controllable, for all all j = 1, . . . , n.
Suppose that Au is Hurwitz, that δfj is continuous, and that the non-controllable part xuj is

exponentially stable, that is there exists αj , bj > 0 such that, for all initial condition xuj (0),

|xuj (t)| ≤ bj |xuj (0)|e−αjt, ∀t ≥ 0, (7.15)

for all j = 1, . . . , n. Suppose moreover that controllable part xcj is output feedback passive.

From these assumptions, it follows that there exists a symmetric positive de�nite matrix Q :=ñ
Qc 0
0 Qu

ô
, where Qc ∈ Rpc×pc and Qu ∈ Rpu×pu, and a constant γ ∈ R, such that, for all



i, j = 1, . . . , n,

d

dt

1

2
(xi − xj)TQ(xi − xj)

=
d

dt
(xci − xcj)TQc(xci − xcj) +

d

dt
(xui − xuj )TQu(xui − xuj )

≤ γ(yi − yj)2 + (yi − yj)T (ui − uj) +

1

2
(xui − xuj )T (QuAu +ATuQu)(xui − xuj ) +

(xui − xuj )TQu(δfi(x
u
i )− δfj(xuj ))

≤ γ(yi − yj)2 + (yi − yj)T (ui − uj) +

(xui − xuj )TQu(δfi(x
u
i )− δfj(xuj )), (7.16)

where the �rst inequality comes from the fact the controllable part is linear and output feedback

passive, hence, it is also output feedback incrementally passive, and the second inequality comes

from the fact that Au is Hurwitz. Moreover, recalling (7.15), and that δfj is continuous, it

follows that, for all initial conditions xuj (0), xui (0),

∫ T

0
(xui − xuj )TQu(δfi(x

u
i )− δfj(xuj ))dt ≤

2 max(bj |xuj (0)|, bi|xui (0)|) 1

minj=1,...,n αj
Cδ, (7.17)

where

Cδ = max
a∈Rpu , |a|≤maxj=1,...,n bj |xuj (0)|

.

It follows from (7.16) and (7.17) that (7.12) and (7.13) are satis�ed, hence (7.14) de�nes a

family of mutually co-coercive operators.

7.3 Robust synchronization results

7.3.1 Main result

The following theorem is an extension of (Scardovi et al., 2010, Theorem 1) to the case of
heterogeneous dynamics. Its proof is given in Section 7.5.2.

Theorem 7.3. Consider the network (7.1)-(7.2). Suppose that the following assumptions are

satis�ed:

1. For each k = 1, . . . , N , the family of operators Hk := {Hk,j}j=1,...,n is γk-mutually relaxed

co-coercive, γk ∈ R.

2. For each k = 1, . . . , N , γ̃k := γk + λk > 0, where λk is the algebraic connectivity (7.7) of

the interconnection graph associated to the species k.

3. The dissipation matrix Eγ̃, as de�ned in (7.4), is diagonally stable2.

2AmatrixM is said to be diagonally stable if there exists a diagonal matrixD > 0 such thatDM+MTD < 0.



Then, there exist ρ, β > 0, such that

‖Y ∆‖T ≤ ρ‖W∆‖T + β, ∀T ≥ 0. (7.18)

In particular, letting di > 0, i = 1, . . . , N , be such that DEγ̃ + ETγ̃ D < 0, where D =
diag(d1, . . . , dN ), the L2-gain ρ in (7.18) is given by

ρ :=
maxi=1,...,N{di}

min
¶

spect(−DEγ̃ − ETγ̃ D)
© . (7.19)

Theorem 7.3 ensures that the synchronization error Y ∆ of the system is small (in the L2 norm)
provided that the input dispersion W∆ is small. In particular the closed-loop system has �nite
incremental L2-gain from the incremental input W∆ to the incremental output Y ∆. With
respect to (Scardovi et al., 2010), apart from the less conservative assumptions, Theorem 7.3
provides an explicit expression for the L2-gain. Notice that the gain can be made arbitrarily
small, by reducing the eigenvalues of the matrix DEγ̃ + ETγ̃ D.

7.3.2 L2-gain for particular interconnection topologies

In the following lemmas, whose proofs are given in Section 7.5.3, we give the explicit computa-
tion of the incremental L2-gain ρ, appearing in Theorem 7.3 for two particular compartmental
interconnection topologies.

Lemma 7.4. Suppose that the dissipativity matrix Eγ̃ has the form

Eγ̃ =



−γ̃1 0 . . . 0 −1

1 −γ̃2
. . . 0

0 1 −γ̃3
. . .

...
...

. . .
. . .

. . . 0
0 . . . 0 1 −γ̃N


, (7.20)

that is the compartmental coupling is given by a cyclic feedback (Arcak and Sontag, 2006). If

γ̃i > 0, for all i = 1, . . . , N , and

1− r cos

Å
π

N

ã
> 0, (7.21)

where

r := N

Ã
N∏
i=1

1

γ̃i
, (7.22)

then the dissipativity matrix Eγ̃ is diagonally stable, and the incremental L2-gain (7.19) of the

closed-loop system is given by

ρ =
1(

1− r cos
( π
N

))
mini=1,...,N γ̃i

δ̃ (7.23)

where

δ̃ =
max

{
1, (rγ̃2)2 ,

(
r2γ̃2γ̃3

)2
, . . . ,

Ä
rN−1γ̃2 . . . γ̃N

ä2}
min

¶
1, (rγ̃2)2 , (r2γ̃2γ̃3)2 , . . . , (rN−1γ̃2 . . . γ̃N )2

© .



