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Systemsasoperators

uy H

H’maps’thesignalutothesignaly

Hdefinesanoperatorfromasignalspacetoasignalspace.

?DoesitworkforaLTIdifferentialsystem?

?Doesitworkformoregeneralsituations(nonlinear,time-varying,...)?
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Signalspaces

Thiscourse:enoughtoviewasignalfasafunctionfromIR(or[0,∞))toIR
p
.

Minimalrequirements:f∈Lnormedlinearspace
(linearcombinationsofsignalsaresignalsandsignalscanbe’measured’byanorm)

Examples:Lp[0,∞)={f|‖f‖=(
∫

∞

0|f(t)|
p
)
1/p

dt<∞},p=1,2,...
L∞[0,∞)={f|‖f‖=supt≥0|f(t)|<∞}

Additionalrequirements(e.g.forpassivity):f∈HHilbertspace
(normderivesfromaninnerproduct+completeness)

Example:L2[0,∞),withinnerproduct<f,g>=
∫

∞

0f(t)
T
g(t)dt
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Operators

OperatorsaremapsH:L→Lthatcanbecomposedandlinearlycombined.
WeassumeH(0)=0.

Essentialproperties:

•linearity:H(αf+βg)=αH(f)+βH(g)

•finite(linear)gainγif‖H(f)‖≤γ‖f‖∀f∈L

•causality:’future’ofH(f)onlydependson’past’off.

Thefinitegainpropertyisalsocalledboundednessoftheoperator(whichis
differentfromBIBO!).The’best’boundγ=γ(H)iscalledtheoperatorgain.
Note:γ(H1H2)≤γ(H1)γ(H2).
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LinearoperatorsassociatedtoLTIdifferentialsystems

•EachtransferfunctionH(s)=C(sI−A)
−1

B+Dwhichhasnopolesonthe
imaginaryaxis(H∈RL

m×m
∞)definesaboundedlinearoperatoronLp(−∞,∞)

Hu=h∗u=

∫

∞

−∞

h(τ)u(t−τ)dτ

whereh(t)istheimpulseresponse,thatis,theinverseLaplacetransformofH(s)
(restrictedtothedomainthatcontainstheimaginaryaxis)

•TheoperatoriscausaliffH(s)hasnopolesintheright-halfplane.Inthis
case,h(t)=0∀t≤0andtheoperatoris(also)definedonLp[0,∞)
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GainsofoperatorsassociatedtoLTIdifferentialsystems

Theconvolutionoperator

Hu=h∗u=

∫

∞

−∞

h(τ)u(t−τ)dτ

isalinearboundedoperatoronLp(−∞,∞)providedh∈L1(−∞,∞).

1.Foranyp=1,2,...,itsLpgainisboundedby‖h‖1.

2.ItsL2gainisγ2=maxω∈IRσmax(H(jω))(=‖H‖H∞).

3.ItsL∞gainisγ∞=‖h‖1.

Proof:(1)seelecturenotes(basedonHölderinequality);(2,3):homework1!
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Otherexamplesofboundedoperators

•asectornonlinearity(thesectorneedstobelinearlybounded);

•multiplicationbyatime-varyingboundedgain.

•a(nonlinear)dissipativesystemwithsupplyγ|u|
2
−|y|

2
andzeroinitialcondition:

∫

t

0

|y(t)|
2
dt≤γ

∫

t

0

|u(t)|
2
dt−S(x(t))

(notmuchbeyondthat...)
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Feedbackinterconnectionsofoperators

−

e1

e2u2

H1

H2

u1

Areasonablenotionofstability:existenceofabounded(finitegain)causal
operator(

u1

u2

)

→
γ

(

e1

e2

)

≈BIBOstabilityforlinearsystems
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Problem

RequiringcausalityandboundednessofH1andH2seems

•toostrong:thetheoryshouldincludeunstableopen-loopsystems

•tooweak:doesnotguaranteetheexistenceofacausaloperatoru→e
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ExtendedsignalspacesLe

•f∈LeifthetruncatedsignalPTf∈LforallT≥0.

PTf(t)=f(t),t≤T

=0,t>T

•acausaloperatorHhasfinitegain(i.e.isbounded)onLeif

‖H‖=supf∈L\{0}
‖Hf‖
‖f‖isfinite.

•HiscausalandboundedonLeiffHiscausalandboundedonL

Note:causalityexpressesasPTHPT=PTHforallT.
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LinearoperatorsassociatedtoLTIdifferentialsystems

EachtransferfunctionH(s)=C(sI−A)
−1

B+Ddefinesacausallinear
operatoronLpe[0,∞)

Hu=h∗u=

∫

∞

0

h(τ)u(t−τ)dτ

whereh(t)istheimpulseresponse,thatis,theinverseLaplacetransformofH(s)
(restrictedtoaRHPthatcontainsnopolesofH)

Proof:e
t
∈Lpe[0,∞)!

Theoperatorisboundedifallthepolesareinthe(open)lefthalfplane.
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Well-posedness

H1andH2causaloperatorsonLe6⇒
H1

1+H1H2and
H2

1+H2H1causaloperatorsonLe.

Butitshouldforanyphysicalsystem!

⇒theseill-posedsituationswillbeexcludedbyassumption
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Backtothefeedbackinterconnection

Assumptions:
•H1,H2causaloperatorsonLe
•Well-posedness:thefeedbackinterconnectiondefinesacausaloperatorinLe:

(

u1

u2

)

→

(

e1

e2

)

Thefeedbacksystem(FS)willbesaidstableifHhasafinitegain.

