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Abstract— This paper addresses the problem of dynamic security clas-
sification of electrical power systems using class pattern recognition with
Radial Basis Functions (RBFs) by off-line supervised learning. A weight
decay with a regularization learning algorithm is employed and the interest
is focused on single-layer networks with functions which are fixed in po-
sition and size. Thus the expensive nonlinear gradient descent algorithms
is avoided. Also using linear algebra makes analysis easier and computa-
tions quicker. Two cases are used and compared for RBFs. The first case
is RBFs with regularization and the second case is RBFs without regular-
ization. The classification is achieved by estimation of the output variables
and its subsequent classification according to this estimation. The proposed
method has been applied to security classification of the Greek Mainland
system projected to 2005 with increased wind power penetration in a crit-
ical area. The voltage level in the area is used to clarify security. For the
verification of the method experiments have been performed using indepen-
dent input load and wind data produced with a random procedure and the
classification of each testing sample has been compared with the one of the
corresponding stored testing sample.
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I. INTRODUCTION

Dynamic Security assessment is probably the most versatile
field of application of automatic learning techniques in power
systems. Moreover with the present evolutions of power sys-
tems, security assessment is becoming more and more chal-
lenging. Several Dynamic Security Assessment (DSA) meth-
ods have been developed aiming to assess the dynamic perfor-
mance of the system for each critical contingency. Several of
these methods are based on Artificial Intelligence techniques,
like Decision Trees (DTs), Kernel Regression Trees (KRTs) and
Artificial Neural Networks (ANNs) [1], [2], [3], [4], [5], [6]. In
the last years, Support Vector Machines (SVMs) [7], [8], [9],
[10] and combined SVMs [11] have been applied to DSA with
good results. All the above methods belong to the category of
supervised off-line learning. Several of the above methods have
proved suitable for DSA classification, while other methods for
DSA regression. In classification problems the task is to assign
new inputs to one of a number of discrete classes. In regression
problems [12], the outputs represent the values of continuous
variables. In fact, the term regression refers to a specific kind of
function defined in terms of an average over a random quantity.
Both classification and regression problems can be seen as par-
ticular cases of function approximation. In the case of regression
problems it is the regression function which will be approxi-
mated, while for classification problems the functions which are
to be approximated are the probabilities of membership of the
different classes expressed as functions of the input variables.

This paper focuses on the application of RBFs on DSA by
off-line supervised learning. The last few years a number of ap-
proaches, that use RBFNs, are used as alternative methods [13],
[14], [15], for the prediction of power systems functions. Neural
networks, including radial basis functions, are nonparametric
models and their parameters (e.g. weights) have no particular
meaning in relation to the problems to which they are applied.
Estimating values for the weights of a neural network is never
the primary goal in supervised learning. The primary goal is to
estimate the underlying function or at least to estimate its out-
put at certain desired values of the input. On the other hand,
the main goal of parametric regression often is the estimation
of parameter values because of their intrinsic meaning. In this
paper a weight decay with regularization learning algorithm is
employed and the interest is focused on single-layer networks
with functions which are fixed in position and size. Thus the ex-
pensive nonlinear gradient descent algorithms (such as the con-
jugate gradient and variable metric methods) that are employed
in explicitly nonlinear networks, is avoided. Also using linear
algebra makes analysis easier and computations quicker.

The proposed method has been applied to security classifica-
tion of the Greek mainland system with increased wind power
penetration in a critical area. The voltage level in the area is used
to classify security. For the verification of the method experi-
ments have been performed using independent input load and
wind data produced with a random procedure and the classifica-
tion of each testing sample has been compared with the one of
the corresponding stored testing sample.

II. RADIAL BASIS FUNCTIONS NETWORKS

Radial functions are a special class of function. Their char-
acteristic feature is that their response decreases (or increases)
monotonically with distance from a central point. The centre,
the distance scale, and the precise shape of the radial function
are parameters of the model, all fixed if it is linear.

