Lyapunov functions for stable cascades and applications to global stabilization

F. Mazenc Centre for Process Systems Engineering Imperial College of Science, Technology and Medicine, London SW7 2AZ, U.K. email: f.mazenc@ic.ac.uk R. Sepulchre Institut Montefiore, B28 Université de Liège B-4000 Liège Sart-Tilman, BELGIUM. email: sepulchre@montefiore.ulg.ac.be M. Jankovic Ford Scientific Research Laboratories P.O. Box 2053, MD 2036 SRL Dearborn, MI 48121, U.S.A. email: mjankov1@ford.com

Reference number TN97-07-04

Abstract

This paper generalizes recent Lyapunov constructions for a cascade of two nonlinear systems one of which is stable rather than asymptotically stable. A new a cross term construction in the Lyapunov function allows us to replace earlier growth conditions by a necessary boundedness condition. This method is instrumental in the global stabilization of feedforward systems and new stabilization results are derived from the generalized construction.

KEYWORDS: global stabilization, nonlinear systems, forwarding.

1 Introduction

This paper further contributes to the construction of Lyapunov functions for stable cascade systems and its applications to global stabilization results. The motivations for constructing Lyapunov functions for uncontrolled systems which are stable but not asymptotically stable go back to the work by Jacobson [1] and Jurdjevic and Quinn [3], where the Lyapunov function for the uncontrolled system is then employed to design a “damping” controller, that is, a feedback which adds extra dissipation to achieve asymptotic stability.

New such constructions appeared in the recent works [2, 4, 5] on the stabilization of feedfoward systems using a recursive forwarding design. These Lyapunov techniques followed earlier results by Teel [13, 14] on the stabilization of feedforward systems, based on input-output methods [15] (see also [12] for an application of this approach to the problem of the global asymptotic stabilization by bounded feedback of null controllable linear systems).

Instrumental to the forwarding designs of [2, 4, 5] is the construction of a Lyapunov function for the cascade system

(Σ_0) { ż = f(z) + ψ(z, ξ), ψ(z, 0) = 0 ξ̇ = a(ξ) , (z, ξ) ∈ R^{nz} × R^{nξ} for which the following is assumed:

(A1) the equilibrium ξ = 0 of ξ̇ = a(ξ) is globally asymptotically stable (GAS) and locally exponentially stable (LES). A Lyapunov function U(ξ) is known such that L_aU(ξ) ≤ 0 for all ξ. (A2) the equilibrium z = 0 of ż = f(z) is globally stable (GS) and a positive definite radially unbounded function W (z) is known such that L_f W (z) ≤ 0 for all z.

The stability assumption for ż = f(z) differs from the asymptotic stability assumed in earlier stabilization results for cascade systems (see [6, 9, 10, 11]) where the sum of the Lyapunov functions W (z) and U(ξ) is used as a Lyapunov function for the cascade system. This “composite” Lyapunov approach fails in the present case because L_f W (z) is in general not negative definite.

The approach initiated in [2] employs a more general Lyapunov function

V_0(z, ξ) = W (z) + Ψ(z, ξ) + U(ξ) (1.1)

where the “cross-term” Ψ(z, ξ) is constructed in such a way that V_0(z, ξ) is nonincreasing along the solutions of (Σ_0). In [2], this construction is accomplished under the following two additional assumptions:

(A3) there exist constants c_1 > 0 and c_2 > 0 such that : ||z|| ≥ c_1 ⇒ ‖ ‖_{∂W∂z} (z) ‖ ‖ ‖z‖ ≤ c_2W (z). (A4) ‖ψ(z, ξ)‖ ≤ γ_1(‖ξ‖)‖z‖ + γ_2(‖ξ‖), with γ_1 and γ_2 differentiable positive functions.

These growth assumptions provide a sufficient condition for the boundedness of all solutions of (Σ_0). They are also used in the construction of the cross-term to ensure that the Lyapunov function V_0(z, ξ) is continuous, positive definite and radially unbounded. However, the assumptions (A3) and (A4) are not necessary to ensure the global boundedness of the solutions and the question therefore arises whether a cross-term construction can still be achieved under weaker assumptions.

