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Abstract - Distributed Energy Resources (DER) have
been receiving increasing attention over the past decade.
DERs are most effective at or near centers of utilization.
Eventually, as their penetration increases, they will be inter-
connected in a grid-like fashion for stability and enhanced
reliability. These grids, called ‘microgrids,’ will be ex-
pected to operate in both grid-connected and islanded modes.
This paper presents a rational method of building micro-
grids optimized for cost and subject to reliability constraints.
The method is based on dynamic programming and con-
sists of determining the optimal interconnection between mi-
crosources and load points, given their locations and the
rights of way for possible interconnections. A new approach,
called ‘unit link addition,’ is also introduced. The paper de-
scribes the formulation, as well as its implementation on a
parallel computing environment. Applications to both possi-
ble situations — design of a microgrid from scratch and ex-
pansion of an existing distribution system — are described.
The method is demonstrated using a 22-bus system.

Keywords - reliability, distributed energy resources,
microgrid, dynamic programming, parallel computing

1 Introduction

OVER the last decade, distributed energy resources
(DER) have been receiving increasing attention as

alternatives to centralized generation [1]–[3]. This is
partly because of the many advantages that DERs offer,
such as compact size, modularity, portability, lower emis-
sion, sometimes higher conversion efficiency, and lower
costs and losses in transmission and distribution (T&D),
and partly because they are often an expedient alterna-
tive to the expensive and long drawn out processes of
expanding or upgrading T&D. In the next few decades,
the penetration of microgrids is expected to grow dramat-
ically. The bulk of DERs will be integrated into existing
distribution systems, with necessary upgrades. To maxi-
mize the economic and reliability benefits of these instal-
lations, distribution systems that have very often been ra-
dially connected will evolve into networked microgrids .

Significant research has been conducted in the areas of
transmission expansion planning [4] and developing mi-
crogrids [1]–[3], [5]–[8] . Most notable is the “CERTS
Microgrid Concept” which focuses on a self-sustained
heat and power supply to a compact cluster of loads. Many
of the approaches have focused on the optimal placement
of DERs in the distribution network [1]–[3]. Except [3],

these approaches have assumed and have attempted to pre-
serve the fundamentally radial structure of the distribution
grid. In contrast, we address the issue of distribution net-
work expansion with a reliability criterion using deploy-
ment of distributed resources. Our approach is directed
toward the development of microgrids that are networked
in structure and conform to the US Department of En-
ergy’s vision of microgrids that can operate in both grid-
connected and islanded modes [9], [10].

This paper describes a rational method of developing
microgrid architectures in a manner that maximizes the
economic benefits of DER deployment, taking into ac-
count the anticipated growth in the region served by the
microgrid. This will lead to more efficient utilization of
resources and higher system reliability than ad hoc instal-
lations. The rational approach is developed as follows.
First, a method is developed that meets stipulated reli-
ability requirements, given the locations of sources and
loads, rights of way, the capacities and availabilities of the
sources, and the sizes of the loads. The approach is then
extended to the case where an optimal microgrid is devel-
oped starting with an existing distribution system.

Dynamic Programming has been used in transmission
planning [11] and distribution system planning [12]. Our
method incorporates an explicit reliability criterion and
applies to networked distribution architectures. The DP
formulation presented in this paper seeks to make the most
economical connections that will satisfy the stipulated re-
liability criteria. The reliability index used is the energy
index of reliability (EIR), i.e., the supplied energy as a
fraction of the energy demand. The problem is decom-
posed into stages by means of a unit link addition algo-
rithm developed by the authors. This algorithm consists
of determining at each stage the optimal pair of nodes
between which to connect a unit link, which is a link of
fixed impedance per unit length and cost per unit length.
Stronger connections consist of multiple unit links in par-
allel. Because of the size of the problem, measures were
implemented to trim the search-space and to parallelize
the algorithm. Further, recognizing that it is the final stage
that is of interest, a scheme is formulated to eliminate the
need for storing intermediate DP stages. This reduces the
memory usage significantly and eliminates the need for
backtracking. The algorithm has been implemented on a
BeoWulf cluster. To further improve the efficiency of the
parallel algorithm, a load sharing scheme is devised that
takes into account the time spent on communication be-
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tween the nodes in the cluster.
This paper describes the method and the implementa-

tion, and illustrates it by means of an example.