The form of the incremental L2-gain for a cyclic interconnection (7.23) can be readily used for
synthesis purposes. It suggests in particular that the algebraic connectivity of the intercon-
nection topologies associated to di�erent species must be chosen in such a way that the secant
condition (7.21) is satis�ed with a large margin, that is r cos(π/N)� 1 and that the minimum
closed-loop co-coercivity constant mini=1,...,N γ̃i should be large. Noticing that r is given by
the inverse of the geometrical mean γ of the algebraic connectivities, that is

γ := N

Ã
N∏
i=1

γ̃i,

the term δ̃ imposes that the set {γ̃i}i=1,...,N should be as homogeneous as possible, meaning
that γ̃i

γ ∼ 1, for all i = 1, . . . , N . The last condition can be interpreted as avoiding �bottle-
necks� e�ects in the feedback cycle given by species that synchronize with a slower rate than
the others. This kind of homogeneity conditions is often encountered in the study of the
synchronizability of a given interconnection topology (Motter et al., 2005; Hao et al., 2009).

In the following lemma we specialize the computation of the incremental L2 gain to the case
of antisymmetric input-output interconnections. Its proof is provided in Section 7.5.4

Lemma 7.5. Suppose that the dissipativity matrix Eγ̃ has the form

Eγ̃ = AN − diag(γ̃1, . . . , γ̃N ),

where AN denotes an antisymmetric N ×N matrix and γ̃i > 0 for all i = 1, . . . , N . Then Eγ̃
is diagonally stable and the incremental L2-gain (7.19) is given by

ρ :=
1

mini=1,...,N{γ̃i}
.

The L2 gain obtained for antisymmetric input-output interconnections is independent of the
size of the system, and takes into account the minimum co-coercivity constant only. This fact
re�ects the observation that any antisymmetric input-output interconnection can be decom-
posed into a family of two-dimensional negative feedbacks. Notice that both Lemma 7.4 and
Lemma 7.5 provide the same L2-gain for a two-dimensional negative feedback.

7.3.3 Apllication to state-space representations

The results of Theorem 7.3 can be used to analyze synchronization in systems described with
a state space formalism ®

ẋk,j = fk,j(xk,j , vk,j),
yk,j = hk(xk,j)

(7.24)

where yk,j , vk,j ∈ Rm, xk,j ∈ Rpk , for all k = 1, . . . , N , and all j = 1, . . . , n. Its proof is a
straightforward application of Theorem 7.3 and is omitted.

Corollary 7.6. Assume that the nonlinear operators Hk,j, k = 1, . . . , N , j = 1, . . . , n, associ-
ated to (7.24) with some initial conditions x0

k,j ∈ Rpk are well de�ned. Consider the closed-loop
system de�ned by (7.24), with inputs as in (7.2) and suppose that the conditions in Theorem

7.3 are satis�ed. Then, there exists ρ, β > 0, such that

‖Y ∆‖T ≤ ρ‖W∆‖T + β, ∀T ≥ 0, (7.25)

where ρ is given as in the statement of Theorem 7.3. If in addition W∆ ∈ L2, then the output

asymptotically synchronizes.



As opposed to (Scardovi et al., 2010, Corollary 1), the vector �eld does not need to be iden-
tical among di�erent compartments. In particular, the requirement of zero-state reachability,
assumed in (Scardovi et al., 2010, Corollary 1) is not required.

7.4 Robust synchronization in networks of Hindmarsh-Rose neu-

rons

7.4.1 The Hindmarsh-Rose model and its input-output representation

The Hindmarsh-Rose (HR) model, �rst introduced in (Hindmarsh and Rose, 1984), is a qual-
itative model of neuronal bursting dynamics. That is, its trajectories mimic the behavior of
bursting neurons. The HR dynamics is de�ned by three di�erential equations

ẋ = −ax3 + bx2 + I + y − zx,i + ux

ẏ = c− dx2 − y
ż = r(s(x+ z̄ + uz)− z). (7.26)

The �rst variable x models the membrane voltage, the second y models fast Na− and K+

currents through the membrane, and the third z models slow Ca2+ currents. I is a parameter
that models external currents through the membrane. ux models other exogenous electrical
inputs (heterogeneities, coupling with other cells, noise, etc.), while uz models the di�usion of
Ca2+ ions in the cell. a, b, c, d, r, s, z̄ are free parameters that change the qualitative behavior
of the system by inducing bifurcations in the underlying dynamics. In particular, r is a small
parameter (r � 1) that lets the time scales of the (x, y) and z subsystems be sharply sepa-
rated. From a dynamical point of view, the �rst two variables account for the excitable spike
generation mechanism, while the third plays the role of a slowly varying adaptation variable.
In particular, the (x, y)-subsystem exhibits a bistable dynamics, in which a stable limit cycle
(corresponding to spiking) and a stable �xed point (corresponding to resting) co-exist. Their
regions of attraction are separated by the stable manifold of a saddle point (Hindmarsh and
Rose, 1984). A slow adaptation dynamics for z let the (x, y) subsystem slowly switch between
the resting and spiking attractors, which corresponds to a bursting behavior. The isolated
dynamics of x or y does not correspond to any biologically relevant behavior when considered
separately. It is then natural to consider the (x, y)-subsystem as single bi-dimensional biolog-
ical species X := (x, y)T , that interacts in an input-output fashion with the (slow) z species.
Letting yX := x be the output of the X species, and yz := z be the output of the z species,
the HR neurons, with arbitrary initial conditions (x0, y0, z0), can equivalently be modeled as
the interconnection of the input/output operators HX and Hz, modeling the X and z species,
respectively, de�ned by HX : vX 7→ yX and Hz : vz 7→ yz, where