The main contribution of this paper is to show, in Section 2, that the (sufficient) assumptions (A3) and (A4) can be replaced by the (necessary) assumption

(A3bis) All solutions of (Σ_0) exist for all t ≥ 0 and no solution goes unbounded as t → ∞.

The replacement of assumptions (A3) and (A4) by (A3bis) requires modification of the cross-term construction performed in [2]. This is illustrated by a simple example in Section 2. The more general construction introduced in the present paper exploits the available flexibility in the choice of the cross-term Ψ(z, ξ).

Our Lyapunov construction is also valid for the more general cascade

(Σ^′_0) { ż = f(z) + ψ(z, ξ), ψ(z, 0) = 0 ξ̇ = a(ξ, z), a(0, z) = 0 provided that the equilibrium ξ = 0 of ξ̇ = a(ξ, z) is GAS and LES uniformly in z.

The new assumption (A3bis) is the weakest possible assumption to allow for a Lyapunov construction but it is of practical use only if boundedness of the solutions can be verified independently from the solutions. This requires a boundedness criterion, such as, for instance, the previous assumptions (A3) and (A4). In the second part of the paper, we provide a new boundedness criterion which generalizes assumptions (A3) and (A4). As an application, we obtain a new global stabilization result for the cascade: { ż = f(z) + ψ(z, ξ) + g(z, ξ)u, ψ(z, 0) = 0 ξ̇ = u, in which the growth of ψ(z, ξ) with respect to the variable z is assumed to be polynomial whereas a linear growth is imposed in [2].

For completeness, we mention that stability results have been recently obtained in [7, 8] for nonautonomous extensions of (Σ_0) under growth assumptions similar to (A3)(A4).

Notations.

1. A C^0 function γ : IR^+ −→ IR^+ is said to belong to class K if it is strictly increasing and γ(0) = 0.

2. We denote by (z̃(s), ξ̃(s)) the solution of (Σ_0) at time t = s with initial conditions (z̃(0), ξ̃(0)) = (z, ξ) ∈ IR^{nz} × IR^{nξ} . 3. State vector x is defined by x = (z, ξ).

2 Lyapunov functions for stable cascades

2.1 Construction of the cross-term We will construct a Lyapunov function of the form (1.1) for (Σ_0) under the sole assumption that no solution of (Σ_0) is unbounded. The time-derivative of V_0, along the solutions of (Σ_0) is: V̇_0 = L_f W + L_ψW + Ψ̇ + L_aU (2.2)

The terms L_f W and L_aU are non positive. This implies that V̇_0 is non positive if the cross-term Ψ(z, ξ) satisfies Ψ̇ + L_ψW ≤ 0 (2.3) In particular, this inequality holds for all Ψ such that Ψ̇(z, ξ) = −L_ψW (z, ξ) − γ(z, ξ)||ξ|| =: −ϕ_γ (z, ξ) , Ψ(z, 0) = 0 (2.4) where γ is any positive function. We then have V̇_0(z, ξ) ≤ L_f W (z) − γ(z, ξ)‖ξ‖ + L_aU(ξ) ≤ 0 We deduce from (2.4) that Ψ is the line-integral of the function ϕ_γ along the solution of (Σ_0) which starts at (z, ξ) :

Ψ(z, ξ) = Ψ(z̃(0), ξ̃(0)) := ∫_∞ 0 ϕ_γ (z̃(s), ξ̃(s)) ds (2.5) The following theorem shows that the integral is well defined and that the resulting V_0 is a Lyapunov function for (Σ_0).