2 System Modeling

In this section, the reliability models of the microgrid
components are briefly described. Although simple, two-
state models have been assumed for the purpose of demon-
stration, the method itself is capable of accommodating
more detailed and complex component models.

Generators: These are modeled as two-state devices.
Each generator i is described by its maximum generating
capacity Gmax and its forced outage rate FORi.

Load: For the purpose of system planning, the load has
been assumed to remain constant at the coincident peak.

Transmission Lines: The basic element of the transmis-
sion network is the unit-link which is a transmission line
with the following characteristics:

A unit-link connecting a given pair of buses is a line
of fixed capacity, fixed cost per unit length, fixed im-
pedance per unit length, and of length corresponding
to the right of way between the buses.

Unit links between different bus pairs will have differ-
ent lengths, impedances and costs, but same capacity.

A link between a given pair of buses can consist of one
or more (an integral number of) unit links connected in
parallel between that bus pair. The cost of the link is
equal to the total cost of the unit links that constitute
the link plus other costs. For the sake of simplicity,
other costs have been neglected.

Network Model: A linearized network model in the form
of DC Load Flow has been used in this work.

3 Problem Formulation

This work aims at determining the optimal network
configuration which satisfies a specified reliability re-
quirement. Mathematically, this problem can be posed as
follows.

Minimize:

J =
∑

i,j

Jij × xij ∀ 1 ≤ i < j ≤ Nn (1)

subject to:
EIR > R0 (2)

where

J = cost of the transmission network
Jij = cost of a unit link between nodes i and j
xij = number of unit links in parallel

between nodes i and j
Nn = number of nodes in the system
EIR = Energy Index of Reliability, and
R0 = minimum required reliability.

Eq (1) assumes that each possible path between the
nodes of the system is available as a right of way. In gen-
eral, this may not be true. In such a case the above equa-
tion may be rewritten as:

J =
N∑̀

i=1

Ji × xi (3)

where

Ji = cost of a unit link for the ith right of way
xi = number of unit links in parallel

for the ith right of way
N` = number of rights of way

This problem is amenable to a stage-wise decompo-
sition. In each stage one unit link is added to the exist-
ing network. Therefore dynamic programming becomes
a suitable tool for the solution method. This approach
with the concept of the unit-link gives the optimal network
along with the capacity of each link.

4 Solution Strategy

The solution is obtained in a stage-wise fashion where
in each stage the network is incremented by a unit link.
Before we describe the strategy, first we need to define the
different structures of the DP.

4.1 The Dynamic Programming Formulation

DP Stage: Each stage represents the total number of unit
links that have been added to the system so far. This means
that stage Sk of the DP has utilized k unit links to build a
network configuration. These k unit links can be distrib-
uted among the possible rights of ways in different ways,
giving different system configurations. In light of Eq (3),
all configurations in stage Sk will be such that

N∑̀

i=1

xi = k (4)

It is appropriate to remark here that the unit link as de-
fined earlier is central to this formulation. The concept
of the unit link, and its formulation, makes it possible to
deal with the dependencies between the line characteris-
tics, such as those between capacity and impedance, im-
pedance and length, length and cost, and capacity and cost.

DP State: Each configuration mentioned above has an as-
sociated cost and has an associated measure of reliability.
This measure of reliability is chosen as the system state.

DP Decisions: As mentioned earlier, consecutive stages
of the DP are built by adding more and more unit links.
Each possible unit link that can be added across the rights
of way is an alternative. These are defined as the “deci-
sions” of the DP.

It is quite possible that in a given stage, different con-
figurations can have the same value of reliability, though
with different costs. Therefore, it is very important during
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the building of stages to check for such states. Whenever
a new state for the next stage is generated by testing a de-
cision, a check is performed to see if any other state with
the same value of reliability exists. If such a state exists
and has a higher cost, then it is replaced with the newly
generated state. In, other words, this ensures that the con-
figuration represented by a state in a given stage is the
most optimal way of achieving the reliability it offers by
adding as many unit links as depicted by the stage.

