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OptimizationofIQCs:Motivation

G
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Theorem1.LetG∈RH∞,andlet∆bebounded,causalon

L2e[0,∞).Suppose

(i)Thesystemiswell-posed

(ii)∆∈IQC(Π)

(iii)Π11≥0andΠ22≤0

(iv)


G(jω)

I




∗

Π(jω)


G(jω)

I


<0,∀ω∈[0,∞]

thenthesystemisstable.
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�TherearegenerallymanyIQCs.

�Weuseconvexparameterizations.

�If∆∈IQC(Πk),k=1,...,N,thenalso∆∈IQC(
∑N

k=1λkΠk),

whereλk≥0
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IQC(Π1)

IQC(Π2)

�Resultingstabilitytest

N∑

k=1

λk


G(jω)

I




∗

Πk(jω)


G(jω)

I


<0,∀ω∈[0,∞]
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Ideasforsemi-automaticsystemsanalysis

�UseIQCstocharacterizealluncertain,nonlinear,andtime-varying

elements.

�UseasmanyIQCsaspossible

�NotnecessarytoexplicitlyconstructtheLFTS(G,∆)

�UseefficientalgorithmstooptimizetheparametersoftheIQC

�Supplyuserfriendlyinterface(IQCtoolbox)
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Inanalysisofsystemswithmanyblocks.....
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...wereplaceall∆byIQCrelations...
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...whichleadstothefollowingstabilitytest:

Findλ∈Λsuchthat

G(jω)

I




∗

Π(jω,λ)


G(jω)

I


<0

�G=






G01...G0N

..

.
..
.

GN1...GNN






stable.
�ΠiscombinationofallIQCs.

�Π(s,λ)isaffineinλandrationalins,i.e.

Π(s,λ)=Π0(s)+
∑

λkΠk(s)

�Λisconvexsetofparameters.
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Example1.ConsidertheIQCwith

Π=


XY

Y
T

−X


,X=X

T
≥0,Y=−Y

T

Ifweusetheparametrizations(whereN=n+(n−1)
2
/2)

X(λ)=







λ1λ2λ3...

λ2λn+1λn+2...

λ3λn+2λ2n...
..
.

..

.
..
.

...







Y(λ)=







0λN+1λN+2...

−λN+10λN+n...

−λN+2−λN+n0...
..
.

..

.
..
.

...







thenΛ=
{
λ∈R

2N−n
:X(λ)≥0

}
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Example2.

ConsidertheIQCwith

Π(jω)=


x(jω)0

0−x(jω)


,wherex(jω)≥0

Usetheaffineparameterization

x(jω,λ)=λ0+
N∑

k=1

(
λk

jω+ak

+
λk

−jω+ak

)

whereakaregivenpolelocations.Convexparameterset

Λ={λ:x(jω,λ)≥0,∀ω}
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IQCOptimization

Howtosolvethefeasibilitytest:

Findλ∈Λsuchthat

G(jω)

I




∗

Π(jω,λ)


G(jω)

I


<0

1.KYPlemma

2.TransformationtoLinearMatrixInequality(LMI)

3.Fastalgorithms
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KYPLemma

Lemma1.Assumejω6∈eig(A)and(A,B)stabilizable.Thenthe

followingareequivalent

(i)


(jωI−A)

−1
B

I




∗
QS

S
T

R





(jωI−A)

−1
B

I


<0,∀ω∈[0,∞]

(ii)thereexistsP=P
T

suchthat


A

T
P+PA+QPB+S

B
T
P+S

T
R


<0

(iii)R<0andtheHamiltonian


A−BR

−1
S

T
BR

−1
B

T

Q−SR
−1

S
T

−A
T

+SR
−1

B
T


has

noeigenvaluesontheimaginaryaxis.
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TransformationtoLMI

UsestatespacerealizationofΠandGtoget


G(jω)

I




∗

Π(jω,λ)


G(jω)

I




=


(jωI−A)

−1
B

I




∗
Q(λ)S(λ)

S(λ)
T

R(λ)





(jωI−A)

−1
B

I




whereQ,S,Rareaffineinλ
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EquivalentLMI

Feasibilitytest:Findλ∈ΛandP=P
T

s.t.