Ẋ = F (X) +BvX
yX = x
X(0) = X0 := (x0, y0)T

(7.27)


ż = r(s(z̄ + vz)− z)
yz = z
z(0) = z0

(7.28)

with F (X) :=

Ç
−ax3 + bx2 + y
c− dx2 − y

å
, B :=

Ç
1
0

å
, vX := I + wX − z and vz := wz + x

are the inputs to the X and z species, and wX and wz are the external current and the



external calcium di�usion, respectively. This con�guration corresponds to a compartmental
input-output interconnection matrix, as de�ned in (7.3),

ΣHR :=

Ç
0 −1
1 0

å
. (7.29)

In order to apply Corollary 7.6 to the synchronization of the family of operators (7.27)-(7.28)
according to the methodology developed in the previous sections, we have to check that the
operators are well de�ned and study their mutual co-coercivity.

Since the operator associated to the slow z species is de�ned by the one-dimensional linear
system ż = r(s(z+vz)−z) with input vz and output z, it is well de�ned (Van der Schaft, 1999).
Moreover, it follows directly from Example 7.1 that an ensemble of input-output operators
(7.28) with arbitrary initial conditions de�nes a family of mutually co-coercive operators with

γz := 1/s. (7.30)

The following propositions establish that the operators associated to the X species are well
de�ned, and form a family of mutually co-coercive operators. Their proofs are respectively
given in Sections 7.5.5 and 7.5.6.

Proposition 7.7. For all initial conditions X0 ∈ R2, the operator HX de�ned in (7.27) is well

de�ned.

Proposition 7.8. For all X10, X20 ∈ R2, the input-output operators associated to (7.27) with

initial conditions X10 and X20 are mutually relaxed co-coercive with co-coercivity constant

γX := −d2

2 − b
2.

7.4.2 Network of Hindmarsh-Rose neurons

In the following we consider the di�usive interconnection of n ∈ N≥2 HR neuronal compartment
(7.27)-(7.28). The initial conditions specifying the input-output behavior of each compartment
are assumed to be arbitrary. We let λX and λz be the algebraic connectivity associated to the
X and z species, respectively. The dissipativity matrix Eγ̃ , as de�ned in (7.4), is then given
by

Eγ̃ =

ñ
γ̃X −1
1 γ̃z

ô
, (7.31)

where γ̃X = γX +λX and γ̃z = γz+λz. From Lemma 7.4 or Lemma 7.5 Eγ̃ , is diagonally stable
provided λX > −γX . Moreover, in the case of zero inputs, the boundedness of the trajectories
of each subsystem follows directly from (Oud and Tyukin, 2004, Proposition 1). Hence, from
(7.30), Proposition 7.7, and Proposition 7.8q2, all the conditions of Corollary 7.6 are satis�ed,
provided that

λX >
d2

2
+ b2. (7.32)

At the light of these considerations, we are able to provide analytical results on the robust
synchronization of a network of HR neurons, as stated in the following proposition.

Proposition 7.9. Consider a network of n ∈ N≥2 HR neurons (7.27)-(7.28). Let W∆
X and

W∆
z be the incremental input of the X and z species, respectively, and W∆ the resulting incre-

mental input of the network, as de�ned in Section 7.1. Let Y ∆
X and Y ∆

z be the synchronization

errors (7.9) associated to the X and z species respectively, and Y ∆ the resulting network syn-

chronization error. Suppose that (7.32) is satis�ed. Then there exists β ≥ 0, such that, for all
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Figure 7.2: Typical behavior of a neuron belonging to the active population (black) and
silent population (grey), before the di�usive coupling between the two populations is switched

on.

T ≥ 0,
‖Y ∆‖T ≤ ρHR‖W∆‖T + β, (7.33)

where

ρHR :=
1

min(γ̃X , γ̃z)
. (7.34)

We point out that, as opposed to (Scardovi et al., 2010), our approach does not require to
check the zero-state reachability of the HR model.

7.4.3 Numerical simulation

To illustrate the results, we run numerical simulations on a biologically meaningful intercon-
nection topology. The parameters used in the simulation are as follows: a = 0.01, b = 0.3, c =
0.1, d = 0.5, r = 0.001, s = 4, z̄ = 7. We have considered the interaction of two distinct neu-
ronal populations. Each populations is composed by qualitatively identical neurons. The �rst
population contains the active neurons, i.e. with an endogenous rhythmic activity. The second
population is composed of silent neurons, that is neurons that are endogenously at rest. The
two di�erent behaviors are obtained by �xing di�erent values of wz, which models the extra-
cellular calcium concentration. A low value (wz = 2) corresponds to the active population,
while silent neurons are characterized by a higher value (wz = 4). Moreover, each neuron is
a�ected by an heterogeneous electrical input wX . Figure 7.2 illustrates the typical behavior of
two neurons belonging to each of these populations.

