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Contents/objectivesofthecourse

•Analysisoffeedbacksystems:closedsystemsviewedasfeedback
interconnectionsofopensystems

•Conceptsthatarecentraltosystemtheory:dissipativity,passivity,KYPlemma,
quadraticforms

•Methodsthatcombinemathematicalanalysiswithefficientnumericaltools

Thislecture:aninformalpreview
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Thegeneralmethodology

Thefeedbackinterconnectionismadeof

G

∆

•G:the”friendly”part(LTI)

•∆:the”trouble-making”part(nonlinear,time-varying,∞-dim,uncertain,...)

Goal:provideanexternalcharacterizationof∆thatresultsinstabilitycriteria
whichmaximizetractabilitybutminimizeconservativeness.
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Example1

K

e
−τs

G

Alinearsystemwithasaturationandadelay.

Suchfeedbackloopsarefrequentinautomaticcontrol

IQClecture13



Example2:aneuralnetwork

ẋ=Ax+Bsat(Hsat(Cx))

H

σσ C(sI−A)
−1
B

MIMOinterconnectionofalinearsystemwiththestaticnonlinearity

Φ(·)=sat(Hsat(·))
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Example3:theLureproblem

G(s)=c(sI−A)
−1
bisa(SISO)transferfunctionand∆isa(SISO)static

sectornonlinearityφ(·,t):αs
2
≤φ(s,t)s≤βs

2

u

αu

βu y

Notation:φ(·,t)∈Sector(α,β).

TheLureproblemhasaveryconcretemotivation(abasicfeedbackloopin
automaticcontrol).Thisproblemmotivatedcentraldevelopmentsofsystemtheory.
Itwillbetherunningexampleofthislecture.
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Theclassicalapproach

StabilityisstudiedthroughLyapunovanalysisoftheclosedsystem

ẋ=Ax−bφ(cx)

SearchforaLyapunovfunction:V(x)>0suchthatV̇(x)≤0

Example:V(x)=x
T
PxresultsinV̇=x

T
(PA+A

T
P)x−2x

T
Pbφ(cx)

Becauseφ(s)s≥0,V̇≤0if

PA+A
T
P≤0
Pb=c

T

Anotherexample:Ifφ(·)istime-invariant,onecouldtrythe“Lure-type”
Lyapunovfunction

V(x)=x
T
Px+

∫

cx

0

φ(s)ds
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Lureproblemishard

•Aizermanconjecture(1946):stabilityfork∈(α,β)issufficient.(disprovedby
Pliss(1952))

•Kalmanconjecture(1957):Aizerman+φ
′
(s)∈(α,β)issufficient.(disproved

byBarabanov(1988))

•recentcomplexityresults...

+linkstofamousconjectures:Markus-Yamabe(1960),Jacobianconjecture(open,
1939)
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Whatthiscourseisabout:

AnexternalcharacterizationofGand∆thatwillprovideaLyapunovfunction
forthefeedbackinterconnection:

•i/oapproach:operatortheoreticproperties(⇒frequencydomainconditions)
forGand∆(lecture2)

•state-spaceapproach:dissipativity(lecture3)

ThelinkbetweenthetwoapproachesistheKYPlemma(lecture4).The
IQCapproachisaunifyingtreatmentthatmakestheexternalcharacterization
numericallytractable(lecture5)andconvertsthesearchforaLyapunovfunction
intoaconvexoptimizationproblem(lecture6).
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Outlineoflecture1:

•PartI:Introduction,motivation,examples

•PartII:Externalcharacterizationforstabilityanalysisoffeedbacksystems:
apreviewontheLureproblem

•PartIII:Whatmakestheproblemnumericallytractable
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Caveat

Precisedefinitionsandmathematicalproofsarepostponeduntillecture2.In
thislecture,thesymbol

′
≡
′
meansthattheequivalencewillbeclarifiedlaterand

possiblyrequirestechnicalconditions.
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Dissipativity

Energystoredinanopensystem(measuredbystorageS(x)≥0)canincrease
onlythroughtheexternalsupply:

Ṡ≤w(u,y)

•Acentralconceptforthiscourse(willbethetopicoflecture3)

•ThestoragefunctionforanopensystemisanalogtotheLyapunovfunctionfor
aclosedsystem

•Passivity:dissipativitywiththesupplyu
T
y
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Passivityofalinearsystem

•Foralinearsystem,thestoragefunctionwillalwaysbeaquadraticfunctionof
thestate:S(x)=x

T
Px,P=P

T
≥0.(animportantresult!)