A

T
P+PA+Q(λ)PB+S(λ)

B
T
P+S(λ)

T
R(λ)


<0

�StandardLMIsoftwareworkswellformid-sizeproblems

�ComputationallydemandingifAhashighdimensionsinceP

becomeslarge,dim(P)=nA+(nA−1)
2
/2
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Fastalgorithms

FourrecentideastogetaroundtheproblemwithlargesizePmatrix:

�Cuttingplanealgorithms(Kaoet.al)

–UseHamiltoniantoobtainhyperplanes

�Outerapproximationalgorithm(Parrilo)

–Optimizeinfrequencydomainoverafinitefrequencygrid

–UseHamiltonianmatrixtoupdatefrequencygrid

�SpecialSDPsolvers(Hansson,Vandenberghe,Wallin)

–ExploitstructureintheLMI

�Interiorpathfollowingmethodwithbarrierfunctiondefinedby

frequencydomainintegral(KaoandMegretski)

U.Jönsson,KTH15Louvain-la-Neuve,Feb16-19,2004

CuttingPlaneAlgorithms

�Kelly-typecuttingplanealgorithm

(a)C.-Y.Kao.PhDthesisfromM.I.T:

http://www.math.kth.se/∼cykao/pub.html

(b)C.-Y.Kao,A.MegretskiandU.Jönsson.ACuttingPlane

AlgorithmforRobustnessAnalysisofPeriodicSystems.IEEE

TransactionsonAutomaticControl,46(4):579–592,April2001.
�Analyticcentercuttingplanealgorithm

(a)C.-Y.Kao.PhDthesis

(b)C.-Y.Kao,A.MegretskiandU.Jönsson.FastAlgorithmsfor

IQCFeasibilityandOptimizationProblems.Toappearin

Automatica
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Kelly-typeCuttingPlaneAlgorithm

LetΥ(jω,λ)=


G(jω)

I




∗

Π(jω,λ)


G(jω)

I


andconsider

infysubjectto





Υ(λ)<yI

λ∈Λ

Ifyopt<0thenwehavefeasibilityofIQC.
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Letq(λ)=inf{y:Υ(λ)<y}“maxspectralvaluefunction”(convex)

q(λ)

λ yopt

Idea:Usepolyhedralapproximationofq(λ).

q(λ)

λ yopt

Updatepolyhedralfunctionsuccessivelyuntilconvergence

U.Jönsson,KTH18Louvain-la-Neuve,Feb16-19,2004

repeat

picktestpoint(yk,λk)

ifΥ(λk)<ykIthen

newuppervaluey:=yk

else

generatenewhyperplane

end

untilyk<0ornearconvergence

*

*

New upper boundAdd cutting hyperplane

q(λ)

λ

yold

ynew

yopt

q(λ)

λ
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�Υ(λk)<ykiffRk:=R(λk)−yk<0and

H=


A−BR

−1
kS

T
kBR

−1
kB

T

Qk−SkR
−1
kS

T
k−A

T
+SkR

−1
kB

T




hasnoeigenvaluesontheimaginaryaxis(hereQk=Q(λk)e.t.c.).

�Ifjωk∈eig(H)then∃vks.t.

v
∗
k(Υ(jωk,λk)−ykI)vk=a

T
λk−yk+c≥0

Thisgivesthecuttinghyperplane{(λ,y):a
T
λ−y+c=0}.

�Severalwaystogeneratenewtestpoint

–apointbetweenminofpolyhederandupperbound

–analyticcenter
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AnalyticCenterCuttingPlaneAlgorithm

ze

vw G

∆

Optimalperformanceproblem

inf
λ∈Λ

cλsubj.toΥ(ω,λ)<0,∀ω∈[0,∞](1)

whereΥ(ω,λ)isdefinedonthenextslide
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Υ(ω,λ)=


G(jω)

I




∗








I000

0Π11(jω)0Π12(jω)

00−γ
2
I+Ψ(jω)0

0Π
∗
12(jω)0Π22(jω)









G(jω)

I
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Notethatfeasibilityproblemsalsocanbeformulatedas(1)since

H(ω,λ)<0,∀ω∈[0,∞]iffthefollowingoptimizationproblemhave

positiveoptimalobjective

inf
λ∈Λ,y∈R

ysubj.toΥ(ω,λ)−yI<0,∀ω∈[0,∞]

Itisindeedenoughtofindasuboptimalsolution(λ̄,ȳ)withλ̄∈Λand

ȳ<0.

