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IntegralQuadraticConstraints(IQCs)

�Unifyingframeworkforsystemsanalysis

–Generalizesthesmallgainandpassivitytheorems

–Generalizesmanyresultsfromrobustcontrol

�Builtuponideasfromoptimalcontrolandoptimization

�Resultsinconvexoptimizationproblems
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nominalsystem

perturbation

disturbancemeasurement

∆

ẋ=f(x,u)

y=h(x,u)

Friction
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disturbancemeasurement
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ẋ=f(x,u)

y=h(x,u)

Friction
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�Nominalsystemsuitableforcomputation

�Quadraticcharacterizationofperturbation

�Useconvexoptimizationtoinvestigate

–stability

–performance
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Absolute Stability Theory

Conditions on Multipliers

Small gain/Passivity

Input−Output Theory

Quadratic Forms

Dissipation Theory

Matlab Toolbox

Influenced by all three fields

IQC−beta

IQC−Theory

Software

Performance

Computations

Structured Uncertainty Well−posedness

Extended spaces

KYP Lemma

Abstract Theory

Multipliers

Robust Control

S−Procedure
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WeonlydiscussthemainideasbehindIQCsina“robustcontrol

framework”.Formoredetailswereferto

A.MegretskiandA.Rantzer.Systemanalysisviaintegralquadratic

constraints.IEEETransactionsonAutomaticControl,

42(6):819–830,June1997.
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MotivationfromRobustControl

�Systemwithstructureduncertainty

�Systemwithuncertaintime-varyingparameters

�Systemwithmixeduncertainty(combinationoftheabove)

Mainpoint:Aneedforuserfriendlytheorythatcoversallthese

examples.

U.Jönsson,KTH10Louvain-la-Neuve,Feb16-19,2004

NotationandAssumptions

�G∈RH
p×m
∞meansthatthatGisastablerationaltransfer

functionwithminputsandpoutputs.

�‖∆‖H∞=supRes≥0σ(∆(s)),whereσ(·)isthemaximalsingular

value.

�Weoftenusethesimplifiednotation

Υ(jω)<0,∀ω∈[0,∞]⇔Υ<0

U.Jönsson,KTH11Louvain-la-Neuve,Feb16-19,2004

SystemwithStructuredUncertainty

G(s)

∆(s)

�G∈RH
m×m
∞stablerationaltransferfunction.

�∆structureduncertainty(LTI)‖∆‖H∞≤1

∆(s)=diag(δ1(s)I1,...,δM(s)IM,∆1(s),...,∆N(s))

–∆k∈RH
mk×mk
∞,‖∆k‖H∞≤1

U.Jönsson,KTH12Louvain-la-Neuve,Feb16-19,2004



�D-scalingD
−1

∆D=∆D
−1

D=∆

G

∆

D D
−1

�Usethesmallgaintheoremtoobtainastabilitycriterion.
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Stableifforallω(smallgaintheorem)

σ(D(jω)G(jω)D(jω)
−1

)<1,⇔

G(jω)
∗
D(jω)

∗
D(jω)

︸︷︷︸
X(jω)

Gω<D(jω)
∗
D(jω)

︸︷︷︸
X(jω)

⇔


G(jω)

I




∗
X(jω)0

0−X(jω)





G(jω)

I


<0
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AlternativeInterpretation

IfX(jω)ischosensuchthat


I

∆(jω)




∗
X(jω)0

0−X(jω)





I

∆(jω)


≥0

thenthesystemisstableif

G(jω)

I




∗
X(jω)0

0−X(jω)





G(jω)

I


<0

U.Jönsson,KTH15Louvain-la-Neuve,Feb16-19,2004

NotethattherearemanyX(jω).

Anexample:

�∆=


∆10

0∆2


,‖∆k‖H∞≤1,k=1,2.

�X(jω)=


x1(jω)I10

0x2(jω)I2


wherexk(jω)≥0,k=1,2.

�ThepointwiththeanalysisistofindanappropriateX(jω)toprove

stability.

U.Jönsson,KTH16Louvain-la-Neuve,Feb16-19,2004



HowtoVerifyinPractice
�Picksufficientlydensegrid0=ω0≤ω1≤ω2≤...

�ForeachkfindstructuredmatrixXks.t.

G(jωk)

I




∗
Xk0

0−Xk





G(jωk)

I


<0

�Howdenseisdenseenough?