The most general formula for any RBF is

h(x) = φ
(

(x − c)T R−1(x − c)
)

, (1)

where φ is the function used, c is the centre and R is the metric.
The term (x− c)T R−1(x− c) is the distance between the input
vector x and the centre c in the metric defined by R. There
are several types of functions used, for example, the Gaussian,
φ(z) = exp−z, the multiquadric, φ(z) = (1+ z)1/2, the inverse
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Fig. 1. The traditional RBFN.

multiquadric, φ(z) = (1 + z)−1/2 and the Cauchy φ(z) = (1 +
z)−1.

Often the metric is Euclidean. In this case R = r2I for some
scalar radius r and where I is unity diagonal. If Gaussian is used
then (1) simplifies to transfer function,

h(x) = exp

(

−
(x − c)T (x − c)

r2

)

. (2)

Its parameters are its centre c and its radius r and monotonically
decreases with distance from the centre.

Radial functions could be employed in any sort of model (lin-
ear or nonlinear) and any sort of neural network (single-layer or
multi-layer). However, RBFNs have traditionally been associ-
ated with radial functions in a single-layer network such as the
one shown in the Fig. 1. Each of d components of the input
vector x feeds forward to M basis functions whose outputs are
linearly combined with weights wj , j = 1 . . .M into the net-
work output f(x), as,

f(x) =

M
∑

j=1

ωjhj(x), (3)

and the free variables are the weights ω. The model f is ex-
pressed as a linear combination of a set of M fixed functions h
which are often called basis functions.

The flexibility of f , its ability to fit many different functions,
derives only from the freedom to choose different values for the
weights. The basis functions and any parameters which they
might contain are fixed. If this is not the case, that is, the basis
functions can change during the learning process or if there are
more than one hidden layer, then the model is nonlinear.

Linear models are simpler to analyze mathematically. In
particular, if supervised learning problems are solved by least
squares then it is possible to derive and solve a set of equa-
tions for the optimal weight values implied by the training set.
The same does not apply for nonlinear models, such as multi-
layer perceptrons, which require iterative numerical procedures
for their optimization.

A. Least Squares and the Optimal Weight Vector (Learning Pro-
cess)

When applied to supervised learning with linear models the
least squares principle leads to a particularly easy optimization
problem. Since the applied model is like (3) and the training
set is (xi, yi), i = 1, . . . , N , then the least squares recipe is to
minimize the sum-squared-error,

S =
N

∑

i=1

(yi − f(xi))
2 , (4)

with respect to the weights of the model.
If a weight penalty term is added to the sum-squared-error, as

is the case with ridge regression, then the following cost function
is minimized [16],

C =

N
∑

i=1

(yi − f(xi))
2
+

M
∑

j=1

λjω
2

j , (5)

where the λj , j = 1 . . .M are non-negative regularization pa-
rameters.

For the optimization of the j-th weight, the differential of the
cost function (5) is carried out, that is,

ϑC

ϑωj
= 2

N
∑

i=1

(f(xi) − yi)
ϑf

ϑωj
(xi) + 2λjωj . (6)

Substituting the derivative of the model (3), ϑf
ϑωj

(xi) =

hj(xi), into (6) and equating the result to zero leads to,

N
∑

i=1

f(xi)hj(xi) + λjωj =

N
∑

i=1

yihj(xi). (7)

There are M such equations, for 1 ≤ j ≤ M , each repre-
senting one constraint on the solution. Since there are exactly as
many constraints as there are unknowns the system of equations
has, except under certain pathological conditions, a unique so-
lution. To find that unique solution linear algebra is employed.
The equation (7) can be rewritten in vector notation as follows,

hT
j f + λjwj = hT

j y. (8)

Since there is one of these equations (8) for each value of j =
1, . . . , M , can be formed them in matrix form,

HT f + Λw = HT y, (9)

where,

Λ = diag
[

λ1 λ2 · · · λM

]

, (10)

and where H , which is called the design matrix, has the vectors
hj , j = 1, . . . , M as its columns, H = [h1h2 . . . hM ], and has
N rows, one for each pattern in the training set.