We suppose that the electrical coupling between neurons belonging to the same population
is absent. On the contrary, each active neuron is connected to all the silent neurons, and
vice-versa, with the same coupling strength KX . This kind of interconnection represents a
simpli�cation of the interaction between di�erent brain neuronal subpopulations. Indeed, for
neurons in the sub-thalamic zone, most of the synapses of a neuron belonging to some speci�c
area project outside the interested area (Sato et al., 2000). On the contrary, neurons that
are located inside the same area, share the same physical medium. In this way, the natural
di�usion in the cellular surrounding of the ions generating the currents in the neuron membrane
constitutes a further type of di�usive coupling (Rubin, 2007). In the HR neuron, this can
be modeled by a di�usive coupling in the z species, describing the dynamics of Ca2+ ions
concentration in the cell. We thus suppose that each neuron belonging to a given population is
coupled to all the other neurons of this population through di�usive coupling in the z species
with homogeneous coupling strength Kz. If the two species have the same number M ∈ N>0

of neurons, the Laplacian matrices associated to the interconnection topologies among the X
and z species are given by

LX = −
ñ

0M×M 1M×M
1M×M 0M×M

ô
+MIN , (7.35)
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Figure 7.3: Evolution of the synchronization error ‖Y ∆‖T (solid line) and of the predicted
bound ρ‖W∆‖T (dashed line) after the di�usive coupling between the active and silent pop-

ulations is activated. The bias has been removed for clarity.
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Figure 7.4: Mean membrane voltage of the active (left) and silent (right) population before
and after the coupling between the two populations is switched on. After the coupling is
activated, the system shows a global bursting oscillation even though no interconnections are

present inside each neuronal population.

and

Lz = −
ñ

1M×M 0M×M
0M×M 1M×M

ô
+MIN . (7.36)

The interconnection between the X species corresponds to a complete bipartite graph. If
KX is the coupling strength, the algebraic connectivity is given by λX = MKX (Bondy and
Murty, 1976, page 5). Since the graph associated to the z species is not connected its algebraic

connectivity is zero (Bondy and Murty, 1976). By picking KX >
Ä
d2

2 + b2
ä
/M and Kz ≥ 0,

all the assumption of Proposition 7.9 are satis�ed. In the simulation we have picked M = 10,
KX =

Ä
d2

2 + b2 + 0.5
ä
/M and Kz = 0.25/M . With this choice we get, from Lemma 7.4 or

Lemma 7.5, ρHR = 4. Figure 7.3 shows the evolution of the synchronization error. When the
coupling is switched on at time t = 5000, The theoretical integral bound predicted by Theorem
7.3 is satis�ed. The prediction of a robust synchronous behavior is associated to important
counterintuitive phenomena. Neurons belonging to the active population are not synchronized
before the coupling with the silent population is not present, due to heterogeneities (Figure 7.4,
left). Even though they are not directly coupled, they become synchronized once they start to
interact with the silent neuronal population. At the same time, the silent neuronal population
starts to show global oscillations at the same frequency (Figure 7.4, right). This kind of
mutually induced oscillations is typical of the interaction between excitatory and inhibitory
neuronal populations (Holgado et al., 2010).



7.5 Proofs

7.5.1 Proof of Proposition 7.2

Integrating both sides of (7.12) and considering (7.13), we get

−V (x0
i − x0

j ) ≤ V (x0
i (T )− x0

j (T ))− V (x0
i − x0

j )

≤ −γ‖yi − yj‖2 + 〈ui − uj , yi − yj〉T
+C,

showing the two associated input-output operators are mutually relaxed co-coercive with co-
coercivity constant γ and bias β1,2 = V (x0

i − x0
j ) + C. �

7.5.2 Proof of Theorem 7.3

The proof is a direct adaptation of that of (Scardovi et al., 2010, Theorem 1). Let the input
to the species k be given by Vk(t) = Uk(t) − LkYk(t), that is Uk contains both exogenous
disturbances and input-output compartmental coupling. Let the biases appearing in the mutual

relaxed co-coercive relation (7.10) associated to the species k be β
(k)
ij , i, j = 1, . . . , n, k =

1, . . . , N . With simple computations3, (Scardovi et al., 2010, Lemma 1) generalizes to the
mutual relaxed co-coercivity case in the form

γk‖Y ∆
k ‖2T ≤ 〈Y ∆

k , V
∆
k 〉T + βk, k = 1, . . . , N,

for all T ≥ 0 and all Vk ∈ Lnm2e , where

βk := n max
i=1,...,n

β
(k)
ii . (7.37)

It then follows from4 (Scardovi et al., 2010, Equation (23)) that, for all k = 1, . . . , N ,

γ̃k‖Y ∆
k ‖2T ≤ 〈Y ∆

k , U
∆
k 〉T + βk. (7.38)