U.Jönsson,KTH17Louvain-la-Neuve,Feb16-19,2004

Time-varyingUncertainty

G

∆(t)

�∆(t)time-varyingstructureduncertainty

∆(t)=






δ1(t)I100

0
...

0

00δN(t)IN






−1≤δk(t)≤1.
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�FindmatricesQ,SandRsuchthat


I

∆(t)




T
QS

S
T

R





I

∆(t)


≥0

�Stableif
G(jω)

I




∗
QS

S
T

R





G(jω)

I


<0

�Proof:Lyapunovtheory+S-procedure+KYP-Lemma

�Howtoverifyinpractice?

–Sufficientlydensefrequencygridding

–orKYPlemma(seelater)

U.Jönsson,KTH19Louvain-la-Neuve,Feb16-19,2004

MixedUncertainty

G

∆

�Mixeduncertainty∆=


∆1(s)0

0∆2(t)




–∆1structureduncertainty(LTI)

–∆2time-varyingstructureduncertainty

U.Jönsson,KTH20Louvain-la-Neuve,Feb16-19,2004



�Onewouldguessthestabilitycriterion


G(jω)

I




∗







X(jω)000

0Q0S

00−X(jω)0

0S
T

0R








G(jω)

I


<0(1)

�Needmoretheorytoprovethis!

�Notpracticaltoverifyusinggridding!

�HowdoweverifyusingKYPlemma?

U.Jönsson,KTH21Louvain-la-Neuve,Feb16-19,2004

SystemDescription

G

∆e v w

1.Signalsandoperatorspaces

2.Well-posedness

�Extendedspaces

�Causality

3.Adjointoperatorsandquadraticforms

U.Jönsson,KTH22Louvain-la-Neuve,Feb16-19,2004

SignalSpacesandOperators

�Signalsarerepresentedasfunctionsfromnormedvectorspaces

–Thenormallowustomeasurethesizeofthesignals

–WeconsiderHilbertspaceswhichcontainsadditionalstructure

becauseoftheinnerproduct.Thisallowustodefinequadratic

formsthatcharacterizesrelationshipbetweensignals

�Thesystemsarerepresentedasoperatorsonthesignalspace

–Theinducednormallowsustomeasurethesignalamplification

U.Jönsson,KTH23Louvain-la-Neuve,Feb16-19,2004

SignalSpaces

WeassumethesignalsbelongstoaHilbertspace

H={v:T→V:‖v‖<∞}

�Tisatimeaxis,e.g.

–R+=[0,∞)continuoustimesystems

–Z+={0,1,2,...}discretetimesystems
�Visanormedvectorspace,e.g.

–V=(R
n
,|·|)where|x|=(

∑n
i=1x

2
i)

1/2
willbeused

�Hisequippedwithaninnerproduct,i.e.abilinearfunction

〈·,·〉:V×V→Rsatisfying

1.〈v,v〉≥0,∀v∈Vand〈v,v〉=0iffv=0.

U.Jönsson,KTH24Louvain-la-Neuve,Feb16-19,2004



2.〈α1v1+α2v2,v3〉=α1〈v1,v3〉+α2〈v2,v3〉

3.〈v1,v2〉=〈v2,v1〉
�ThenormonHisdefinedintermsoftheinnerproduct‖v‖=〈v,v〉

Twomainexampleswillbeconsidered

L2[0,∞)Thespaceofsquareintegrablefunctionswithinnerproduct

〈v,w〉=
∫∞

0
v(t)

T
w(t)dt

Thecorrespondingnormis‖v‖=
√∫∞

0|v(t)|2dt.

l2(Z+)Thespaceofsquaresummablesequenceswithinnerproduct

〈v,w〉=
∞∑

0

v
T
kwk

Thecorrespondingnormis‖v‖=
√∑∞

0|vk|2.