Theorem 1 (Lyapunov function with a cross-term) Assume that ϕ_γ in (2.4) is continuous. Under the assumptions (A1), (A2) and (A3bis), the following holds:

(i) Ψ(z, ξ) exists and is continuous in IR^{nz} × IR^{nξ} ; (ii) V_0(z, ξ) is positive definite;

(iii) If the function γ(z, ξ) is chosen in such a way that Ψ(z, ξ) ≥ −κ(||ξ||) , ∀z (2.6) where κ is a positive continuous function, then V_0(z, ξ) is radially unbounded. In particular, (2.6) is ensured with the choice

γ(z, ξ) = (L_ψW )_+ := − L_ψW (z, ξ) ||ξ|| if L_ψW (z, ξ) ≤ 0 0 if L_ψW (z, ξ) > 0

(iv) V_0(z, ξ) is nonincreasing along the solutions of (Σ_0), i.e. the cascade is globally stable.

Proof: The proof is a generalization of Theorem 1 in [2] where only the particular case γ = 0 is treated.

Proof of (i). The existence and the continuity of Ψ are proven as in [2]. Proof of (ii). Evaluating W along the solutions of (Σ_0) yields:

W (z̃(t)) = W (z) + ∫_t 0 d ds W (z̃(s))ds = W (z) + ∫_t 0 L_ψW (z̃(s), ξ̃(s))ds + ∫_t 0 L_f W (z̃(s))ds (2.7)

It follows that for all t ≥ 0:

W (z) + ∫_t 0 ϕ_γ (z̃(s), ξ̃(s))ds = W (z̃(t)) − ∫_t 0 L_f W (z̃(s))ds + ∫_t 0 γ(z̃(s), ξ̃(s))||ξ̃(s)||ds (2.8)

Taking the limit for t → ∞, we obtain

W (z) + Ψ(z, ξ) = lim_{t→∞} W (z̃(t)) − ∫_∞ 0 L_f W (z̃(s))ds + ∫_∞ 0 γ(z̃(s), ξ̃(s))||ξ̃(s)||ds (2.9)

Since each term of the right hand side of (2.9) is positive, the function W (z) + Ψ(z, ξ) is positive. It follows that V_0(z, ξ) ≥ U(ξ) ≥ 0 (2.10) So if V_0(z, ξ) = 0 then ξ = 0. But V_0(z, 0) = W (z). So if V_0(z, 0) = 0 then W (z) = 0, which in turn implies that z = 0. This proves that V_0 is positive definite. Proof of (iii). By (2.10) we have: lim ‖ξ‖→+∞ V_0(z, ξ) = +∞ (2.11)

So to check that V_0 is radially unbounded, it is sufficient to show that whenever ‖ξ‖ is bounded, V_0 tends to infinity as ‖z‖ → ∞. With (2.6), the result follows, because V_0(z, ξ) ≥ W (z)+U(ξ)−κ(‖ξ‖) and W (z) is radially unbounded.

Various choices for the function γ(z, ξ) in (2.4) ensure the condition (2.6), therefore guaranteeing that V_0 is radially unbounded. The simplest choice is:

γ(z, ξ) = (L_ψW )_+ := − L_ψW (z, ξ) ||ξ|| if L_ψW (z, ξ) ≤ 0 0 if L_ψW (z, ξ) > 0

The resulting ϕ_γ = (L_ψW )_+ is continuous and the cross-term only integrates the positive part of L_ψW , that is Ψ(z, ξ) = ∫_∞ 0 (L_ψW )_+(z̃(s), ξ̃(s))ds ≥ 0 (2.12)

Proof of (iv). V̇_0(z, ξ) ≤ 0 by construction. Global stability follows from (i) and (ii). □

In [2], only the choice γ = 0 is considered and Theorem 1 is proven under two additional assumptions (see Section 2) which guarantee global boundedness of the solutions of (Σ_0). Without these extra assumptions, a choice γ ≠ 0 is in general necessary to guarantee radial unboundedness of V_0, as illustrated by the following example.