4.2 Reliability Evaluation

In a distribution network, a measure of reliability
based on the energy supplied is more appropriate. There-
fore, an energy index of reliability is chosen. Given a
set of generating units, the expected minimum curtailment
evaluated over generation contingencies up to first order is
used as the measure of system reliability.

As mentioned before, a linearized power flow model
has been used. This is implemented in the form of a Linear
Programming problem. The aim is to determine a dispatch
which minimizes the load curtailment subject to genera-
tion availability and network constraints as follows [13]:

Loss of Load = Min

(
Nb∑

i=1

Ci

)
(5)

subject to:

B̂θ + G + C = D

G ≤ Gmax (6)
C ≤ D

bÂθ ≤ Fmax
f

−bÂθ ≤ Fmax
r

G,C ≥ 0
θ unrestricted

where

Nb = number of buses
Nt = number of transmission lines
C = Nb-vector of bus load curtailments
Ci = i-th element of C, i.e., unsatisfied demand at

bus i
D = Nb-vector of bus demands
Gmax = Nb-vector of available generation at buses
Fmax

f = Nt-vector of forward flow capacities of
transmission lines

Fmax
r = Nt-vector of reverse flow capacities of

transmission lines
G = Nb-vector of dispatched generation at buses
θ = Nb-vector of bus voltage angles
b = Nt ×Nt primitive (diagonal) matrix of

transmission line susceptances
Â = Nt ×Nb element-node incidence matrix
B̂ = Nb ×Nb augmented node susceptance matrix

= ÂT bÂ

Although Eq. (6) is a standard representation of the DC
flow constraints, it is usually necessary to fix one of the
bus angles at zero to be able to obtain a feasible solution.

The above minimization procedure is performed for
each contingency. In this work, first order generation con-
tingencies have been considered. Higher order contingen-
cies and transmission line contingencies are a simple ex-
tension to the reliability evaluation module.

Let LOLi be the loss of load obtained for the ith con-
tingency, with a probability of probi. Then the expected
power not served is given by:

EPNS =
Nc∑

i=1

LOLi × probi (7)

where

EPNS = Expected Power Not Served
Nc = Number of contingencies

The reliability of the network is then given by:

EIR = 1− EPNS

DT
(8)

where

EIR = Energy Index of Reliability
DT = Total Power Demand

Normally, the EIR is computed using the equation:

EIR = 1− EUE

ET
(9)

where

EUE = Expected Unserved Energy
ET = Total Energy Demand

Equation (9) becomes equivalent to (8) when the demand
is constant over the period of interest. While this method
is amenable to any suitable representation of load, in this
work the peak coincident load was used. This was consid-
ered appropriate for system planning.

4.3 Computer Implementation

4.3.1 Data Structures

Though the problem can be solved in a stage-wise
fashion, it is only the final stage in which we are inter-
ested. Therefore, given the present stage, there is no need
to store stages other than the current one, which is used
to build the next stage. So, along with storing the system
reliability, the DP State contains additional information re-
garding the network configuration.

This information is stored in an array. The dimension
of this array is equal to N`. Each element of the array
stores the number of unit capacity links that have been al-
located to the corresponding right of way.

It is evident that the entire trajectory or series of de-
cisions leading to the present state is compactly encapsu-
lated in this array. This approach eliminates the need for
backtracking. Further, this is memory efficient as we do
not have to store the previous stages.
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4.3.2 Treatment of the State Space

The reliability of the system is used as the state of the
DP state. In this situation, the number of states that any
stage of the DP can have is very large, limited by the pre-
cision of the numbers used. But, we recognize that relia-
bility indices in power systems are typically computed to
a finite precision. As a result, all network configurations
that have the same reliability index, to a given precision,
are treated as configurations that offer the same reliabil-
ity. In this work, for the sake of demonstration, reliability
indices were computed to four decimal places.

4.3.3 Parallelization of the DP

Dynamic Programming is inherently parallelizable. At
any given stage, the set of decisions must be tested for
each state in the current stage. The testing of decisions for
each state is independent of the computations for the other
states. So the entire computational burden can be divided
among many processors.