U.Jönsson,KTH25Louvain-la-Neuve,Feb16-19,2004

Plancherel-ParcevalTheorem

LettheFouriertransformsofvandwbedefinedas

v̂(jω)=lim
T→∞

∫T

0
v(t)e

−jωt
dt,ω∈R

v̂(jω)=lim
N→∞

N∑

k=0

vke
−jωk

,ω∈[−π,π]

ThenwehavethePlancherel-Parcevalrelation

〈v,w〉=
∫∞

0
v(t)

T
w(t)dt=

1

2π

∫∞

−∞
v̂(jω)

∗
ŵ(jω)dωL

m
2[0,∞)(2)

〈v,w〉=
∞∑

i=0

v
T
iwi=

1

2π

∫π

−π
v̂(jω)

∗
ŵ(jω)dωl

m
2(Z+)(3)

U.Jönsson,KTH26Louvain-la-Neuve,Feb16-19,2004

Operators

AnoperatorisamappingH:H→H.TwooperatorsH1,H2onH

satisfythefollowingproperties

(i)ThecompositionH1H2isalsoanoperatoronHdefinedby

(H1H2)(v)=H1(H2(v))

(ii)ThesumαH1+βH2foranyα,β∈RisanoperatoronHdefined

by(αH1+βH2)(v)=αH1(v)+βH2(v)

Anoperatorislinearif

H(αv+βw)=αH(v)+βH(w)

ShorthandnotationG(v)=GvforlinearoperatorsG.

U.Jönsson,KTH27Louvain-la-Neuve,Feb16-19,2004

�WealwaysassumeH(0)=0

�AnoperatorH:H→Hiscalledboundedifits“gain”isfinite

‖H‖=sup
v∈H
v6=0

‖H(v)‖

‖v‖
�Thegainsatisfiesthesubmultiplicativityrule

‖H1H2‖≤‖H1‖·‖H2‖

U.Jönsson,KTH28Louvain-la-Neuve,Feb16-19,2004



ExamplesofOperators

AstabletransferfunctionG(s)=C(sI−A)
−1

B+D∈RH∞defines

anoperatorinbothtimeandfrequencydomain

L2(jR)L2(jR)
G(jω)û(jω)

(g∗u)(t)

FF
−1

L2[0,∞)L2[0,∞)

FF
−1

Theconvolutionisdefnendby

(g∗u)(t)=
∫t

0
Ce

A(t−τ)
Bu(τ)dτ+Du(t)

Thegainis‖G‖H∞=supω∈Rσmax(G(jω))

U.Jönsson,KTH29Louvain-la-Neuve,Feb16-19,2004

Consideranonlinearfunctionϕ:R→Rsatisfying

|ϕ(x)|≤k|x|

Itdefinesanonlinearoperator∆:L2[0,∞)→L2[0,∞)as

(∆v)(t)=ϕ(v(t))

withgain

‖∆‖=sup
v∈L2[0,∞)

v6=0

‖ϕ(v(·))‖

‖v‖
=k

U.Jönsson,KTH30Louvain-la-Neuve,Feb16-19,2004

Ill-posedsystem

1

1
e v w

Thesystemequation

v=e+v⇒e=0

Notwelldefinedforallinputs!!

U.Jönsson,KTH31Louvain-la-Neuve,Feb16-19,2004

1

∆(s)e v w

If∆(s)=I−e
−sT

thenthesystemequation

v(t)=e(t)+v(t)−v(t−T)⇒v(t)=e(t+T)

Notcausal!!

U.Jönsson,KTH32Louvain-la-Neuve,Feb16-19,2004



ExtendedSpaces

�Wedonotknowaprioriifthesystemsignalsarebounded

�Truncateatarbtitraryfinitetime⇒Extendedspace.

Definition1.ThetruncationoperatorPTisdefinedby

(PTv)(t)=





v(t),t≤T(t,T∈T)

0,t>T

foranysignalv:T→V

WewilloftenusethenotationvT=PTv.

U.Jönsson,KTH33Louvain-la-Neuve,Feb16-19,2004

Definition2.TheextendedspaceHeisthendefinedas

He={v:T→V:‖vT‖<∞,∀T≥0}

where‖·‖isthenormonH.Wewillassumethatthenorm‖·‖issuch

that

�Foreveryv∈Hewehave‖vT1‖≤‖vT2‖forallT2≥T1.

�Forallv∈Hwehave‖vT‖→‖v‖asT→∞.

Example1.

1.sin(t)∈L2e[0,∞)

2.e
t
∈L2e[0,∞)

U.Jönsson,KTH34Louvain-la-Neuve,Feb16-19,2004

Causalityofoperatorsonextendedspaces

AnoperatorH:He→He(orH:H→H)issaidtobecausalif

PTHPT=PTH,forallT∈T.

