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TheS-procedure

Letσk:H→R,k=0,1,...,Nberealvaluedfunctionals.

Considerthefollowingtwoconditions

S1:σ0(y)≥0forally∈Hsuchthatσk(y)≥0,k=1,...,N.

S2:Thereexistsτk≥0,k=1,...,Nsuchthat

σ0(y)−
N∑

k=1

τkσk(y)≥0,∀y∈H.
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�WenotethatS2impliesS1.Indeed,

S2⇒σ0(y)≥
N∑

k=1

τkσk(y)⇒S1

sinceτk≥0,k=1,...,N.HenceS2issufficientforS1.

�TheS-procedureisthemethodofverifyingS1usingS2.

�ThisisusefulsinceS2generallyismuchsimplertoverifythanS1
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Example1.ConsiderquadraticformsdefinedoverH=R
n

σk(y)=y
T
Qky,k=0,1,...,N

TheproblemwithS1isthenthat

1.σ0isnotaconvexfunctioningeneral.

2.Theconstraintset

Ω={y∈R
m

:σk(y)≥0,k=1,...,N}

isnotconvexingeneral.

ThismeansthatconditionS1ingeneralcorrespondstoverifyingthat

theminimumofanonconvexfunctionoveranonconvexsetispositive,

i.e.,S1⇔miny∈Ωσ0(y)≥0.ThisproblembelongstoNP.
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example[cont’d]TheproblemS2correspondstoanLMIsince

σ0(y)−
N∑

k=1

τkσk(y)≥0,∀y∈R
n

⇔y
T
(Q0−

N∑

k=1

τkQk)y≥0,∀y∈R
n

⇔Q0−
N∑

k=1

τkQk≥0

FeasibilityofanLMIcanbeverifiedusingsemidefiniteprogramming

example
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Losslessness

�ThetwoconditionsS1andS2areingeneralnotequivalent

�TheS-procedureiscalledlosslesswhenS1⇔S2.

�UnderreasonableregularityconditionstheS-procedureislossless

when

–H=R
n
,σk(y)=y

T
Qky,k=0,1(oneconstraint)

–H=C
n
,σk(y)=y

∗
Qky,andk=0,1,2(twoconstraints)

–HisaHilbertspacewithaspecialshift-invarianceproperty,

σk(y)=〈y,Φky〉≥0,k=0,...,N.

I.e.,anyfinitenumberofconstraints.
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ConditionforLosslessness

Definition1.Letσk:H→R.Theconstraintσk(y)≥0for

k=1,...,Nissaidtoberegularifthereexistsy
∗
∈Hsuchthat

σk(y
∗
)>0,k=1,...,N.

Theorem1(Yakubovich).Letσk:H→R,k=0,...,Nandassume

theconstraintσk(y)≥0,k=1,...,Nisregular.Considerthesets

K={(σ0(y),σ1(y),...,σN(y)):y∈H},

N={(n0,n1,...,nN):n0<0,nk>0}.

IfK∩N=∅⇒co(K)∩N=∅thentheS-procedureislossless,i.e.,

S1⇔S2.

Remark1.Inparticular,ifKisaconvexsetthentheS-procedureis

lossless.
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Proofidea:
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co(K)

N

(n1,...,nN)

n0

H

Sincethetwosetsareconvexanddisjoint,thereexistsaseparating

hyperplaneH.Thiscanbeusedtoprovetheresult.
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Theorem2.Assumeσ1(y)=y
T
Q1y≥0isregular.Thenthefollowing

areequivalent

S1:y
T
Q0y>0,forally6=0suchthaty

T
Q1y≥0

S2:thereexistsτ≥0suchthatQ0−τQ1>0
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Proof.WefirstnoticethatS2⇒S1istrivial.Fortheopposite

direction,notethatS1implies

min
{y:y

T
Q1y≥0}

y
T
Q0y

|y|2=ε

forsomeε>0.Henceσ0(y)=y
T
Q0y−ε|y|

2
≥0,∀y∈R

m
suchthat

σ1(y)=y
T
Q1y≥0.K={(σ0(y),σ1(y)):y∈R

m
}isconvexbya

resultin,e.g.[Y71].Hence,byTheorem1

S1⇔∃τ≥0s.t.σ0(y)−τσ1(y)≥0,∀y∈R
m

ThelastconditioncorrespondstotheLMIinS2.
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Example2(Circlecriterion).Wewillherederiveanecessaryand

sufficientconditionforquadraticstabilityofthesystem

ẋ=Ax+Bw,x(0)=x0

v=Cx

wheretheinputandoutputsatisfiesthesectorconstraint

σ(v,w)=(βv−w)(w−αv)≥0,

whereα<βarerealnumbers.