Example 1 The system ż = − z^3ξ^2 ξ̇ = − ξ satisfies the assumptions on (Σ_0) with the Lyapunov function W (z) =^1_2 z^2 and U(ξ) =^1_2 ξ^2. The choice γ ≡ 0 results in Ψ(z, ξ) = 1 2 z^2 − ξ^2z^4 1 + ξ^2z^2 and V_0(z, ξ) = z^2 1 + ξ^2z^2

+ ξ^2

which is not radially unbounded. On the other hand, the choice ϕ_γ = (L_ψW )_+ results in Ψ ≡ 0 and V_0 = W + U is a Lyapunov function for the cascade.

2.2 Smoothness of the cross-term In [2], C^∞ differentiability of the cross-term Ψ in the case γ = 0 is established under the following extra assumption on ż = f(z). (A5) The vector field f has the form :

f(z) = f^1(z^1) F_2z_2 + f_2(z_1, z_2) , z = z^1 z_2

Furthermore, f_2(0, z_2) = 0, the equilibrium z_1 = 0 of ż_1 = f_1(z_1) is GAS, and the system ż_2 = F_2z_2 is Lyapunov stable.

If γ is not identically equal to zero, this differentiability property is unchanged provided that the function ϕ_γ in (2.4) is differentiable. This is not so with the choice ϕ_γ = (L_ψW )_+, which, in general, is only continuous. A smooth construction is provided by the following proposition.

Proposition 1 Assume that W (z), U(ξ), and ψ(z, ξ) are smooth functions. Then a function γ such that (2.6) holds can always be selected to be smooth.

Proof. To ensure the smoothness of ϕ_γ , we choose γ in the form :

γ(z, ξ) = Γ(2‖x‖^2)‖ξ‖ (2.13) where Γ is a positive smooth nondecreasing function to be determined and where x is the full state vector (see Notation). Condition (2.6) then becomes ∫_∞ 0 L_ψW (x̃(s))ds + ∫_∞ 0 Γ(2‖x̃(s)‖^2)‖ξ̃(s)‖^2ds ≥ −κ(‖ξ‖) (2.14) We prove in Appendix 6 the following fact :

Fact 1 There exist a smooth function γ_1 ∈ K and a constant λ > 0 such that |L_ψW (x̃(s))| ≤ γ_1(‖x‖)e^{−λs}‖ξ‖ Moreover, γ_1 and λ can be determined explicitly, provided that W , U, ψ are known. By integrating, we obtain the lower bound ∫_∞ 0 L_ψW (x̃(s))ds ≥ − γ_1(‖x‖) λ ‖ξ‖ (2.15) To obtain a lower bound for the second term of (2.14), we employ the estimate ‖x̃(s)‖^2 ≥ ‖x‖^2e^{−γ2(‖x‖)s} (2.16) where γ_2(.) is a smooth strictly positive and increasing function. We prove this inequality in Appendix 7. Using it, we have ‖x̃(s)‖^2 ≥^{‖x‖2}_2 for all s ∈ [0,^{ln 2}_{γ2(‖x‖)} ] and hence, ∫ ln 2_{γ2(‖x‖)} 0 Γ(2‖x̃(s)‖^2)‖ξ̃(s)‖^2ds ≥ Γ(‖x‖^2) ln 2 4γ_2(‖x‖) ‖ξ‖^2 (2.17)

Using the lower bounds (2.15) and (2.17), we replace (2.14) by

Γ(‖x‖^2) ln 2 4γ_2(‖x‖) ‖ξ‖^2 − γ_1(‖x‖^2) λ ‖ξ‖ + κ(‖ξ‖) ≥ 0 This inequality is satisfied if we choose Γ(.) and κ(.) such that ( γ_1(‖x‖) λ )^2 − Γ(‖x‖^2) ln 2 γ_2(‖x‖) κ(‖ξ‖) ≤ 0 which holds if we choose κ(‖ξ‖) = κ̄ > 0 constant and Γ(.) a smooth function which satisfies

Γ(‖x‖^2) ≥ ( γ_1(‖x‖) λ )^2 γ_2(‖x‖) (ln 2)κ̄ This choice in (2.13) ensures (2.6), which ends the proof. □