Equation (7.38) shows how the presence of the di�usive coupling increases the incremental
co-coercivity of the closed-loop system. Writing Uk(t) = Wk(t) +

∑N
i=1 σk,iYi(t), (7.38) gives

for all k = 1, . . . , N and all T ≥ 0,

γ̃k‖Y ∆
k ‖2T ≤ 〈Y ∆

k ,W
∆
k 〉T + 〈Y ∆

k ,
N∑
i=1

σk,iY
∆
i 〉T + βk,

or, equivalently,

〈Y ∆
k ,W

∆
k +

N∑
i=1

σk,iY
∆
i − γ̃kY ∆

k 〉T + βk ≥ 0, k = 1, . . . , N. (7.39)

Recalling the de�nition of the dissipativity matrix Eγ̃ := Σ− diag(γ̃1, . . . , γ̃N ), (7.39) can also
be written as

〈Y ∆,W∆ + (Eγ̃ ⊗ In)Y ∆〉T +
N∑
k=1

βk ≥ 0. (7.40)

3Just add the bias in each line in the proof of (Scardovi et al., 2010, Lemma 1).
4Again, just add the bias in each line of (Scardovi et al., 2010, Equations (19-23))



Suppose that Eγ̃ is diagonally stable, that is there exists positive constants di, i = 1, . . . , N ,
such that DEγ̃ + ETγ̃ D < 0. Then, by de�ning β′ :=

∑N
k=1 dkβk

〈(D ⊗ In)Y ∆,W∆ + (Eγ̃ ⊗ In)Y ∆〉T + β′

=
N∑
k=1

dk〈Y ∆
k ,W

∆
k +

N∑
i=1

σk,iY
∆
i − γ̃kY ∆

k 〉T +
N∑
k=1

dkβk

≥ 0, (7.41)

where the last inequality comes from (7.39) and the positiveness of di, i = 1, . . . , N . Let d :=
min(spect(−DEγ̃ − ETγ̃ D)) > 0. Noting that, for all matrix A, spect(A ⊗ In) = {spect(A)}n,
it follows from (7.41) that

〈(D ⊗ In)Y ∆,W∆〉T + β′

≥ −〈(D ⊗ In)Y ∆, (Eγ̃ ⊗ In)Y ∆〉
≥ d‖Y ∆‖2. (7.42)

and, by de�ning d := maxi=1,...,N di > 0, it also holds that

〈(D ⊗ In)Y ∆,W∆〉T
≤ 〈(D ⊗ In)Y ∆,W∆〉T

+
1

2
‖ d√

d
W∆ −

√
d

d
(D ⊗ In)Y ∆‖2T

=
1

2

d
2

d
‖W∆‖2T +

1

2

d

d
2 ‖(D ⊗ In)Y ∆‖2T

≤ 1

2

d
2

d
‖W∆‖2T +

d

2
‖Y ∆‖. (7.43)

Plugging (7.43) into (7.42) we obtain

‖Y ∆‖2T ≤ d
2

d2 ‖W
∆‖2T + 2

β′

d

≤
Ç
d

d
‖W∆‖T +

 
2
β′

d

å2

,

that is
‖Y ∆‖T ≤ ρ‖W∆‖+ β, (7.44)

where

ρ :=
d

d
, (7.45)

and β :=
√

2β
′

d .

�



7.5.3 Proof of Lemma 7.4

The proof of Lemma 7.4 is directly inspired to that of (Arcak and Sontag, 2006, Theorem 1).
For notational purposes, let, for all i = 1, . . . , N ,

ηi :=
1

γ̃i
. (7.46)

Let
Dη := diag(η1, . . . , ηN ), (7.47)

and

A0 := DηEγ̃

=



−1 0 . . . 0 −η1

η2 −1
. . . 0

0 η3 −1
. . .

...
...

. . .
. . .

. . . 0
0 . . . 0 ηN −1


. (7.48)

Moreover de�ne

∆ := diag

Å
1,−η2

r
,
η2η3

r2
, . . . ,

η2 · . . . · ηN
rN−1

ã
, (7.49)

and

D := ∆−2Dη

=: diag(d1, . . . , dN ). (7.50)

Note that

d := max
i=1,...,N

di

≤ max
i=1,...,N

ηi (7.51)

max

{
1,

Å
r

η2

ã2

,

Ç
r2

η2η3

å2

, . . . ,

Ç
rN−1

η2 . . . ηN

å2}
.

Moreover, by (7.48),(7.49), and (7.50), we can write

DEγ̃ + ETγ̃ D = ∆−1
Ä
∆−1A0∆ + ∆A0∆−1

ä
∆−1. (7.52)

Note that

−∆−1A0∆ =



1 0 . . . 0 (−1)N+1r

r 1
. . . 0

0 r 1
. . .

...
...

. . .
. . .