The vector f can be decomposed into the product of two
terms, the design matrix and the weight vector, since each of its
components is a dot-product between two M -dimensional vec-
tors. For example, the i-th component of f when the weights w
are at their optimal values is,

fi = f(xi) =

M
∑

j=1

hj(xi)ωj (11)
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and in the matrix form, f = Hw
Finally, substituting this expression for f into (9) gives,

HT y = HT f +Λw = HT Hw+Λw =
(

HT H + Λ
)

w, (12)

and the solution to which is,

w =
(

HT H + Λ
)

−1

HT y. (13)

The equation (13) is the most general form of the normal
equation and is called local ridge regression. There are two spe-
cial cases. In standard ridge regression λj = λ, 1 ≤ j ≤ M ,
that is,

ω =
(

HT H + λIM

)

−1

HT y, (14)

and ordinary least squares, where there is no weight penalty,
and is obtained by setting all regularization parameters λ to zero,
that is,

w =
(

HT H
)

−1

HT y. (15)

The linear equations (13,14,15) can all be written more con-
veniently as the matrix equation,

Aw = HT y, (16)

where H (design matrix), is orthogonal of dimensions N × M ,
the variance matrix, A−1, is

A−1 =
(

HT H + Λ
)

−1

, (17)

the matrix Λ is determined of (10) and y = [y1y2 . . . yN ]
T is

the vector of training set outputs. The solution is the so-called
normal equation,

w = A−1HT y, (18)

and w = [ω1ω2 . . . ωM ]
T , is the vector of weights which mini-

mizes the cost function (5).

B. Maximum Likelihood and the EM Algorithm

It has been seen that the model estimated by a linear neural
network from noisy samples (xi, yi), i = 1, . . . , N can be writ-
ten as (3), where the hj , j = 1, . . . , M are fixed basis functions
and ωj , j = 1, . . . , M are the unknown weights which must be
estimated. The vector of residual errors between model and data
is, e = y−Hw, where H is the design matrix and has elements
Hij = hj(xi). In a Bayesian approach to analyzing the esti-
mation process, the a priori probability of the weights w can be
modelled as a Gaussian of variance ς2,

p(w) ∝ ς−M exp

(

−
wT w

2ς2

)

. (19)

The conditional probability of the data y given the weights w
can also be modeled as a Gaussian, with variance σ2, to account
for the noise included in the outputs of the training set, yi, i =
1, . . . , N ,

p(y|w) ∝ σ−N exp

(

−
eT e

2σ2

)

. (20)

The joint probability of data and weights is the product of
p(w) with p(y|w) and can be represented as an equivalent cost

function by taking logarithms, multiplying by -2 and dropping
constant terms to obtain,

E(y, w) = N ln σ2 + M ln ς2 +
eT e

σ2
+

wT w

ς2
. (21)

The conditional probability of the weights w given the data
y is found using Bayes rule, again involves the product of (19)
and (20) and is another Gaussian,

p(w|y) ∝ p(y|w)p(w) ∝ |W |−1/2 exp

(

−
1

2
(w − ŵ)T W−1(w − ŵ)

)

,

(22)
where ŵ = A−1HT y, W = σ2A−1, A = HT H + λIm,
and λ = σ2

ς2 is the regularization parameter.
Finally, the marginal likelihood (probability) of the data is,

p(y) =

∫

p(y|w)p(w)dw ∝ σ−p|P |1/2 exp

(

−
yT Py

2σ2

)

,

(23)
where P = Ip − HA−1HT , is the projection matrix.

Note that there is an equivalent cost function for p(y) which
is obtained in the same way as (21), that is,

E(y) = N ln σ2 − ln |P | +
yT Py

σ2
. (24)

The key elements in these criteria are the projection matrix
P and the effective number of parameters γ in the network. In
ridge regression the projection matrix P is not exactly a projec-
tion and the effective number of parameters is not equal to M ,
the number of weights. To be as general as possible will be used
ridge versions for both the projection matrix and the effective
number of parameters. However, the ordinary least squares ver-
sions of the selection criteria can always be obtained simply by
setting all the regularization parameters to zero and remember-
ing that the P is idempotent (P 2 = P ).

The Expectation-Maximization (EM) algorithm [17],[18]
performs maximum likelihood estimation for problems in which
some of the variables are unobserved and estimates the parame-
ters of a model iteratively, starting from some initial guess. Each
iteration consists of an expectation (E) step which finds the dis-
tribution for the unobserved variables and a maximization (M)
step which re-estimates the parameters of the model to be those
with the maximum likelihood for the observed and missing data
combined.