3 Growth conditions for global stability

3.1 A particular class of stable cascade systems In [2], global stability of (Σ_0) is proved under the assumptions (A3) and (A4). Considering the more general cascade { ż = f(z) + ψ(z, ξ), ψ(z, 0) = 0 ξ̇ = a(ξ, z), a(0, z) = 0 (3.18) we now relax the linear growth assumption (A4) as follows:

(A4’)The function ψ(z, ξ) satisfies a polynomial growth assumption

∃k ≥ 1 : ‖ψ(z, ξ)‖ ≤ Γ_1(‖ξ‖)‖z‖^k + Γ_2(‖ξ‖) (3.19)

with Γ_1 and Γ_2 differentiable functions of class K. Moreover, there exist c_1 ≥ 1 and a C^1 function U_2(ξ) positive definite and radially unbounded such that ‖(z, ξ)‖ ≥ c_1 ⇒ L_aU_2(z, ξ) ≤ − γ_3(‖ξ‖) − γ_4(‖ξ‖)‖z‖^{k−1} (3.20) where γ_3 and γ_4 are positive definite continuous functions. Note that Assumption (A4’) reduces to (A4) if k = 1.

Proposition 2 Under Assumptions (A1), (A2), (A3), and (A4’), the cascade (3.18) is globally stable. Moreover, the function

V_0(z, ξ) = W (z) + Ψ(z, ξ) + U(ξ) (3.21)

is radially unbounded regardless of the choice of γ in (2.4).

Proof. Because V_0(z, ξ) ≥ U(ξ) and U(.) is radially unbounded, it is sufficient to prove that for all ξ lim ||z||→+∞ (W (z) + Ψ(z, ξ)) = +∞ (3.22)

or, using (2.8), that : lim ||z||→+∞ ( lim t→+∞ [ W (z̃(t)) − ∫_t 0 L_f W (z̃(s))ds ]) = +∞ (3.23)

Assumptions (A3) and (A4’) imply the existence of positive constants q_1, q_2, and q_3 such that Ẇ − L_f W = L_ψW ≥ − | | | | | | ∂W ∂z | | | | | | ||ψ|| ≥ − | | | | | | | | ∂W ∂z | | | | | | | | ( Γ_1(‖ξ̃‖)‖z̃‖^k + Γ_2(‖ξ̃‖) )

≥ − (| | | | | | ∂W ∂z | | | | | | ‖z̃‖ + q^1 ) ( Γ_1(‖ξ̃‖)‖z̃‖^{k−1} + Γ_2(‖ξ̃‖) ) ≥ −(q_2W (z̃) + q_3) ( Γ_1(‖ξ̃‖)‖z̃‖^{k−1} + Γ_2(‖ξ̃‖) )

Using inequality (3.20) of Assumption (A4’), let U_3(ξ) := ∫_{U2(ξ)} 0 χ_1(s)ds be a positive definite and radially unbounded function such that

‖(z, ξ)‖ ≥ c_1 ⇒ U̇_3 = χ_1(U_2(ξ̃))L_aU_2(ξ̃) ≤ − ( Γ_1(‖ξ̃‖)‖z̃‖^{k−1} + Γ_2(‖ξ̃‖) )

Then we have Ẇ − L_f W ≥ − [ Γ_1(‖ξ̃‖)c^{k−1}_1 + Γ_2(‖ξ̃‖) ] [q_2W (z̃) + q_3]

+χ_1(U_2(ξ̃))L_aU_2(z̃, ξ̃)[q_2W (z̃) + q_3]

So, with Γ_3 = q_2 [ Γ_1c^{k−1}_1 + Γ_2 ] and q_4 =^{q3}_{q2} , we obtain : Ẇ − L_f W ≥ [ −Γ_3(‖ξ̃‖) + q_2U̇_3(ξ̃) ] [W (z̃) + q_4]