. . . 0
0 . . . 0 r 1


, (7.53)

that is −∆−1A0∆ exhibits a circular structure when N is odd, and skew-circulant when N is
even. From (Davis, 1979) it then follows that −∆−1A0∆ is diagonalizable with eigenvalues
αk = 1+rei(2π/N)k, k = 1, . . . , N , if N is odd, and αk = 1+rei(π/N+(2π/N)k, k = 1, . . . , N , if N
is even. The eigenvalues of its symmetric part 1

2(−∆−1A0∆−∆A0∆−1) are given by the real



parts of the αk. In both the odd and even case, it holds that mink=1,...,N Reαk = 1−r cos(π/N).
Recalling (7.52), it then follows that

d := min
¶

spect(−DEγ̃ − ETγ̃ D)
©

≥ 2

Å
1− r cos

Å
π

N

ãã
(7.54)

min

{
1,

Å
r

η2

ã2

,

Ç
r2

η2η3

å2

, . . . ,

Ç
rN−1

η2 . . . ηN

å2}
.

Invoking (7.19),(7.46),(7.51) and (7.54), the lemma follows. �

7.5.4 Proof of Lemma 7.5

The result follows immediately from (7.19) and by noticing that 1
2(Eγ̃+ETγ̃ ) = −diag(γ̃1, . . . , γ̃N ).

�

7.5.5 Proof of Proposition 7.7

The proof is inspired to (Oud and Tyukin, 2004, Appendix A). The operator HX can be
equivalently de�ned as

HX :



Ẋ = F (X) +B(vx − z′)
ż′ = ε(s(x+ z)− z′), ε = 0,
yX = x
X(0) = X0

z′(0) = 0

(7.55)

Given c1, c2, c3 > 0, consider the function V (x, y, z′) = 1
2c1x

2 + 1
2c2y

2 + 1
2z
′2. With the same

computation as (Oud and Tyukin, 2004, Appendix A), it follows that along the trajectories of
(7.55)

V̇ ≤ −(x− d1)2 + C + c1xvx, (7.56)

where C > 0 and d1 ∈ R. Integrating (7.56), and recalling that z(0) = 0, we get, for all T ≥ 0,

‖x− d1‖2 ≤ c1〈x, vx〉T + CT +
1

2
c1x(0)2 +

1

2
c2y(0)2

= c1〈x− d1, vx〉T + 〈d1, vx〉T + CT

+
1

2
c1x(0)2 +

1

2
c2y(0)2

≤ c1〈x− d1, vx〉T + c1〈d1, vx〉T + CT +

1

2
c1x(0)2 +

1

2
c2y(0)2 +

‖c1vx − (x− d1)‖2T
=

1

2
c2

1‖vx‖2T +
1

2
‖x− d1‖2T + c1〈d1, vx〉T +

CT +
1

2
c1x(0)2 +

1

2
c2y(0)2. (7.57)

Since the constant d1 ∈ L2e, (7.57) implies that x − d1 ∈ L2e whenever vx ∈ L2e. The
proposition follows noticing that, since L2e is a linear space and d1 ∈ L2e, x− d1 ∈ L2e if and
only if x ∈ L2e. �



7.5.6 Proof of Proposition 7.8

The proof is inspired to that of (Oud and Tyukin, 2004, Proposition 3). Given two input
functions vx,1, vx,2 ∈ L2e, let X1(·) and X2(·) be the corresponding evolutions of (7.27) with
initial conditions X10 and X20, respectively, and y1(·) and y2(·) the corresponding outputs
(from Proposition 7.7 in L2e as well]). Consider the following function V (X1 −X2) := 1

2(x1 −
x2)2 + 1

2d2
(y1 − y2)2. The derivative of V along the trajectories of (7.27) can be expressed as

V̇ =

−(x1 − x2)2

Ç
x2

1

2
+
x2

2

2
+

(x1 + x2)2

2
− b(x1 + x2)

å
+

(x1 − x2)(vx,1 − vx,2) + (y1 − y2)(x1 − x2)−
1

d
(x1 − x2)(x1 + x2)(y1 − y2)− 1

d2
(y1 − y2)2. (7.58)

Following the same computation as (Oud and Tyukin, 2004, Equations (2.20)-(2.21)), it also
holds that

V̇ ≤−(x1 − x2)2

Ç
1

2
(x1 − b)2 +

1

2
(x2 − b)2− d2

2
− b2
å

+

(x1 − x2)(vx,1 − vx,2). (7.59)

Let

γX := −d
2

2
− b2, (7.60)

then from (7.59) it follows that

V̇ ≤ −γX(x1 − x2)2 + (x1 − x2)(vx,1 − vx,2) +

(x1 − x2)(vx,1 − vx,2). (7.61)

Integrating (7.61) along the trajectories of (7.27) the proposition follows. �





Conclusion and perspectives

Summary

Motivated by a medical problem, in this dissertation we have investigated synchronization and
desynchronization phenomena in mathematical models of neuronal populations.

Parkinson's disease and the control of neuronal synchronization. We have �rst recalled
the prominent role of neuronal synchronization in generating PD symptoms, and the weaknesses
of the present open-loop DBS in eliminating this pathological state. We have then formulated
in Chapter 1 a possible closed-loop DBS control goal, and made of it the main objective of
Part I. The goal was to investigate how a proportional mean-�eld feedback could bring a
pathologically synchronous neuronal population to either a desynchronized state or to a silent
inhibited state.

Mathematical modeling of closed-loop DBS. With the aim of formulating analytical
results, we have looked for a simple mathematical representation of this control problem. More
precisely, we have derived in Chapter 2 a simpli�ed model of a neuronal population under
the e�ect of its mean-�eld proportional feedback. This model captures the rhythmic neuronal
oscillation and respects basic input/output constraints.