In the E-step, the expectation of the conditional probability
of the missing data (22) is taken and substituted, in the M-step,
into the joint probability of the combined data, or its equivalent
cost function (21), which is then optimized with respect to the
model parameters σ2 and ς2. These two steps are guaranteed to
increase the marginal probability of the observed data and when
iterated convergence to a local maximum.

Detailed analysis [16] results in a pair of re-estimation for-
mula for the parameters σ2 and ς2,

σ2 =
eT e + γσ2

N
, (25)

ς2 =
wT w + (M − γ)ς2

M
, (26)

15th PSCC, Liege, 22-26 August 2005 Session 33, Paper 4, Page 3



4

where e = y−Hw and γ = M−λtraceA−1. Initial guesses are
substituted into the right hand sides which produce new guesses.
The process is repeated until a local minimum of (24) is reached.

C. Optimizing the Parameters of RBFs

Another key parameter is the size of the RBFs. This section
describes a simple scheme to find an overall scale size for the
RBFs in a network. This method chooses the best overall size
for the RBFs from a number of trial values which is rendered
tractable by the efficient optimization of λ.

In a linear model as (3) with fixed basis functions hj and
weights ωj , j = 1, . . . , M , the model complexity can be con-
trolled by the addition of a penalty term to the sum of squared
errors over the training set, (xi, yi), i = 1, . . . , N . When the
combined error,

E =
N

∑

i=1

(yi − f(xi))
2 + λ

M
∑

j=1

ω2

j , (27)

is optimized, large components in the weight vector w are in-
hibited. This kind of penalty is known as ridge regression or
weight-decay and the parameter λ, which controls the amount
of penalty, is known as the regularization parameter. While the
nominal number of free parameters is M (the weights), the ef-
fective number is less, due to the penalty term, and is given by
γ = M − λtraceA−1, where A = HT H + λIm, and H is the
design matrix with elements Hij = hj(xi). The expression for
γ is monotonic in λ so model complexity can be decreased (or
increased) by raising (or lowering) the value of λ.

The parameter λ has a Bayesian interpretation. It is the ratio
of σ2, the noise corrupting the training set outputs, to ς2, the a
priori variance of the weights. If the value of λ is known then
the optimal weight vector is, w = A−1HT y. However, neither
σ2 nor ς2 may be available in a practical situation so it is usually
necessary to establish an effective value for λ in parallel with
optimizing the weights. This may be done with model selection
criterion (MSC) such as GCV or MML and in particular with
one or more re-estimation formula [16] as,

λ =
η

N − γ

eT e

wT A−1w
, (28)

where e = y − Hw and η = trace
(

A−1 − λA−2
)

.
An initial guess for λ is used to evaluate the right hand side of

the above formula which produces a new guess. The resulting
sequence of re-estimated values converge to a local minimum.
Each iteration requires the inversion of M × M matrix A and
therefore costs of order M 3 floating points operation.

The optimization of λ by iteration of the re-estimation for-
mula is burdened by the necessity of having to compute an ex-
pensive matrix inverse every iteration. However, by a reformu-
lation of the individual terms of the equation using the eigen-
values and eigenvectors of HHT it is possible to perform most
of the work during the first iteration and reuse the results for
subsequent ones. Thus the amount of computation required to
complete an optimization which takes q steps to converge is re-
duced by almost a factor of 1/q. Unfortunately, the technique
only works for a single global regularization parameter, not for

multiple parameters applying to different groups of weights or
to individual weights.

For Gaussian radial functions of fixed width r and transfer
functions of the hidden units as (2), there is no re-estimation
formula for r, as there is for λ, even in this simple case where
the same scale is used for each RBF and each component of the
input. To properly optimize the value of r would thus require
the use of a nonlinear optimization algorithm and would have
to incorporate the optimization of λ (since the optimal value of
λ changes as r changes). An alternative is to test a number of
trial values for r. For each value r an optimal λ is calculated
by using (28) and the model selection score noted. When all the
values have been checked, the one associated with the lowest
score wins.