LetV(x)=x
T
Px,whereP=P

T
>0.Werequirethat

V̇(x)=2x
T
P(Ax+Bw)<0,∀(x,w)6=0s.t.σ(Cx,w)≥0.(1)
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Letusnowdefinethequadraticforms

σ0(x,w)=


x

w




T
A

T
P+PAPB

B
T
P0





x

w




σ1(x,w)=2σ(Cx,w)=


x

w




T
−2βαC

T
C(β+α)C

T

(β+α)C−2





x

w




Thencondition(1)canthenberewrittenas

S1:σ0(x,w)<0,∀(x,w)6=0s.t.σ1(x,w)≥0

Theconstraintσ1(x,w)≥0isregularsinceα<β.Hence,

S1⇔S2:thereexistsτ≥0suchthatσ0(x,w)+τσ1(x,w)<0

forall(x,w)6=0.Itiseasilyseenthatweneedτ>0forthistohold.
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Normalizesuchthatτ=1andP/τ→P.Thisprovesthatquadratic

stabilityisequivalenttofeasibilityoftheLMI:

∃P=P
T

>0suchthat

A

T
P+PA−2βαC

T
CPB+(β+α)C

T

B
T
P+(β+α)C−2


<0.

ThisLMIcorrespondstothecirclecriterion.
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LosslessnessinHilbertspace

Assumption1.Letthequadraticformsσk:H→Hbedefinedas

σk(y)=〈y,Φky〉

whereΦk=Φ
∗
kareboundedoperatorsonH.LetSτ:H→Hbeashift

operator.Weassume

(i)iff∈HthenSτf∈Hforallτ≥0

(iia)〈Sτf1,Φkf2〉→0asτ→∞

(iib)〈f1,ΦkSτf2〉→0asτ→∞

(iii)σk(Sτf)=σk(f)forallτ≥0andallf∈H
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Example3.IfΦ=Φ
∗
∈RL

m×m
∞,H=L2[0,∞),(Sτy)(t)=y(t−τ),

andσ(y)=〈y,Φy〉thenalltheabovepropertiesholdduetothe

time-invarianceofΦandthestandardpropertiesoftheL2integrals.

Example4.IfΦ=Φ
∗
∈RL

m×m
∞,H=l2[0,∞),Sτyk=yk−τ,and

σ(f)=〈y,Φy〉thenalltheabovepropertiesholdduetothe

time-invarianceofΦandthestandardpropertiesofthel2space.
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Theorem3(S-ProcedureLosslessTheorem).Assumethequadratic

formsatisfiesthepropertiesinAssumption1andthatthereexists

f
∗
∈Hsuchthatσk(f

∗
)>0fork=1,...,N.ThentheS-procedureis

lossless,i.e.,thefollowingareequivalent

S1:σ0(f)≤0forallf∈Hsuchthatσk(f)≥0,k=1,...,N.

S2:Thereexistsτk≥0,k=1,...,Nsuchthat

σ0(f)+
N∑

k=1

τkσk(f)≤0,∀f∈H.

Proof.Define

K={(σ0(f),σ1(f),...,σN(f)):f∈H},

N={(n0,n1,...,nN):nk>0,k=0,1,...,N}.

FromtheassumptionsitfollowsthattheclosureofKisconvex.The

resultnowfollowsasinTheorem1.
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Remark2.NotethatconditionS2canbereplacedbythefeasibilitytest:

Findτk≥0suchthat

Φ0+
N∑

k=1

τkΦk≤0

Variousversionsoftheso-calledKalman-Yakubovich-Lemmacanbe

usedtoverifythisconditioninpracticalsituations.
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NecessityinIQCAnalysis

TheS-procedurecanbeusedtoprovenecessityinIQCanalysisforsome

specialcases.Wereferto

A.Megretski.Necessaryandsufficientconditionsofstability:a

multiloopgeneralizationofthecirclecriterionAutomaticControl,

IEEETransactionson,Volume:38,Issue:5,May1993Pages:753

-756

K.PoolaandA.Tikku.Robustperformanceagainsttime-varying

structuredperturbationsAutomaticControl,IEEETransactionson

,Volume:40,Issue:9,Sept.1995Pages:1589-1602
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RobustPerformanceAnalysis

ze

vw G

∆

�G∈RH
(q+m)×(q+m)
∞

�∆belongstoaclassofboundedcausaloperators

�Robustperformancemeansthat

–Theclosedloopsystemisrobustlystable

–Aworstcaseperformancecriterionissatisfied
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LinearFractionalTransformation

ze

vw G

∆

IfG=


G11G12

G21G22


thenthe(lower)LFTwithrespectto∆isdefinedas

Sl(G,∆)=G11+G12∆(I−G22∆)
−1

G21.

Robustperformancemeans

(i)(I−G22∆)
−1

iscausalandbounded.