The organization consists of a main processing node
and a group of auxiliary processing nodes. The main node
divides the set of states and allocates them to the auxiliary
nodes in a manner which is described in section (4.3.4).
Each auxiliary node builds its portion of the next DP stage.
After all the nodes have finished computation, results are
communicated back to the main node. The main node then
merges the individual results into a single DP stage. It
is noteworthy that each auxiliary processor performs its
share of searching for states that offer same reliability but
with different costs, and so does the main node after re-
ceiving the partial results.

4.3.4 Optimal Task Allocation

During the implementation of the parallel algorithm, it
was found that the communication of the states from the
main node to the auxiliary nodes and back took consid-
erable time. The data was distributed sequentially, where
each processors had to wait until data had been distrib-
uted to the previous processors. So a scheme was devised
where data is not distributed equally, but depending on the
rank of the processing node.

Let the number of processors be p. Then the proces-
sors are numbered 0, 1, · · · , p−1. The main processor has
the rank 0 while all other processors are auxiliary proces-
sors. But, the main processor can also process states and
can act as an auxiliary node after the computational task
of the current stage has been parallelized and tasks have
been allocated to the other nodes.

Let Tt be the time taken to transmit one state from
processor 0 to an auxiliary node. Note that the transmis-
sion time is meaningless when node 0 is allocating a task
to itself.

Let Tc be the time taken to process one state. This
time is equal to the time required for testing the decision
set against this state and for building new states.

Let ni be the number of states allocated to the ith

processor.

The time-line for one execution loop for the paral-
lelized process is shown in Fig. 1.
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T
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0

T
c

Proc(p−2) starts computing

Time line

Proc2 starts computing

Proc1 starts computing

End of computations

Proc(p−1) & Proc0 start computing
Proc0 starts
allocation

Figure 1: Time-line for task allocation

From Fig. 1, the following equations can be immedi-
ately derived:

np−1 × Tc = n0 × Tc

np−2 × Tc = np−1 × Tt + n0 × Tc

np−3 × Tc = (np−2 + np−1)× Tt + n0 × Tc

...

n1 × Tc = (
p−1∑

i=2

ni)× Tt + n0 × Tc

p−1∑

i=0

ni = Ns (10)

where Ns is the total number of states in the current stage.
The solution to this set of equations gives us the num-
ber of states for each processor. When the solutions are
not integral, as they are supposed to be, then a reasonable
approach is to truncate the numbers, and then adjust the
number of states for the last processor accordingly.

4.3.5 Parallel Computing Environment

The computer program was implemented and executed
on a BeoWulf cluster consisting of 10 computers. Each
computer was a dual Pentium III machine clocked at 1
GHz and had 128 MB of RAM. The parallelism was
achieved using the Message Passing Interface (MPI) In
particular, the MPICH implementation of the MPI was
used.

4.4 Algorithm

This problem is solved in two phases, which are de-
scribed below.

Phase I
This phase is the computationally intensive one.

Therefore, this stage was implemented using a parallel
paradigm. Given the current stage, the states are grouped
into blocks which are allocated to the auxiliary nodes in a
manner as described in Sec. (4.3.4).

After the tasks have been allocated, the auxiliary nodes
build their share of the next stage. When the computations
are finished, the results are sent to the main node. The
computational details are described later in this section.
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During the process of receiving the results from the auxil-
iary nodes, the main node tests for the existence of states
having same reliability but different costs as described in
Sec. (4.1). Other than this, the main node also checks
whether one of the states in the stage being built has just
just crossed the threshold reliability. If the test returns
false, then it releases the memory allocated to the current
stage, renames the next stage, which is the stage that was
just built, as the current stage and continues processing in
a loop until the test is true. Once such a state is identified,
a check is performed if there are other states that have a
reliability value that is higher than the threshold. All such
states are identified and the state that has the lowest cost is
chosen and marked as the reference state. The cost of this
state is Jref and the reliability is Rref .

Details of Computations at the Auxiliary Nodes: The
main node allocates tasks to the auxiliary nodes. A task
is nothing but a set of states from which new states for
the next stage are to be built. After an auxiliary node re-
ceives the information, it begins to process the states se-
quentially.