Anti-causal operator Causal operator

u

H(u)

u

H(u)

HiscausalandboundedonHe⇔HiscausalandboundedonH

Thegainisthesameonbothspaces

U.Jönsson,KTH35Louvain-la-Neuve,Feb16-19,2004

G

∆e v w

Definition3(Well-posedness).SupposeG,∆areboundedandcausalon

He.Thesystemiswell-posedifforanye∈Hethereexistasolution

w,v∈Heandiffurthermore,theloopsignalsvandwdependcausally

one.

Definition4(Stability).Thesystemisstableifitiswell-posedandif

therearepositiveconstantscsuchthat

‖vT‖+‖wT‖≤c‖eT‖

(4)

forallT∈Tandalle∈He.

U.Jönsson,KTH36Louvain-la-Neuve,Feb16-19,2004



Conditionsforwell-posednesscanbefoundin

1J.C.Willems.TheAnalysisofFeedbackSystems

2DesoerandVidyasagar.FeedbackSystems:Input-OutputProperties

U.Jönsson,KTH37Louvain-la-Neuve,Feb16-19,2004

AdjointOperatorsandQuadraticForms

Definition5.LetH:H→Hbeaboundedlinearoperator.Thenthe

HilbertadjointH
∗

ofHistheoperatorH
∗

:H→Hsuchthat

〈Hv,w〉=〈v,H
∗
w〉∀v,w∈H

Example2.LetG=C(sI−A)
−1

B+D∈RL
m×m
∞beanoperatoron

L
m
2(−∞,∞)(orL2[0,∞)).Then

G
∗
(s)=G(−s)

T
=−B

T
(sI+A

T
)
−1

C
T

+D
T

U.Jönsson,KTH38Louvain-la-Neuve,Feb16-19,2004

Definition6.AboundedlinearoperatorH:H→Hisself-adjointif

H
∗

=H.Aself-adjointoperatoris

Positivesemi-definite,denotedH≥0ifandonlyif

〈Hv,v〉≥0,∀v∈H.

Positivedefinite,denotedH>0,iffthereexistsε>0suchthat

〈Hv,v〉≥ε‖v‖
2
,∀v∈H.

�Hnegativesemi-definiteif−Hispositivesemi-definite.

�Hisnegativedefiniteif−Hispositivedefinite

U.Jönsson,KTH39Louvain-la-Neuve,Feb16-19,2004

Definition7.Aboundedself-adjointoperatorΦ=Φ
∗

:H→Hdefines

a(bounded)quadraticformσ:H→Ras

σ(v)=〈Φv,v〉.

Thequadraticformispositivedefiniteifthereexistsε>0suchthat

σ(v)≥ε‖v‖
2
,∀v∈H

Proposition1.LetΦ=Φ
∗
∈RL

m×m
∞anddefinethequadraticform

σ(v)=〈Φv,v〉onL2[0,∞).Thenthefollowingareequivalent

(i)σ(v)≥0forallv∈L2[0,∞)

(ii)Φ(jω)≥0forallω≥0.

andsimilarlyforstrictinequalities.

U.Jönsson,KTH40Louvain-la-Neuve,Feb16-19,2004



IntegralQuadraticConstraints

1.DefinitionofIQCandsomeexamplesofIQC

2.Basicstabilitytheorem

3.HowtouseIQCsinpractice
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IntegralQuadraticConstraint

v̂ŵ

∆
vw=∆(v)
ωω

�Πboundedselfadjointlinearoperator

�∆∈IQC(Π)if

σΠ(v,∆(v))=

〈
v

∆(v)


,Π


v

∆(v)




〉
≥0,∀v∈H

�Describesspectraldistribution

U.Jönsson,KTH42Louvain-la-Neuve,Feb16-19,2004

IfH=L2[0,∞)thenΠ(jω)=Π(jω)
∗

(selfadjointtransferfunction)

and

σΠ(v,∆(v))=
∫∞

−∞


v̂(jω)

∆̂(v)(jω)




∗

Π(jω)


v̂(jω)

∆̂(v)(jω)


dω

IfH=l2(Z+)thenΠ(e
jω

)=Π(e
jω

)
∗

(selfadjointtransferfunction)and

σΠ(v,∆(v))=
1

2π

∫π

−π


v̂(e

jω
)

∆̂(v)(e
jω

)