Suppose the eigenvalues µi and eigenvectors ui, i =
1, . . . , N of HHT and that the projections of y onto the eigen-
vectors are ỹi = yT ui. Then, as shown in [16], the four terms
involved in the re-estimation formula (28) are,

η =

N
∑

i=1

λ

µi + λ
, (29)

N − γ =

N
∑

i=1

µi

(µi + λ)2
, (30)

eT e =

N
∑

i=1

µiỹ
2

i

(µi + λ)3
, (31)

wT A−1w =

N
∑

i=1

λ2ỹ2

i

(µi + λ)2
, (32)

If λ is re-estimated by computing (29-32), instead of explic-
itly calculating the inverse in (28), then the computational cost
of each iteration is only of order N , instead of M 3. The over-
head of initially calculating the eigensystem, which is of order
N3, has to be taken into account but is only performed once. For
problems in which N is not much bigger than M this represents
a significant saving in computation time and makes it feasible to
optimize multiple guesses for the initial value of λ to decrease
the chances of getting caught in a local minimum.

III. APPLICATION SYSTEM

The study case system is the model of the Greek mainland
system projected to 2005. It comprises steam turbines, which
produce the base load and almost 70% of the annual energy,
hydro turbines which are used for peak load and frequency reg-
ulation and two new combined cycle units. The system is in-
terconnected with the rest Balkan system with two 400 kV syn-
chronous interconnections. There is also a new DC intercon-
nection with Italy which connects the system directly to the Eu-
ropean one. The peak load is about 9000 MW (summer 2002),
while the off-peak about 3500 MW. The model includes the gen-
eration and transmission system up to 20 kV buses. The total
number of buses, including the buses of the external system, is
1023, the number of branches (lines and transformers) 1296 and
the generation units, some of which represent a group of gener-
ators, 115 in peak load and 86 in off-peak load.
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Fig. 2. Area voltage of data set.

Wind power to be installed in 2005 in the mainland system
is estimated to about 1170 MW. In some areas the transmission
system is not able to absorb the wind power, which is the case
for the north-east of the system (area of Thrace). As a result
in case of large wind power penetration it is possible that secu-
rity problems appear due to low voltages caused from the large
power production in the area. In this case, it is possibly required
to reduce the production of one combined cycle unit in order to
reduce the total production of the area.

IV. CREATION OF THE KNOWLEDGE BASE

The knowledge base is obtained from a large number of off-
line dynamic simulations that define a data set. This data set is
randomly partitioned in two sub-sets, a learning set and a test-
ing set. The learning set is required to extract the knowledge
needed to derive classification. It consists of a large number of
operating points, covering all possible states of the under study
system, in order to ensure its representativity. Each operation
point is characterized by a vector of pre-disturbance steady-state
variables, called attributes, that can be either directly measured
(power, voltages, etc.) or indirectly calculated quantities (wind
penetration, spinning reserve, etc.). The quality of the selected
attributes and the representativity of the learning set are very im-
portant for the successful implementation of the classification.

For the creation of the data set a number of 6500 initial oper-
ating points are obtained by varying randomly the load for each
bus in the area, the wind power produced by each park and the
production of the combined cycle unit. Loads and wind powers
are varying between 0.7 and 1.0 of their nominal values, while
the combined cycle power is varying between its technical min-
imum and its technical maximum. For the study the system is
considered to be in off-peak operation where the wind power
effects are more severe. The state of the rest system does not
change as it does not influence significantly the situation in the
Thrace area. The simulated disturbance is a 15% increase of
wind power in a time period of 1 minute. As the combined cy-
cle unit can not react quickly this power is exported from the
region. This increase of exported power can lead the voltage to

TABLE I

TWO-CLASS PARTITION FOR RBF.

Knowledge Base Learning Set Test Set

6500 3500 3000

Two-class Partition for RBF

class A (secure) 3100 2336

class B (insecure) 400 664

dangerously low levels due to the low transfer capacity of the
transmission lines in the area. At the end of the simulation the
voltage level in the buses of the area is recorded. It is desired
that all voltages are over a security threshold which has be taken
0.9 of nominal voltage, otherwise the system operation is con-
sidered unsatisfactory. The 0.9 p.u. voltage threshold has been
set taking into account the under-voltage protections of the wind
turbines which are usually set to 0.8-0.85 p.u., so voltages be-
low 0.9 can easily lead to loss of large amount of wind power
production even for a small disturbance.