Defining p(t) := −Γ_3(‖ξ̃(t)‖) + q_2U̇_3 we have p(t) ≤ 0 for all t ≥ 0 and ∫_∞ 0 p(t)dt = − ∫_∞ 0 Γ_3(‖ξ̃(t)‖)dt − q_2U_3(ξ) ≥ −Γ_4(‖ξ‖) (3.24) for some Γ_4 ∈ K. We now integrate the inequality Ẇ ≥ p(t)(W + q_4) + L_f W to obtain W (z̃(t)) + q_4 ≥ e ∫_t 0 p(s)ds(W (z) + q 4) + ∫_t 0 e ∫_t s p(τ )dτ L f W (z̃(s))ds Because L_f W ≤ 0 and exp( ∫_t s p(τ)dτ) ≤ 1 for all s ≤ t, we have

W (z̃(t)) + q_4 ≥ e ∫_t 0 p(s)ds(W (z) + q 4) + ∫_t 0 L_f W (z̃(s))ds and hence W (z̃(t)) − ∫_t 0 L_f W (z̃(s))ds ≥ e ∫_t 0 p(s)ds(W (z) + q 4) − q_4 This inequality holds for all t ≥ 0. Taking the limit as t → ∞, we use (3.24) to conclude lim_{t→∞} W (z̃(t)) − ∫_∞ 0 L_f W (z̃(s))ds ≥ e^{−Γ4(‖ξ‖)}(W (z) + q_4) − q_4 Because W (z) is radially unbounded, the right-hand side is unbounded for each ξ as ‖z‖ → ∞. This concludes the proof. □ 3.2 A stabilization result A stabilization result will now be deduced from Proposition 2 for the system { ż = f(z) + h(z, ξ) + g(z, ξ)u, h(z, 0) = 0 ξ̇ = u, (3.25) for which we assume in addition to (A2), (A3) and (A5), that h(z, ξ) satisfies the polynomial growth property (3.19) and g(z, ξ) satisfies a linear growth property: ‖g(z, ξ)‖ ≤ κ_1(‖ξ‖)‖z‖ + κ_2(‖ξ‖) where the κ_i are positive functions (not necessarily zero at zero).

The preliminary feedback u = α(z, ξ) = − (1 + ||z||^{k−1})ξ (3.26) transforms (3.25) into the cascade { ż = f(z) + h(z, ξ) + g(z, ξ)α(z, ξ) ξ̇ = − (1 + ‖z‖k−1)ξ (3.27) and global stability of the equilibrium (z, ξ) = (0, 0) follows from Proposition 2. ((A1) and (A4’) are satisfied with U(ξ) =^1_2 ‖ξ‖^2). By Theorem 1 and Proposition 2, the Lyapunov function V_0(z, ξ) is differentiable, positive definite, radially unbounded, and nonincreasing along the solutions of (3.27).

To achieve global asymptotic stability of the equilibrium (z, ξ) = (0, 0), we enhance the negativity of V̇_0 by augmenting the control law (3.26) in the form u = α(z, ξ) + v = α(z, ξ) − ∂V_0 ∂ξ (z, ξ) − ∂V_0 ∂z (z, ξ)g(z, ξ) to obtain V̇_0 ≤ − (1 + ‖z‖^{k−1})‖ξ‖^2 − ( ∂V_0 ∂ξ (z, ξ) + ∂V_0 ∂z (z, ξ)g(z, ξ) )_2 ≤ 0 This inequality and the LaSalle Invariance Principle imply that (z, ξ) = (0, 0) is globally asymptotically stable when z̃ = 0 is the unique solution of ż = f(z) ∂V_0 ∂ξ (z, 0) −^{∂V0}_{∂z} (z, 0)g(z, 0) = 0 We illustrated the above stabilization procedure in the following example which violates the linear growth assumption (A4) required in [2].