∗

Π(e
jω

)


v̂(e

jω
)

∆̂(v)(e
jω

)


dω

U.Jönsson,KTH43Louvain-la-Neuve,Feb16-19,2004

Examples

�Unstructureduncertainty‖∆‖H∞≤1

Π1(jω)=


x(jω)I0

0−x(jω)I


,x(jω)≥0

�Parametricuncertaintyδ(t)I,δ(t)∈[−1,1]I

Π2(jω)=


XY

Y
T

−X


,

X=X
T
≥0

Y=−Y
T

Proof:



I

δ(t)I




T


XY

YT−X







I

δ(t)I


=X−δ(t)

2
X≥0
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�Saturationfunction
ϕ(v)

v

Π3(jω)=


01+H(jω)

1+H(jω)
∗

−2(1+ReH(jω))




where‖H‖1=
∫∞
−∞|h(t)|dt≤1.

Proof:[v(t)−ϕ(v(t))]·[ϕ(v(t))+(h∗ϕ(v))(t)]

≥[v(t)−ϕ(v(t))]·[ϕ(v(t))−sign(v(t))sup
v∈R

|ϕ(v)|·‖H‖1]

≥[v(t)−ϕ(v(t))]·[ϕ(v(t))−sign(v(t))]=0

IntegrationanduseofParsevalstheoremgivestheresult.
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BasicStabilityTheorem

G

∆e v w

v=Gw+e

w=∆(v)
(5)

�GboundedandcausallinearoperatoronHe

�∆boundedandcausalonHe

�Thesystem(5)isstableifthereexistsc>0suchthat

‖vT‖+‖wT‖≤c‖eT‖

forallT∈Tande∈He.
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Theorem1.Suppose

(i)Thesystem(5)iswell-posed

(ii)∆∈IQC(Π)

(iii)Π11≥0andΠ22≤0

(iv)


G

I




∗

Π


G

I


<0,

thensystem(5)isstable.
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Sketchofproof:

1.Use(ii)−(iv)toshowthatthereexistsc0>0,whichis

independentofτ∈[0,1],suchthat

‖v‖≤c0‖(I−τG∆)(v)‖,∀v∈H

2.Henceifthefeedbackinterconnection(G,τ∆)isstablethen

‖(I−τG∆)
−1
‖≤c0.

3.Use“continuity”inτtoprovethefollowingimplications

⇒⇒⇒⇒ ...

stablestablestablestable

0γ∆2γ∆∆

GGGG

forsomeγ>0.
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PracticalIssues

If∆=diag(∆1,∆2)where∆k∈IQC(Πk),k=1,2,then∆∈IQC(Π)

whereΠ=







Π1(11)0Π1(12)0

0Π2(11)0Π2(12)

Π
∗
1(12)0Π1(22)0

0Π
∗
2(12)0Π2(22)







U.Jönsson,KTH49Louvain-la-Neuve,Feb16-19,2004

Example3.Formixeduncertainty∆=


∆1(s)0

0∆2(t)


weuse

Π1(jω)=


X(jω)0

0−X(jω)


Π2=


QS

S
T

R




whichgivesthestabilitycriterion(1)
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Example4(RobustStability).

KP

∆

−1

e2
v2w2

e1
v1w1

�Themultiplicativeuncertainty∆∈IQC(Π1)

�Thesaturationnonlinearityϕ∈IQC(Π3)
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G

∆
wvf

G=


0P

−K−KP




Stabilitycriterion

G(jω)

I




∗

Π(jω)


G(jω)

I


<0,∀ω∈[0,∞]
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where

Π(jω)=







x(jω)I000

0001+H(jω)

00−x(jω)I0

01+H(jω)
∗

0−2(1+ReH(jω))







U.Jönsson,KTH53Louvain-la-Neuve,Feb16-19,2004

ConcludingRemarks

1.IQCsprovideaunifyingframeworkforrobuststabilityanalysis

2.Sufficientconditionsforstability

3.Thenextlectures

(a)TheS-procedurelosslessnesscanforspecialcasesprovethatthe

stabilityconditionsarenecessary.

(b)Robustperformanceanalysis

(c)Howtoverifythestabilitycriterionusingconvexoptimization

(d)ToolboxforIQCanalysis

U.Jönsson,KTH54Louvain-la-Neuve,Feb16-19,2004