For each state, it builds the base network represented
by the state. Then it tests the decision set against the base
network. It adds a unit link from the list of possible rights
of way. Then it determines the reliability of the network
and checks for the existence of states having same reli-
ability but different costs and treats them accordingly as
described in Sec. (4.1). After that it removes the unit link.
This process is continued until all the rights of way have
been tested.

When all the states are processed in the manner de-
scribed above, the results are communicated back to the
main node.

When the main node has identified a reference state, it
moves into the second phase.

Phase II
The second stage is performed only by the main node

because it is not as computationally intensive as the first
phase. In this phase, all states from the last stage of Phase
I satisfying the following criteria are chosen:

1. Cost ≤ Jref

2. Reliability ≤ Rref

These states are then collated into one stage which
forms the first stage of the second phase. From this stage
subsequent stages are built. However, in this phase, the
building of stages along any trajectory ends if the cost of
that trajectory is no longer less than Jref . In other words,
pursuing the trajectory any further will not offer any ad-
ditional advantage over the reference state. In due course,
all trajectories will hit a frontier or a boundary with a cost
Jref , and the final stage in this phase will not contain any
states. The algorithm then terminates. During this proce-
dure, all states that meet the threshold reliability criterion
are identified. Among all such states, the state that has the
lowest cost is the optimal state.

The configuration represented by the optimal state is
the optimal solution.

5 Demonstration: Case Studies and Results

The algorithm was applied to a 22-bus system. This
system was derived from the distribution network at Bus-2
of the RBTS [14]. From the layout given in the single line
diagram of the above mentioned network, rights of way
between nodes and costs thereof were established. For the
sake of demonstration, the cost of interconnecting nodes
i and j was assumed to be proportional to the distance as
shown in the layout.

It was further assumed that the location and size of the
generating units are known before hand. Typical values of
forced outage rates were assumed as shown in Table 1.

The capacity of each unit-link was taken to be 0.2 MW,
with an impedance of 0.006 p.u. per mile.

The program was executed with a setting of maximum
EPNS of 4% of the total demand which is equivalent to
EIR ≥ 0.96.

Two cases were studied: one, where the microgrid is
built from scratch, and, two, where the microgrid is built
from an existing network. In the first case, only the main
buses, i.e., the load buses have been considered. The
nodes arising from the points where feeder segments met
were not used in the analysis. Those nodes were elimi-
nated because the microgrid was supposed to be built from
scratch and hence, from the analysis point of view, the dis-
tribution backbone did not exist and neither did the “inter-
mediate” nodes. In the second case, these nodes were duly
considered.

In both the cases a worst case scenario was analyzed
where there is no assistance from the grid and the load is at
the system peak. The cases are described in detail below.

5.1 Building a Microgrid from Scratch

The first case was to build a microgrid from scratch.
For this, all the lines from the above network were re-
moved. The loads were taken to be the peak loads at the
respective buses. The generation and load data is provided
below in Table 1 and Table 2 respectively.

Bus Gen (MW) FOR
1 5 .0 0.06
5 10.0 0.10
10 3.5 0.08
11 5.0 0.10
22 7.5 0.10

Table 1: Case A: Generation Data for the 22-Bus System

Bus Load Bus Load Bus Load
(MW) (MW) (MW)

1 0.8668 9 1.8721 16 0.7500
2 0.8668 10 0.8668 17 0.7291
3 0.8668 11 0.8668 18 0.7291
4 0.9167 12 0.7291 19 0.7291
5 0.9167 13 0.9167 20 0.9167
6 0.7500 14 0.9167 21 0.9167
7 0.7500 15 0.7500 22 0.7500
8 1.6279

Table 2: Case A: Load Data for 22-Bus System
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The resulting network is shown in Fig. 2. The network
configuration is tabulated in Table 3.