Existence of synchronously oscillating solutions. We have characterized the pathological
states in terms of oscillating phase-locked solutions. The existence of such states has been
shown to be generically incompatible with any nonzero proportional mean-�eld feedback, thus
supporting the proposed control strategy.

Robustness of the pathological states. Even though oscillating phase-locking mathemati-
cally disappears under mean-�eld feedback, we have proved in Chapter 3 that the pathological
states can persist as practically phase-locked solutions and provide necessary conditions for
desynchronization via mean-�eld feedback.

Neuronal inhibition. Under some simplifying assumptions, we have rigorously described
in Chapter 4 how the presence of mean-�eld feedback can actually achieve a �rst therapeutic
objective, that is neuronal inhibition, characterized as an almost globally asymptotically stable
�xed point of the phase dynamics. The energy e�ciency of the proposed control scheme in
achieving this goal has also been rigorously addressed.

Neuronal desynchronization. In Chapter 5, we have approached the problem of desynchro-
nizing an ensemble of phase oscillators. We have proposed a simple de�nition of desynchroniza-
tion, and characterized it mathematically. We have then derived su�cient conditions to achieve
e�ective desynchronization via proportional mean-�eld feedback for a generic interconnection
topology and registration/stimulation setup.

In conclusion Part I let us derive a number of mathematical results supporting the e�ciency of
proportional mean-�eld feedback DBS in eliminating PD pathological synchronous oscillations,
by either inhibiting or desynchronizing the neuronal population.



Part II was then motivated by the need of extending the analysis in Part I to more realistic
neuron models. We have approached this problem by looking for modeling principles that
are amenable to a comprehensive mathematical analysis and yet o�er su�cient �delity in
reproducing neurons behavior.

Hybrid modeling of calcium-gated neurons. In modeling dopaminergic neurons via hy-
brid dynamical systems of the Izhikevich type, we have highlighted in Chapter 6 a weakness
of the Izhikevich model in reproducing a robust pacemaking and ADPs activity. Based on
the mathematical analysis of a calcium-gated Hodgkin-Huxley model, we have explained the
origins of this de�ciency rigorously and we have derived a novel hybrid model to overcome it.

Input-Output modeling. We have provided in Chapter 7 a theoretical extension of some
recent works analyzing synchronization in large scale interconnected systems via a purely input-
output approach. This extension allowed us to tolerate some heterogeneities between the units.
This approach is of interest since it does not require any detailed state-space representation of
the neuronal dynamics, and since it permits to naturally study the e�ects of exogenous inputs
via rigorous control theoretical tools. We have showed that the Hindmarsh-Rose neuron model
can e�ortlessly be modeled in this framework, and we have derived some robust synchronization
results in a heterogeneous network of such models, thus providing a �rst extension of the
robustness results derived in Chapter 3.

Limitations

Event though some of the theoretical results presented in this dissertation support a closed-loop
DBS strategy, the underlying analysis relies on harsh approximations.

Neurons modeling. In its simplicity the oscillators model employed in Part I ignores many
important properties of real neurons, as brie�y highlighted in Section 1.4.2. More importantly
for PD, it does not account for the heterogeneous behavior exhibited by neurons in di�erent
BG areas. See, e.g., (Rubin and Terman, 2004).

Synaptic coupling modeling. The assumption of di�usive coupling between neurons ignores
the complexity of real synaptic interactions. It does not account, for instance, for gain (the
post-synaptic action potential can be larger than the pre-synaptic one) and threshold (only
su�ciently large pre-synaptic inputs are able to generate a post-synaptic response) e�ects
typical of chemical synapses. See for instance (Destexhe et al., 1998).

DBS electrode neurons interaction. We have partially accounted for the heterogeneous
way in which neurons interact with the DBS electrode by allowing arbitrary input and output
gain in our model. Yet, the details of the real neurons-electrode interaction and the way in
which the electrical signal di�use in brain tissues have been completely neglected.

Functional structure of BG. The BG network is characterized by multiple intra- and inter-
nucleus interaction loops and projections. The resulting interconnection structure is quite
complex and tightly related to the functional role of the BG (Bolam et al., 2000). Even
though the proposed model could include any interconnection topology, and both excitatory
and inhibitory coupling, analytical results can be derived only for simple, or at least symmetric
coupling topologies, which is very simplistic compared to the complexity of the BG network.

Artifacts. We have worked under the optimistic assumption that neurons local �eld potential
can be measured with arbitrary precision, independently of the injected input. This is unreal-
istic in the medical practice, where prominent artifacts coming from the DBS signal hide the
neurons activity. New technology might, however, help to overcome this limitation (Giannicola
et al., 2010; Priori et al., 2002; Rosa et al., 2010).



Open questions

The mathematical analysis derived throughout the thesis has highlighted a number of open
questions, both in mathematics and control theory.

Global phase-locking robustness analysis. The phase-locking robustness analysis devel-
oped in Chapter 3 is local. We �rmly believe that under some non-degeneracy assumptions,
namely that all the �xed points are isolated and hyperbolic, this analysis can be made global
with a small e�ort by exploiting some recent results on almost global ISS on compact Rieman-
nian manifolds (Angeli and Praly, 2011).