Training is performed by random selection of the learning set,
while the test set (I) is the rest of the data set. In this way, the
learning rate is checked and the capability of the method to clas-
sify correctly unforeseen states can be evaluated on a more ob-
jective basis.

V. RESULTS

In testing the design matrix Ht of data that is used for pre-
diction is found first. In sequence the output of RBFN, Ypred =
Htω is computed and this is compared to real output.

Initially 9 attributes were selected as candidate attributes. En-
gineering judgement was used to select the attributes directly
relevant to the voltage variations of the system. There are
2 attributes for the wind parks productions, which have been
grouped according to their geographical location, 5 attributes for
the active and reactive power of the total area and the sub-areas,
one attribute for the production of the combined cycle unit and
one attribute which is the total production minus the total load.
This is the power that is exported from the area and is a very
significant index for the security assessment.

By applying Principal Component Analysis (PCA) [19] the
9 attributes of learning set are reduced to 4 columns and the
performance of the method is significantly increased.

The type of RBF is Gaussian with exp equal to 2 and bias
equal to 1. The limits are between 0 and 10 for the distance
scale r and for λ between 0 and 1. The scale found equal to 0.5
and λ equal to 0.0125.

The false alarms rate is defined as the ratio of the secure OPs
that are classified as insecure to the secure OPs, while the missed
alarms rate is defined as the ratio of the insecure OPs that are
classified as secure to the total number of insecure OPs.

Table II shows the results of the two-class classification of
the 3000 new test samples by RBF. From the evaluation values
we find if the test sample belongs to secure or insecure state,
accordingly to the specified criteria.

The maximum absolute error of the above comparison was
22.15 KV. The mse for the testing set is equal to 29.45 and the
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TABLE II

EVALUATION OF TWO-CLASS CLASSIFICATION PERFORMANCE.

Classification of Test Set by RBF

For LS=3500 class A class B

Samples of class A(2336) 2176 160

Samples of class B(664) 34 634

Classification Performance Evaluation

Success Rate 93.53% (2806/3000)

False Alarms 6.85% (160/2336)

Missed Alarms 5.12% (34/664)
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Fig. 3. Comparison of the estimated output variable to corresponding real values
for the voltage value for RBF with regularization.

Fig. 4. Frequency of abslolute voltage error for RBF with regularization.

TABLE III

EVALUATION OF TWO-CLASS CLASSIFICATION PERFORMANCE.

Classification of Test Set by RBF with λ = 0

For LS=3500 class A class B

Samples of class A(2336) 2197 139

Samples of class B(664) 624 40

Classification Performance Evaluation

Success Rate 94.03% (2821/3000)

False Alarms 5.95% (139/2336)

Missed Alarms 6.02% (40/664)
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Fig. 5. Comparison of the estimated output variable to corresponding real values
for the voltage value for RBF with λ = 0.

Fig. 6. Frequency of abslolute voltage error for RBF with λ = 0.
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sumsquareerror is equal to 572.43.
For the same conditions and for λ = 0 (standart ridge regres-

sion) the obtained results are shown in the Table III and Fig. 5.
The mse for the testing set is equal to 33.75 and the absolute
maximum error is equal to 27.06. The sumsquareerror is equal
to 654.78.

For the RBFs with regularization the results of the compari-
son of the estimated output variable to corresponding real values
is represented in Fig. 3 and the frequency of the absolute voltage
error in Fig. 4.

From Fig. 3 and Fig. 5, it is observed, that the absolute max-
imum error for RBF with regularization is 18% lower than the
maximum error which is computed from the application of RBF
as standart ridge regression (λ = 0).

VI. CONCLUSIONS

Results from the application of the method on operating point
series from the Greek Mainland system show the accuracy and
versatility of the method, which are well compared to other
methods, which also use the learning data as batch.

The interest is focused on single-layer networks with func-
tions, which are fixed in position and size. Thus the expen-
sive nonlinear gradient descent algorithms (such as the conju-
gate gradient and variable metric methods) that are employed
in explicitly nonlinear networks, is avoided. Also using linear
algebra makes analysis easier and computations quicker.

Also, the performance for RBF with regularization is better
than the one from the application of RBF as standart ridge re-
gression, as expected from the theory of regularization.
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