U.Jönsson,KTH23Louvain-la-Neuve,Feb16-19,2004

MainIdeasbehindtheACCPA
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���������������

x

x

λk

λk

−c
T

a
T
λ=b

�Polyhedralouterbound

�Existsoraclesuchthat

–iftheoracledetectsthatΥ(ω,λk)<0thenintroducethecut

c
T
(λ−λk)≥0

–otherwisetheoraclegeneratesacuttinghyperplane.
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OuterApproximation
PSfragreplacements

ωnew

−ωnew

−ωnew

ω

Υ(ω,λ)

1.SolveLMIproblemmin
λ∈Λ

γs.t.Υ(ωk,λ)≤γforωk∈Ω.

2.Ifγ≥0thenstop.

3.UseKYPlemmatocheckfeasibility.Iffeasiblethenstopotherwise

addnewfrequenciestothegridΩ.

P.ParilloOnthenumericalsolutionofLMIsderivedfromtheKYP

lemmaIEEEConferenceonDecisionandControl,1999.
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1.InitializeΩ={0}

2.γ=minλ∈Λmaxω∈Ωλmax(Υ(jω,λ))

3.Ifγ≥0thenunfeasible.Stop!

4.Ifjω∈eig(H(λopt))then(λoptfromstep2.)

Ω:=Ω∪{ω}

elsefeasible.Stop!

5.Gotostep2.

�Canupdatewithworstcasefrequencyinstep4.Thisrequiresa

littlemorework.Canproveconvergenceforthiscase.

�Needonly“dim(Λ)”frequenciesinΩ.Howtodropfrequencies?

U.Jönsson,KTH26Louvain-la-Neuve,Feb16-19,2004

PathFollowingAlgorithm

µ→0

infcλ+µB(λ)

B(λ)=log

(
1

π

∫∞

−∞
tr(Υ(ω,λ)

−1
)

dω

1+ω2

)

C.-Y.KaoandA.MegretskiAnewbarrierfunctionforIQC

optimizationproblemsAmericanControlConference,2003.

C.-Y.Kao.PhDThesis.
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StructurePreservingInteriorPointAlgorithms

TheLMIfromtheKYPLemmahasaspecificstructure

[
I0

]T
P
[
AB

]
+
[
AB

]T
P
[
I0

]
+M(λ)<0

�MostofthevariablesareusuallyinP.Exploitthisstructure!

�Twodifferentalgorithmshavebeensuggestedine.g.

R.Wallin,A.Hansson,L.VandenbergheComparisonoftwo

structure-exploitingoptimizationalgorithmsforintegral

quadraticconstraintsLiTH-ISY-R-2502,Mar2003.

–Conjugategradientbasedmethod

–Reductionofthenumberofvariables
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TheIQCToolbox
�History

�Environments

�TutorialontheIQCpartofthetoolbox

U.Jönsson,KTH29Louvain-la-Neuve,Feb16-19,2004

Background

1.Earlyversions

�IQCTools(94-96)byJönssonandRantzer,LTH.Aninterface

inspiredbytheMuToolbox.

�Toolbox(around94-96)byMegretskiandCygankov.Equipped

withagraphicaluserinterface.

2.TheIQCtoolboxIQCβ(97)

�InitiatedbyMegretski.Theideawastoexploitnewfeaturesin

Matlab5todevelopabstractenvironmentsforLMIandIQC

optimization.

�Thecode,installationinstructions,andmanualcanbefoundat

thehomepageofChung-YaoKao

http://www.math.kth.se/cykao/

U.Jönsson,KTH30Louvain-la-Neuve,Feb16-19,2004

AbstractEnvironments

1.StandardLMIproblems

infcλsubj.toF(λ):=F0+
m∑

i=1

λiFi>0

2.FrequencydependentLMIproblems

infcλsubj.toH(ω,λ):=H0(ω)+
m∑

i=1

λiHi(ω)>0

3.RobustnessanalysisintheIQCframework
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Tutorial

1.Twomodesofoperation

�Graphicaluserinterface(GUI)

�Commandlinemode

2.TheIQCenvironment

3.DefinitionofIQC

4.PredefinedIQCblocks

5.OptimizationCode

6.Example

U.Jönsson,KTH32Louvain-la-Neuve,Feb16-19,2004



Example

r1
s2+0.2s+1

ϕ(y)