Example 2 The system

ż = (1 + z^4)ξ + θ(1 + z^4)^34 ξ^2 + ξzu ξ̇ = u (3.28)

where θ ∈ [−1, 1] is an unknown parameter satisfies Assumptions (A2) and (A5) (the z-subsystem is ż = 0) but the growth of (1 + z^4)ξ is polynomial rather than linear, causing the finite escape time to infinity of some solutions when u = 0. To satisfy the growth assumption (A4’), we apply the preliminary feedback u = −(1 + z^4)ξ + v (3.29) and obtain the cascade

ż = (1 + z^4)(ξ − ξ^2z) + θ(1 + z^4)^34 ξ^2 + ξzv ξ̇ = −(1 + z4)ξ + v

(3.30)

The choice z^4 rather than |z^3| in (3.29) is adopted to obtain an explicit solution for the cross-term. When v = 0, the cascade (3.30) satisfies Assumptions (A1) to (A4’) with the Lyapunov functions

W (z) = 1 2 z^2 , U(ξ) = 1 2 ξ^2 (3.31)

Using the fact that

L_ψW = z(1 + z^4)ξ − (1 + z^4)ξ^2z^2 + θz(1 + z^4)^{34} ξ^2 ≤ z(1 + z^4)ξ + (1 + z^4)ξ^2

we define the cross-term by

Ψ̇(z, ξ) = − ϕ_γ (z, ξ) = − z(1 + z^4)ξ − (1 + z^4)ξ^2 (3.32)

Letting Ψ(z, ξ) = F_1(ξ)z + F_2(ξ), we obtain by time differentiation :

Ψ̇(z, ξ) = (1 + z^4) [−F^′_1(ξ)z + F_1(ξ)(1 − ξz) − F^′_2(ξ)] ξ

By identifying this expression with (3.32), we obtain that F_1 and F_2 are solutions of :

F^′_1 = −ξF_1 + 1, F_1(0) = 0 F^′_2 = F_1 + ξ^2, F_2(0) = 0

which yields

F_1(ξ) = ∫_ξ 0 exp[ 1 2 (s^2 − ξ^2)]ds, F_2(ξ) = ∫_ξ 0 [ exp(− 1 2 s^2) ∫_s 0 exp( 1 2 τ^2)dτ ] ds + 1 3 ξ^3

By construction, when v = 0, the time-derivative of V_0 along the solutions of (3.30) is V̇_0 = −(1 + z^4)ξ^2z^2 − (1 + z^4)ξ^2 ≤ 0. To enhance its negativity, we employ the additional feedback v = α(z, ξ) = − ∂V_0 ∂ξ − zξ ∂V_0 ∂z = −ξ − ξ^2 − z − F^′_2(ξ) − z^2ξ

and obtain V̇_0 = −(1 + z^4)ξ^2z^2 − (1 + z^4)ξ^2 − α^2(z, ξ) ≤ 0. Because V̇_0 = 0 implies that ξ = 0 and α(z, 0) = −z, the function V̇_0 is negative definite, which proves the global asymptotic stability of the equilibrium point (z, ξ) = (0, 0).

4 Conclusion

We have generalized the cross-term constructions proposed in [2] in order to replace the sufficient growth assumptions (A3)(A4) by the necessary assumption (A3bis). This generalization provides a stabilization procedure in situations not covered by previous results.

5 Acknowledgment

This paper was completed while the two first authors were at CESAME (Catholic University of Louvain, Belgium). They acknowledge support from the Belgian Programme on Interuniversity Poles of Attraction, initiated by the Belgian State, Prime Minister’s Office for Science, Technology and Culture. The scientific responsibility rests with its authors.

References

[1] D.H. Jacobson : Extensions of Linear-Quadratic Control, Optimization and Matrix Theory.

Academic Press, New York, 1997.

[2] M. Jankovic, R. Sepulchre, P.V. Kokotović, Constructive Lyapunov stabilization of nonlinear cascade systems. IEEE Trans. on Automatic Control, vol. 41, no. 12, pp 1723-1735, 1996.