(ii)w7→z=Sl(G,∆)esatisfiessomenormbound
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IQCforSignals

Definition2.AsignalsetE⊂L
q
2[0,∞)satisfiestheIQCdefinedby

Ψ=Ψ
∗
∈RL

q×q
∞(E∈IQC(Ψ))if

σΨ(e)=
∫∞

−∞
ê(jω)

∗
Ψ(jω)ê(jω)dω≥0(2)

foralle∈E.
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DominantHarmonics:Ifsuppê∈[−b,−a]∪[a,b],thenweuse

Ψ(jω)=





0,|ω|∈[a,b],

−NI,otherwiseN>>1.

oranrationalapproximationofthisfunction.
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SignalswithGivenSpectralCharacteristic:Considerasignalwith

spectrum

|ê(jω)|
2

=
‖e‖

2

‖H‖
2
2

|H(jω)|
2

(3)

whereHisagiventransferfunction.Suchsignalscanbeusedto

modelfiltereddeterministic“whitenoise”.IfΨsatisfies
∫∞

−∞
Ψ(jω)|H(jω)|

2
dω≥0

thentheIQC(2)holdsforallsignalswithspectrum(3).This

followssince
∫∞

−∞
Ψ(jω)|ê(jω)|

2
dω=

‖e‖
2

‖H‖
2
2

∫∞

−∞
Ψ(jω)|H(jω)|

2
dω≥0.
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PerformanceCriterion

ThemostcommonperformancecriterionistheL2-gainofthesystem

σP(z,e)=
∫∞

0
(|z(t)|

2
−γ

2
|e(t)|

2
)dt≤0.

Otherperformancemeasuresare

�L2→L∞gain

�weightedsensitivitymeasures
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Definition3.Assumee∈E⊂L
q
2[0,∞).Thenthesystem


z

v


=G


e

w


(4)

w=∆(v)(5)

hasrobustperformancewithrespecttotheperformanceIQCσPif

(i)thesystemisstable

(ii)σP(z,e)≤0forallz=Sl(G,∆)e,e∈E.
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Proposition1.AssumethatE∈IQC(Ψ)and∆∈IQC(Π).Thenthe

system(4)hasrobustL2-gainγif

(i)itisstable

(ii)thefrequencydomaininequality


G(jω)

I




∗








I000

0Π11(jω)0Π12(jω)

00−γ
2
I+Ψ(jω)0

0Π
∗
12(jω)0Π22(jω)









G(jω)

I


≤0,

holdsforallω∈[0,∞].

Furthermore,ifthesystemiswellposed,Π11≥0,Π22≤0,thenstability

isimpliedifthefrequencydomaininequalityaboveholdsstrictly.
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Proof.TheresultfollowsfromtheS-procedure.Let

H=



(z,v,e,w)∈L

2m+2q
2[0,∞):


z

v


=G


e

w






.

Asufficientconditionis

σP(z,e)≤0,forall(z,v,w,e)∈HsuchthatσΨ(e)≥0,σΠ(v,w)≥0.

Thisisclearlythecaseifthereexistsτ1,τ2≥0suchthat

σ(z,v,e,w):=σP(z,e)+τ1σΨ(e)+τ2σΠ(v,w)≤0forall

(z,v,w,e)∈H.Itisnorestrictiontoassumethatτ1andτ2are

includedinΠandΨ,respectively.ThecorrespondingIQCsarestillvalid.
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Usingthat(z,v)=G(e,w)givestheequivalentstatement

∫∞

−∞




ê

ŵ



∗

G

I



∗







I000

0Π110Π12

00−γ2I+Ψ0

0Π∗
120Π22









G

I







ê

ŵ


dω≤0

forall(e,w)∈L
m+q
2[0,∞).Thisisequivalenttothefrequencydomain

inequalityin(ii).Thelastclaimiseasytoverify.
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Example5.

z

e

v1w1

v2w2

P

∆

−1

K

�Asaturationnonlinearityϕanddynamicuncertainty∆.

�TransferfunctionPandKarestable.

�EstimatetheL2gainfrometoz
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LFTformulation

G

ϕ0

0∆

z
v

e
w

G=






PP1

−KP−KP−K

PP0






.

WecanusefamiliarIQCsfromLecture1.
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ThesystemisstableandtheL2-gainislessthanγif



G(jω)

I



∗







I000

0Π11(jω)0Π12(jω)

00−γ2I0

0Π∗
12(jω)0Π22(jω)









G(jω)

I


≤0,

where

Π(jω)=








001+H(jω)0

0x(jω)00

1+H(jω)
∗

0−
2
k(1+ReH(jω))0

000−x(jω)








where‖H‖1=
∫∞
−∞|h(t)|dt≤1andx(jω)≥0.
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ConcludingRemarks

�TheS-procedureprovidesameansofrelaxinghardproblemsin

analysis

�Therelaxedproblemisconvex

�TheS-procedureisexactunderspecialconditions

�UsefulinLMIanalysisandIQCanalysis

U.Jönsson,KTH34Louvain-la-Neuve,Feb16-19,2004