LINE Cap LINE Cap LINE Cap
(MW) (MW) (MW)

1-18 0.8 11-12 0.8 21-22 1.0
1-2 1.0 5-6 0.8 10-16 0.6
4-5 0.8 5-7 0.8 8-11 1.6

15-22 0.8 1-19 0.8 10-17 0.6
3-5 0.2 20-22 0.8 17-22 0.4
1-3 0.8 1-16 0.4 1-17 0.4
1-4 0.2 10-14 0.8 11-16 0.4

10-13 0.8 2-5 0.2 16-22 0.2
5-9 1.8 14-22 0.2 11-13 0.2

5-16 0.2 11-14 0.2 11-17 0.4
1-20 0.2 9-11 0.2 5-8 0.2
5-11 0.6

Table 3: Resulting network configuration for 22-Bus System
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Figure 2: Case A: Resulting Microgrid of the 22-Bus System

5.2 Expanding an Existing Distribution Network into a
Microgrid

The analysis consisted of growing a microgrid from
an existing distribution network. The original backbone
network was retained and used as a starting point for de-
termining the architecture of the microgrid. The line ca-
pacities were assumed to be at 150% of their base loading.

For the analysis, as an example, a load growth of 100%
was assumed. So the new loads at the buses are twice the
values shown in Table 2. Correspondingly the generation
capacities of the generators were increased. The forced
outage rates were not changed. The new generating ca-
pacities are tabulated in Table 4. Again, the reliability cri-
terion of EIR ≥ 0.96 was used.

Bus Gen (MW)
1 7.5
5 20.0
10 10.0
11 10.0
22 15.0

Table 4: Case B: Generation Data for the 22-Bus System

The resulting microgrid is shown in Fig. 3. In this fig-
ure, the original backbone network is shown in straight
lines, while the lines added by the algorithm are shown as
arcs. The new lines that were added and their capacities
are tabulated in Table 5.
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Figure 3: Case B: Resulting Microgrid of the 22-Bus System

LINE Cap LINE Cap LINE Cap
(MW) (MW) (MW)

29-30 2.0 33-34 1.2 26-4 0.6
39-10 7.0 42-14 0.6 29-16 0.4
30-17 0.4 31-19 0.4 32-20 0.4
34-21 0.6 34-22 3.4 41-13 0.2
25-1 4.4 25-2 0.4 26-3 0.4
27-5 5.4 27-6 0.8 40-11 0.3
6-7 0.4 31-18 0.4 11-12 0.8

11-36 5.4 36-8 0.8 32-33 0.2
22-15 2.4 20-22 1.8 13-12 0.4

Table 5: Resulting Microgrid from an Existing Network

5.3 Discussion of Results

The two cases presented here show very different char-
acteristics. We find that the microgrid created from scratch
is a heavily meshed one. The one that is developed from
an existing backbone has relatively few loop closing lines.
This result is not very surprising. The line capacities in a
distribution network diminish as we go farther away from
the substation. This means that the feeder sections nearer
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to the substations have very high capacities as compared
to the ones near the load buses. In the distribution net-
work presented here, Bus 44 is connected to a substation.
Therefore the lines immediately connected to this bus have
very high capacities, the sum of the capacities is compara-
ble to the total system load. Now, when we use distributed
generation, they are placed at or near the load buses. This
effectively reverses the direction of power flow. So in this
scenario, the lines near the generators are at a deficit in
capacity, while those farther away have surplus capacities,
sometimes to the extent of being underutilized. An intu-
itive approach would be to strengthen the segments near
the generators, and try to utilize the available “upstream”
transmission capacity as much as possible.

The algorithm recognizes this and takes advantage of
the existing transmission capacities. Therefore, we find
very few loop closing lines.

6 Conclusions

This paper presented a rational approach with an ex-
plicit reliability constraint to designing cost-optimized mi-
crogrid architectures.

A dynamic programming method was developed to
determine the optimal interconnections between micro-
sources and load points, given their locations and rights of
way for possible interconnections. A scheme was imple-
mented to render the size of the problem manageable and
to minimize the storage requirements. A new approach,
called “unit link addition,” was demonstrated on a 22-bus
system.

In this work, we demonstrated the applicability of the
method by first building a microgrid from scratch, and
then by building a microgrid from an existing distribution
backbone. This method would indeed be a more rational
approach to enabling the evolution of a distribution net-
work than ad hoc expansion in response to load growth.

The work reported here represents the authors’ first
steps in the direction of developing a methodology for ra-
tional design of microgrids. This is also an initial step
towards fulfilling an immediate need for system planning
tools that take into account the changes going on in the
industry.
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