[3] V. Jurdjevic, J.P. Quinn : Controllability and stability. Journal of differential equations. vol. 4 (1978) pp. 381-389

[4] F. Mazenc, L. Praly : Adding an integration and Global asymptotic stabilization of feedforward systems. IEEE Trans. on Automatic control, vol.41, no.11, pp.1559-1578, 1996.

[5] R. Sepulchre, M. Jankovic, P.V. Kokotović : Constructive Nonlinear Control. Springer-Verlag, 1997.

[6] R. Ortega : Passivity properties for stabilization of nonlinear cascade systems. Automatica, 29:423-424, 1991.

[7] E. Panteley : Global uniform asymptotic stability of cascade time-varying nonlinear systems :

case study. In Proc. 35th IEEE Conf. Decision Contr., Kobe, Japan, 1996. [8] E. Panteley, A. Loria : Global uniform asymptotic stability of cascaded non-autonomous nonlinear systems. In Proc. 4th European Contr. Conf. Brussels, Belgium, 1997.

[9] A. Saberi, P.V. Kokotović, H.J. Sussman : Global stabilization of partially linear systems. SIAM J. Contr. and Optimization, 28:1491-1503, 1990.

[10] P. Seibert and R. Suarez. Global stabilization of nonlinear cascaded systems. Syst. Contr. Letters, 14:347-352, 1990.

[11] E.D. Sontag : Remarks on stabilization and input-to-state stability. Proceedings of 28th CDC, Tampa, FL, pp. 1376-1378, 1989.

[12] H.J. Sussmann, E.D. Sontag, Y. Yang : A general result on the stabilization of linear systems using bounded controls. IEEE Trans. on Automatic control, vol. 39, pp. 2411-2425, 1994.

[13] A. Teel : Feedback stabilization : nonlinear solutions to inherently nonlinear problems. Memorandum No. UCB/ERL M92/65. 12 June 1992 [14] A. Teel : Using saturation to stabilize a class of single-input partially linear composite system.

In Proc. Nolcos, Bordeaux, France, June 24-26, 1992.

[15] A. Teel : A Nonlinear Small Gain Theorem for the Analysis of Control Systems with Saturation IEEE Trans. on Automatic Control, vol. 41, No. 9. Sept. 1996.

6 Proof of Fact 1

Since L_ψW (z, 0) = 0 and both W and ψ are smooth, there exists Ω_1 of class K such that : |L_ψW (z, ξ)| ≤ Ω_1(||x||)||ξ|| (6.33) Since ξ̇ = a(ξ) is GAS/LES, there exist Ω_2 of class K and λ > 0 such that : ||ξ̃(s)|| ≤ Ω_2(||ξ||)e^{−λs} , ∀ s ≥ 0 (6.34) Since Σ_0 is globally stable, there exists Ω_3 of class K such that : ||x̃(s)|| ≤ Ω_3(||x||) , ∀ s ≥ 0 (6.35) Eventually, by combining (6.33), (6.34), (6.35), we deduce that : |L_ψW (x̃(s))| ≤ γ_1(||x||)e^{−λs}||ξ|| , ∀ s ≥ 0 (6.36) with γ_1(r) = Ω_1(Ω_3(r))Ω_2(r) Remark : The scalar functions Ω_i used in our proof can be explicitly determined from the data ψ, W, U.

7 Proof of inequality (2.16)

Since the functions f, ψ, a are smooth and zero at the origin, we may determine an explicit expression of a strictly positive function ω_1 such that : d‖x̃(s)‖^2 ds ≥ − ω_1(‖x̃(s)‖^2)‖x̃(s)‖^2 (7.37) Using V_0, we may determine an explicit formula of a strictly positive function ω_2 such that : ‖x̃(s)‖^2 ≤ ω_2(||x||) , ∀s ≥ 0 So, we get : d‖x̃(s)‖^2 ds ≥ − ω_1(ω_2(||x||))‖x̃(s)‖^2 (7.38) By integrating this inequality, we can prove that (2.16) is satisfied with γ_2(s) = ω_1(ω_2(s)).