Neuronal inhibition with respect to time-varying inputs. The same result (Angeli
and Praly, 2011) does not apply straightforwardly to the neuronal inhibition problem faced
in Chapter 4 due to the presence of non-isolated equilibria. One can envision, however, an
extension of this type of results to deal with the presence of exponentially unstable manifolds
of equilibria, as a generalization of exponentially unstable �xed points. This result would then
be applicable to the neuronal inhibition problem, at least in the case of an odd number of
oscillators, when the set of non-isolated equilibria is a normally hyperbolic unstable manifold.

Almost global convergence in the presence of degenerate sets of equilibria. In the
case of an even number of oscillators, the set of non-isolated �xed points in the neuronal
inhibition problem is not globally a manifold, due to the presence of degenerate equilibria. We
were not able to prove Conjecture 4.1 in Chapter 4, since, to the best of our knowledge, no
global stability and robustness analysis tools have yet been developed to deal with this case in
a systematic way.

Neuronal inhibition in the presence of non all-to-all interconnection. The oscillations
inhibition analysis has been developed under the assumption of an homogeneous interconnec-
tion and registration/stimulation setup. Similarly to what has been done in recent years for the
Kuramoto system (Sarlette, 2009), it would be interesting to understand which other coupling
topologies and feedback gains ensure the same convergence properties.

Tools to prove (practical) desynchronization. The proof of the desynchronizability of
the Kuramoto system via mean-�eld feedback in Chapter 5 relies at present on elementary
trigonometry. These computations do not generalize to phase-dynamics with non-sinusoidal
coupling. New tools have then to be developed. We have seen that the proposed de�nition
of desynchronization admits a topological characterization (complete instability) that is in
opposition with that of synchronization (asymptotic stability). It would be interesting to
investigate whether the stability tools usually exploited in synchronization analysis (Lyapunov,
gradient dynamics, ISS, etc.) admit a counterpart for the rigorous analysis of desynchronization
and the synthesis of desynchronizing controllers. The existence of an increasing incremental
Lyapunov function could, for instance, straightforwardly be used to prove desynchronization.

Non di�usive input-output coupling. The nonlinear operators-based synchronization the-
ory developed in Chapter 7 relies on the harsh constraint that neuronal coupling is of di�usive
type only, which is not realistic. Neuron coupling via synapses has indeed a more impulsive
nature, and does not directly depend on the neurons states di�erence, as imposed by di�usive
coupling. It is thus of interested to provide a general theoretical extension to the theory in
order to deal with more general types of couplings, such as the impulsive one.

Perspectives

We present here some possible research directions that naturally arise from the work presented
in this manuscript.



Experimental test of proportional mean-�eld feedback DBS.We have recently been in
contact with the medical and engineering research group of Prof. Rossi at University of Milan,
performing DBS implantation on humans. Prof. Rossi's group has also a recognized expertise
in the development of technologies permitting the simultaneous recording and stimulation via
the DBS electrode (Giannicola et al., 2010; Priori et al., 2002; Rosa et al., 2010). Preliminary
discussions suggest that clinical tests on humans of the e�ects of a proportional feedback DBS
might be feasible.

Inhibition and desynchronization in the input-output framework. Similar to what we
have done for oscillators, the input-output synchronization analysis can be extended to include
the e�ects of a mean-�eld feedback. This would permit an input-output control theoretical
investigation on the possibility of inhibiting or desynchronizing an originally synchronized
nonlinear operators population.

Experimental input-output identi�cation. We believe that the input-output approach
developed in Chapter 7 can �nd an e�cient application in an experimental framework. The
characterization of the input-output properties of a given neuron type would indeed only require
the electrical measurement of the response of the neuron to a set of prototypical inputs, as
opposed to the present state-space characterization that needs a detailed study of many other
electro-physiological properties. The obtained input-output characterization can be used to
build large scale networks of interconnected non-linear operators, whose theoretically predicted
behavior could readily be compared to real neurons networks.

Mathematical analysis of calcium-gated synchronization. In its simple form, the re-
duced model derived in Chapter 6 captures the dynamics behind the behavior of dopaminergic
and other calcium-gated neurons, like STN and thalamic neurons. It might thus permit a
systematic analytical study of the synchronous oscillatory phenomena observed in the BG in
PD conditions, of the e�ects induced by a high frequency DBS, and of the possible directions
that can be undertaken to ameliorate this cure.

Link between our reduced model and antisynergistic ionic currents. The chief feature
of the novel reduced model of Chapter 6 can be directly related to the antisynergistic coop-
eration of potassium and calcium currents. Its distinct feature with respect to the Izhikevich
model stems indeed from the presence in the associated detailed model of depolarizing and
hyperpolarizing currents which can be simultaneously activated in a same timescale, several
times slower than the timescale of the current which generates the action potential. These
observations suggest the existence of a qualitative link between the proposed reduced mathe-
matical model and the antisynergistic cooperation of two particular ion currents, at least in the
speci�c case of the dopaminergic neuron. A speculative idea is that a similar link can actually
be established in any neuron exhibiting su�ciently pronounced calcium currents.
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