(Note:Uniquenessofthesolution(e1,e2)fortheinput(u1,u2)canberelaxed)
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Stabilityanalysisoffeedbacksystems

1.Contractionsandthesmallgaintheorem

2.Passiveoperatorsandthepassivitytheorem

3.RelationshiptoNyquistcriterion

4.Looptransformationsandmultipliers
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Contractionsandthesmallgaintheorem

AnoperatorH:Le→Leisacontractionifitsgainissmallerthanone.

−

e1

e2u2

H1

H2

u1

Thesmallgaintheorem:thefeedbacksystem(FS)isstableif

‖H1‖.‖H2‖<1
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Proofofthesmallgaintheorem

Considerthetruncatedsignals

e1T=u1T−PTH2(e2T)

e2T=u2T+PTH1(e1T)

andtakenormstoshow

‖e1T‖≤
1

1−‖H1‖.‖H2‖
‖u1T‖+

‖H2‖

1−‖H1‖.‖H2‖
‖u2T‖
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Passiveoperators

AcausaloperatorH:He→Heispassiveif

〈Hu,u〉T≥0∀u∈He,∀T≥0

Itiscalledoutputstrictlypassiveif

〈Hu,u〉T≥ε‖PTH(u)‖
2
∀u∈He,∀T≥0
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PassivityforLTIdifferentialsystems

ThecausalboundedoperatorHwithtransferfunctionH(s)ispassiveiffH(s)
ispositivereal,i.e.

H(jω)+H
∗
(jω)≥0∀ω∈IR

Proof:
(i)〈Hu,u〉T=〈u,H

∗
u〉TwhereH

∗
isthecausaloperatorwithtransferfunction

H
T
(−s)

(ii)〈Hu,u〉T=
1

2〈(H+H
∗
)u,u〉T=

1

2〈(H(jω)+H
∗
(jω)ûT(jω),ûT(jω)〉
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Passivitydoesnotimplyboundedness

Example:H(s)=
1

s.LetU(t)=
∫

t

0u(τ)dτ.Then

〈Hu,u〉T=

∫

T

0

UdU=
1

2
U(T)

2
≥0

Note:thelinkbetweenpassivityandpositiverealnesswillbeextendedto
transferfunctionswithpolesontheimaginaryaxisinlecture3.
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Thepassivitytheorem

Considerthefeedbacksystem(FS)withH1andH2definedonHeandu2=0.

−

e1

e2u2

H1

H2

u1

Passivitytheorem:IfH1isoutputstrictlypassiveandH2ispassive,thenthe
feedbacksystemisstable,thatis,theoperatoru1→e2hasfinitegain.
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LinkwiththeNyquistcriterion

LetH1(s)andH2(s)twostable(SISO)transferfunctions.

Nyquistcriterionrequiresnorootfor

1+H1(jω)H2(jω)=0,ω∈IR

Disregardingthephaseinformation,asufficientconditionis
|H1(jω)H2(jω)|<1∀ω(⇐small-gaintheorem)

Disregardingtheamplitudeinformation,asufficientconditionis
∠(H1(jω)H2(jω))=∠H1(jω)+∠H2(jω)<180deg∀ω(⇐passivitytheorem)
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Looptransformations

H1

H2′
≡
′

H1

H2

K

K

Thelooptransformationservestocompensatefortheshortageofpassivity
(resp.contraction)inonechannelwiththeexcessofpassivity(resp.contraction)
intheotherchannel.

Thelooptransformationiswellposedif(I+KH1)
−1

H1isawelldefinedcausal
operatoronHe.

Note:H1doesnotneedtobeboundedforthe(looptransformed)feedback
systemtosatisfytheassumptionsofsmallgainorpassivitytheorem.
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Mutlipliers

H1

H2′
≡
′

H1

H2M
−1

M

Sameideaaslooptransformations:broadenstheapplicationofthe
passivity/smallgaintheorems.

EquivalenceifManditsinverseM
−1

areboundedcausaloperators.
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Looptransformations,mutlipliers,andIQCs

•CausalityofthemultipliercanberelaxedifMcanbefactoredintoM=M−M+

withM
∗
−,M

+
andtheirinversescausalandbounded.Theuseofnoncausal

multipliersisimportantinpractice.(ThisisaresultofZames).

•TheIQCframeworkincorporateslooptransformationsandmultipliersand
simplifiesthe(tricky)questionofequivalenceoffeedbackloops.

•TheinvertibilityassumptiononKandthefactorizationconditiononMare
replacedbya(usuallyeasilysatisfied)well-posednessassumptiononthefeedback
system.
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Alinkbetweenpassivityandcontraction

IfI+HisinvertibleonH,then

passivityofHisequivalenttocontractionofS=(H−I)(H+I)
−1

Thisisageneralizationoftheconformalmapping
s−1

s+1betweentherighthalf
planeandtheunitcircle.
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Summaryoflecture

•TreatingsystemsasoperatorsprovideastronggeneralizationofNyquistcriterion

•Feedbackinterconnectionsofoperatorsdonotalwaysdefineoperators

•causalityoftheoperatorsisanimportantissueinstabilityanalysisof
interconnections

•passivityandcontractionarefundamentalpropertiesforstabilityof
interconnections
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