−

y

w

�ComputeL2-gainr→y(systemisstableiffinitegain)

�ϕ∈sector(0,1)

(y−ϕ(y))ϕ(y)≥0

�UsePopovIQC
∫∞

0
[x(y−ϕ(y))ϕ(y)+λϕ(y)ẏ]dt≥0,x≥0,λ∈R
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UsingGUIforourexample

sector+popov

performance

1

s  +0.2s+1 2

Transfer Fcn
Sum

−1

Gain

iqc_lib;

%Drawdiagram+definesectorconstraint

open_system(’Ex’)

gain=iqc_gui(’Ex’)
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Commandlinemodeandstructureoftoolbox

GUI

Abstract Environment
Initializeabst_init_iqc

s=tf([1 0],1);

G(s)=1/(s*s+0.2*s+1);
r=signal;

Constant

y=G*(r-w);

Input
Input

w==iqc_popov(y,0,1); IQC relation
Signal

w=signal;

iqc_gain_tbx(r,y) IQC optimization

Compilation

Optimization
Matlabs LMI Toolbox

U.Jönsson,KTH35Louvain-la-Neuve,Feb16-19,2004

TheIQCEnvironmentandits“abst”Types

Initialization:abstinitiqc

Declaration:

�Constants:“absttype”constant

–A=[-12;2-3];G=1/(s+1)

�Matrixvariables:“absttype”variable

–P=symmetric(2)

–rectangular(n,m)

–diagonal(n)

–skew(n)

–X=variable([12;23])

�Inputs(externalinput):“absttype”input

–v=signal(2)

U.Jönsson,KTH36Louvain-la-Neuve,Feb16-19,2004



Description:

�Linearmatrixinequalities(LMI)
�FrequencydependentLMI

�Integralquadraticconstraint(IQC)

�Exampleof“abst”typestodefinedescriptions

–linear:A’*P+P*A

–lmi:A’*P+P*A<0

–signal:constantLTItransformA*v;G*v

–varsignal:variableLTItransformX*v

–cosignal:transposeofsignalv’

–varcosig:transposeofvarsignalv’

–qform:quadraticformv’*X*v-w’*X*w

–iqc:inequalityofqformsv’*X*v-w’*X*w>0

–link:equivalenceofsignalsw==v

U.Jönsson,KTH37Louvain-la-Neuve,Feb16-19,2004

DefinitionofIQCs

Example1:Computegainf→vof

v=G(w+f)

w=δv,δ(t)∈[−1,1]

WecanusetheIQC
∫∞

0
(v

T
Xv−w

T
Xw+v

T
Yw)dt≥0

whereX=X
T
≥0andY

T
=−Y.
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abst_init_iqc;

G=ss(A,B,C,D);

f=signal(n);

w=signal(n);

v=G*(w+f);

X=symmetric(n);

X>0;

Y=skew(n);

v’*X*v-w’*X*w+v’*Y*w>0;

iqc_gain_tbx(f,v)

U.Jönsson,KTH39Louvain-la-Neuve,Feb16-19,2004

DefinitionofIQC-Blocks

Example:w=∆v,‖∆‖H∞≤1

WecanusetheIQC
∫∞

−∞
(v̂

∗
X(jω)v̂−ŵ

∗
X(jω)ŵ)dω≥0

whereX(jω)=X(jω)
∗
≥0.

Weusethefollowingparametrization

χ(s)=X0+
∑

k

Xk

1

s+ak

,Xk=X
T
k≥0

X(s)=χ(s)+χ(s)
∗

U.Jönsson,KTH40Louvain-la-Neuve,Feb16-19,2004



TheblockdefinitionasaMatlabfunction

functionw=iqc_uncertainty(v,a)

w=signal(size(v,1));

X=symmetric(n);

fork=1:length(a)

Xk=symmetric(n);

X=X+Xk*(1/(s+a(k)));

end

X>0;

v’*X*v-w’*X*w>0;
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Thisisusedeitheras

w==iqc_uncertainty(v,a);

or

[wsl,X]==iqc_uncertainty(v,a);

w==wsl;