(A,B,C)passive
′
≡
′
∃P=P

T
≥0:

PA+A
T
P≤0

PB=C
T
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Passivityofasectornonlinearity

S=0foramemorylesssystem.

Passivityreducestothecondition

0≤uy=uφ(u,t)
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Passivityandfeedbackinterconnections

l --

6Passive

Passive

-

¾

-
Passive

-

-
uy

uy

Thepassivitytheorem:Passivityispreservedunder(negative)feedback
interconnections

Proof:CheckthedissipationinequalitywithS=S1+S2
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AsufficientconditionfortheLureproblem

OurtryofV(x)=x
T
PxasaLyapunovfunctionfortheclosedsystem

ẋ=Ax−bφ(cx)

isnowinterpretedas

1)Characterizingφ(·,t)asa(memoryless)passiveoperatorwithstorageS2=0

+

2)requiringapassivitypropertyforthelinearsystem(A,b,c)withstorage
S1=x

T
Px

Note:S1>0willrequireadetectabilityproperty(seelecture3).
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I/Ocharacterizationofpassivity(lecture3)

Thecharacterizationofpassivitydoesnotrequireastate-spacerepresentation:

Considertheintegralformofthedissipativityinequality:

S(x(T))−S(x(0))≤

∫

T

0

u(t)y(t)dt

Assumingx(0)=0,thisgives:
∫

T

0u(t)y(t)dt≥0∀T≥0

Theintegraldefinesaninnerproductinasuitable(Hilbert)signalspaceH.
Thesystem(withzeroi.c.)definesaninput-outputoperatorG.Thedissipativity
inequalitybecomesapositivityconditionforG:

〈u,Gu〉H≥0∀u∈H
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Frequency-domaincharacterizationofpassivity

Forfinite-dimensionalLTIcausalsystems,thei/ocharacterizationtranslates
intoafrequencydomainconditionforthetransferfunctionG(s):

PositivityoftheoperatorbecomespositiverealnessofG(jω).ForaSISO
sytem,thismeans

G(jω)+G
∗
(jω)≥0∀ω

(hint:innerproductinL2expressedinharmonicbasis)
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KalmanYakubovichPopovLemma

Thefrequency-domaincharacterizationofpassivityis
′
≡
′
tothestate-space

characterizationofpassivity

A(the?!)fundamentalconnectionbetweenstate-spaceandi/odescriptionof
dynamicalsystems.

Thiswillbethetopicoflecture4.

Note:athird
′
≡
′
characterizationwillbeintermsofanoptimalcontrol

problem.
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Looptransformations

G

∆′
≡
′

G

∆

K

K

Thelooptransformationservestocompensatefortheshortageofpassivityin
onechannelwiththeexcessofpassivityintheotherchannel.

⇒broadenstheapplicationofthepassivitytheorem!

IQClecture119



Example:thecirclecriterion

φ∈sector(α,β)impliespassivityof
φ−β
φ−α

−

+
φ(.)

+

+

β

y
1
ku

(withk=β−α)

ConsequencefortheLureproblem:stabilityifφ∈sector(α,β)and
βH+1

αH+1
passive

Note:wewilldiscussthefrequencyinterpretationofthisconditioninlecture2.
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Mutlipliers

G

∆′
≡
′

G

∆M
−1

M

Sameideaaslooptransformations:broadenstheapplicationofthepassivity
theorem
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Example:thePopovmultiplier

φ(·)∈[0,k]impliespassivityof

φ(.) yu
+

+

1
k

1
τs+1

State-spaceτζ̇=−ζ+u+
1

kφ(ζ)Storage:S2(ζ)=
∫

ζ

0φ(s)ds

ConsequencefortheLureproblem:stabilityifφ∈sector(0,β)and
1

k+G(s)(τs+1)passive

Note:Lyapunovfunctionwillbeof“Luretype”:S1+S2=x
T
Px+

∫

y

0φ(s)ds
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Summary

•Passivity(aspecialformofdissipativity)isfundamentaltorelateexternal
characterizationofsystemstostabilityoffeedbackinterconnections

•Conservatismofstabilityconditionsisreducedbyrefiningtheexternal
characterizationof∆

•Lureproblem:excessofpassivityofϕ(·)∈sector(α,β)characterizedthrough
looptransformations(circlecriterion)andmultipliers(Popovcriterion)
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Outlineoflecture1:

•PartI:Introduction,motivation,examples

•PartII:Externalcharacterizationforstabilityanalysisoffeedbacksystems:a
previewontheLureproblem

•PartIII:Whatmakestheproblemnumericallytractable:quadraticforms,LMIs,
Sprocedure,andIQCs
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LMIcharacterizationofpassivity

Passivityof(A,B,C)meanstheexistenceofP=P
T
≥0suchthat

x
T
(PA+A

T
P)x+2x

T
PBu≤x

T
C
T
u

orequivalently

[

x

u

]

T
[

A
T
P+PAPB−C

T

B
T
P−C0

][

x

u

]

≤0

FindingP=P
T
suchthat

[

A
T
P+PAPB−C

T

B
T
P−C0

]

≤0

isaLinearMatrixInequality(LMI)intheunknownP.
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LMIsandpassivity

ImportanceofLMIcharacterizationofpassivity:Thereexistsefficient(recent)
algorithms(includingMatlabtoolbox)tosolveLMIs

•⇒Quadraticstoragefunctionsforlinearsystemsarefoundbynumericalmethods

•⇒ThankstoKYPlemma,frequency-domainpositivityconditionscanbe
convertedintoLMIsaswell!
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Quadraticformsforexternalcharacterizations

Wehavejustseenthatthepassivitycharacterizationofthe“friendly”part(G)
canbeexpressedasaLMI.

Whataboutthe“trouble-making”part∆?

Searchforquadraticconstraintson∆!
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Quadraticcharacterizationofasectorcondition

u=ϕ(y),y=Cx,andαs
2
≤φ(s)s≤βs

2

canbeexpressedas

[

x

u

]

T
[

−2αβC
T
C(α+β)C

T

(α+β)C−2

][

x

u

]

≥0
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Thecirclecriterionrevisited

V(x)=x
T
PxwillbeaLyapunovfunctionforthefeedbacksystemif

[

x

u

]

T
[

A
T
P+PAPB

B
T
P0

][

x

u

]

≤0

whenever[

x

u

]

T
[

−2αβC
T
C(α+β)C

T

(α+β)C−2

][

x

u

]

≥0

Geometricinterpretation:thepassivityLMIforGmustholdonlyinacone
characterizedbythesectorcondition.
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S-procedure(lecture5)

Apowerful‘trick’toincorporateconicrelationsintoanLMIproblem.

Example:FindingS=S
T
>0suchthatz

T
Sz≤0wheneverz

T
Qz≥0is

convertedintofindingS=S
T
>0andτ≥0suchthat

τQ+S≤0

ThisisanewLMIinPandτ!
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ThecirclecriterionLMI

FindP=P
T
>0andτ≥0suchthat

[

A
T
P+PA−2ταβC

T
CPB+τ(α+β)C

T

B
T
P+τ(α+β)C−2τ

]

≤0

⇒thelooptransformationisincorporatedinthepassivityLMIthankstothe
characterizationof∆throughaquadraticpositivitycondition⇒conservatismis
reduced.
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ThepassivityIQC

InaHilbertspace,thepassivitycondition

〈u,y〉H≥0∀u,y∈H

rewritesasaquadraticpositivitycondition

〈[

u

y

]

,Π

[

u

y

]〉

H

≥0∀u,y∈H

withΠ=

[

0I

−I0

]

.

ThisisanexampleofIntegralQuadraticConstraint(IQC).Πisthemultiplier
thatdefinestheIQC.
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TheIQCapproach(lecture5)

SearchforexternalcharacterizationsintheformofIntegralQuadratic
Constraints〈[

u

y

]

,Π

[

u

y

]〉

H

≥0∀u,y∈H

Thecharacterizationof∆bymeansofoneorseveralIQCsisquitegeneral!(Π
willbeallowedtobeanyboundedandself-adjointoperator).

ThroughtheKYPlemma,eachIQCverifiedby∆willprovideanadditional
conicrelationfortheLMItobesatisfiedbyG=(A,B,C)andthereforereduce
theconservatismofthestabilitycriterion.
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Summaryoflecture

•Thecourseisaboutexternalcharacterizationsofopensystemsinviewofinternal
analysisofclosedsystems

•Externalcharacterizationisbasedondissipativityconditions(state-space,
lecture3)orpositivityconditions(i/o,lecture2).

•ThelinkbetweendissipativityandpositivityismadethroughtheKYP
lemma.(lecture4)

•QuadraticconditionscanbeconvertedintoLMIs,whichmakestheproblem
computationallytractable(lecture5and6).

IQClecture134