U.Jönsson,KTH42Louvain-la-Neuve,Feb16-19,2004

PredefinedIQCblocks

BlocknameM-filename

dominantharmonicsiqcdomharmonic.m

whitenoiseperformanceiqcwhite.m

BlocknameM-filename

repeateddiagonalslope-restrictednonlinearityiqcdslope

oddnonlinearityversionofiqcdslopeiqcdslopeodd

encapsulateddeadzoneiqcdzne

encapsulatedodddeadzoneiqcdzneodd

L2norm-boundedgeneralblockiqcltvnorm.m

monotonicwithrestrictedrateiqcmonotonic.m

ratelimiteriqcratelimiter

sector+popoviqcpopov.m

popovIQCiqcpopovvect.m

sectoriqcsector.m
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BlocknameM-filename

cdelayiqccdelay.m

uncertaindelayiqcdelay

uncertaindelay(simple)iqcdelay1

harmonicoscillationiqcharmonic

unknownconstantiqcltigain.m

multi-harmonicoscillationiqcmultiharmonic

polytopeiqcpolytope.m

polytopewithrestrictrateiqcpolytopestvp.m

STVscalariqcslowtv.m

TVscalariqctvscalar.m

windowiqcwindow.m

U.Jönsson,KTH44Louvain-la-Neuve,Feb16-19,2004



OptimizationCode
�TheSDPsolverinthecurrentversionoftheMatlabLMItoolboxis

tooslowformanyrealisticexamples.

�Specialpurposecodesarebeingdeveloped

1.CuttingplanealgorithmsbyC.-Y.Kao

2.PathfollowingalgorithmsbyC.-Y.Kao

3.VariousstructureexplotingSDPsolversbyHansson,

VandenbergheandWallin

U.Jönsson,KTH45Louvain-la-Neuve,Feb16-19,2004

NumericalExample

�Spaceshuttlelateralaxisflightcontrolsystem

�Adaptedfromanexampleintheµ-toolsmanual.

�Theexampleistakenfrom

Kao,Megretski,Jönsson,RantzerAMATLABToolboxfor

RobustnessAnalysis

whereitwasadaptedfrom

C.-Y.Kao”EfficientComputationalMethodsforRobustness

Analysis”.DepartmentofMechanicalEngineering,MIT.

September2002.http://www.math.kth.se/∼cykao/pub.html
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wl

wu

PSfragreplacements

x

WL WR∆

urud

uele

ϕ1

ϕ2

φcomd

ηnηwind

Aircraft

Model

Flight
Controller

Act1

Act2

(p,r,ny,φ)
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PSfragreplacements

abstinitiqc;

wunct=signal(9);
wsatu=signal(2);
wwind=signal;

wL=WL*wunct;
outputSS=SC*[wL;wsatu;wwind];
v1=WR*outputSS(1:3);
v2=outputSS(4:7);
outputctrl=CR*v2;
outputac1=AC1*outputctrl(1);
outputac2=AC1*outputctrl(2);

forflcnt=1:9
wunct(flcnt)==iqcltigain(v1(flcnt));

end
wsatu==iqcdslopeodd([outputac1;...

outputac2],[1.2],[0.1];[0.1],[1.2],0,1);
wwind==iqcdomharmonic(1,1/10,10,2,2);

iqcgaintbx(wwind,v2);
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�ChoiceofbasisfortheIQCisimportantforfeasibility.
�AdvancedIQCwereusedforthemultiplerepeatednonlinearity.If

Φ(x)=


φ(x)

φ(x)




whereφ∈slope[0,1]then

σZF(v,Φ(v)=〈Φ(v),(Υ−H)(v−Φ(v))〉≥0,where

–Υ=Υ
T
∈R

2×2
hasnon-positiveoffdiagonalelements

–h:R→R
2×2

beasymmetricmatrixvaluedfunctions.t.

Υii≥
n∑

j=1,j6=i

|Υij|+
n∑

j=1

‖hij‖1,∀i=1,...,n

F.J.D’Amato,et.al.Newresultsforanalysisofsystemswith

repeatednonlinearitiesAutomatica37(5),2001.
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ConcludingRemarks

�WedonotneedtorearrangethesystemontheG-∆formbefore

usingIQCbeta.

�PerformanceanalysisusingIQCs

–L2-gain,L2→L∞-gain,robustH2-performance.

–IQCcharacterizationsoftheinputsignals.

�NecessityisprovenforafewcasesusingtheS-procedure.
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