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Chapter 1

Introduction

In this chapter, the context of the work, the problem addressed, and the solution that we
propose, are presented. The parallelism between our 2D and 3D work is highlighted. The
software tools that we used are listed. The main contributions of the thesis are introduced,
and the overview of the thesis is �nally presented.

1.1 Context and Issues
Neurosurgery is characterized by the delicate balance between surgical success and devas-
tating side e�ects. The central nervous system is indeed a highly organized parenchyma
that hosts a vast array of functional cellular networks. Local injuries that arise from un-
intentional surgical lesions often remain permanent and can be most debilitating. Thanks
to multiple technological improvements, the morbidity of neurosurgical interventions has
substantially decreased over the last decades. In particular, new modes of medical imaging
have radically improved the localization of pathological lesions and their characterization.

Medical imaging nowadays includes a wealth of di�erent techniques that can be combined
on a same patient and provide information on the nature, potential malignancy, and local-
ization of the lesion as well as on its repercussion on adjacent brain structures and their
apparent functions. X-ray based CT scanners are able to provide sub-millimeter images
of skull structures and brain vessels. Conventional Magnetic Resonance Imaging (MRI)
similarly provides high-de�nition anatomic maps of the patient's nervous system as well as
information on the nature and localization of abnormal structures. Functional MRI helps
locate critically relevant cortical areas that may be adjacent to the pathological condition
(e.g., motor areas, speech areas, etc.). Di�usion Tensor Imaging MRI (DTI) delineates the
white matter tracts and determines whether they are displaced or destroyed by in�ltrat-
ing masses. Di�usion MRI and Perfusion MRI help determine the degree of malignancy of
given lesions. Positron Emission Tomography (PET) provides metabolic insight into lesions
and adjacent brain activity, helping to target relevant portions of the lesion and/or spe-
ci�c areas of altered brain activity (e.g., epilepsy focus). Finally, Electroencephalography
(EEG) and Magneto-encephalography (MEG) provide additional information on cortical
activity and help prepare for tumor, functional, and epilepsy surgeries.

1



CHAPTER 1. INTRODUCTION 2

Image-Guided NeuroSurgery (IGNS) systems [21] (Fig. 1.1) help surgeons in two ways.
First, they make easier the planning of surgery; they bring into correspondence the preop-
erative multimodality 3D anatomo-functional images by rigid registration (involving trans-
lations, rotations, and scales). This correspondence helps surgeons to de�ne and relate the
boundaries of anatomical and functional structures, as well as to de�ne surgical targets and
trajectories. Second, IGNS systems allow one to relate together, in the operating room,
the preoperative images, the patient's head, and the positions of the surgeons' instruments.
Landmarks located on the patient's head, e.g. landmarks placed on the skin of the skull,
are pointed on the co-registered preoperative images and tracked in the operating room.
Then, a probe (or another instrument) is tracked in the operating room, and related to the
landmarks. The set of preoperative images and the probe are thus related, and the surgeon
can navigate with his probe simultaneously on preoperative images and in the patient's
head.

Figure 1.1: Image-guided neurosurgery systems help surgeons to relate preoperative images,
the patient's head, and probe (CHU of Liège, Liège, Belgium).

The localization accuracy of IGNS systems depends on several parameters. First, it de-
pends on the quality of the rigid registration between the preoperative images. This rigid
registration can be in�uenced by the potential distortions, and the voxel size of the preoper-
ative images. Second, the localization accuracy of IGNS systems depends on the accuracy
of landmark localization. For landmarks that are placed on the skin, localization error can
occur because the skin is soft, and, thus, can slightly move. Finally, the localization accu-
racy of IGNS systems depends on the quality of the probe tracking. The overall accuracy
of IGNS is estimated to be 1− 2 mm [54], under the assumption that the brain, shown in
the preoperative images, has the same shape in the operating room. One major limitation
of current IGNS systems is, however, their inability to adapt to changing conditions over
time, which would be critically useful for surgery in highly functional areas of the brain
and of deep-seated lesions. Skull-opening brain shift, brain retraction, cerebrospinal �uid
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(CSF) out�ow or suction, lesion resection, perfusion, and pharmacological manipulation
during surgery indeed all alter the 3D morphology of the brain structures [29,53,54,95] and
can rapidly lead to localization errors that are one order of magnitude larger than IGNS
accuracy [4, 21,54].

Extensive analyses of intraoperative brain deformations have been carried out [29,53,54,95].
They point out the di�culty to accurately foresee them, because potentially in�uenced by
a high number of parameters [20, 57]. Dickaus et al. [29] found, based on a series of pa-
tients, a shift of the brain surface of at least 20 mm, and shifts of the interhemisphere
�ssure and of the ventricles of about 6 mm and 7 mm, respectively. Hastreiter et al. [54]
evaluated the maximum displacement of the brain surface, the deep tumor boundary, and
the anatomical midline. One of their conclusions is that the shift of the brain surface
and the shift of the deep tumor boundary are uncorrelated. Hartkens et al. [53] studied
the location and the principal direction of the deformations, as well as the magnitude of
the deformations in relation to their distance to the brain surface. They found that the
principal direction of displacement does not always correspond with the direction of grav-
ity. Among [29, 53, 54, 95], only Nabavi et al. performed analyses based on more than
two time-point images [95]. Their cases contained at least four images acquired in the
operating room, the �rst acquired before the beginning of the operation, the second after
the opening of the dura, and the last two during and after resection. They concluded that,
before resection has taken place, the shift is mainly located at the brain surface, while
during resection, the shift spreads over subsurface brain structures. They also concluded
that both shifts, i.e. shifts of brain surface and of subsurface brain structures, evolve in a
dynamic process. They found a maximum of surface brain shift of 37.6± 14 mm (mean±
standard deviation), occurring for large lesions, and visible on the third acquired image.
They pointed out that intraoperative deformations can follow a reverse direction, conclud-
ing that it is impossible to describe these deformations based on two images only, acquired
before operation and after resection.

The localization errors of IGNS systems due to intraoperative brain deformations could
be reduced if one could acquire, throughout surgery, fresh images of the same modalities
and quality as the preoperative ones. However, these images are still major challenges.
Intraoperative images such as intraoperative MR (iMR) images are � with the exception
of a handful surgical facilities � usually acquired using low-�eld MRI scanners that pro-
vide lower resolution and contrast than their preoperative counterparts. In the rare places
that possess high-�eld intraoperative MRI scanners, the acquisition of intraoperative fMRI
or DTI images has been experimented [46, 99], but still remains rather time-consuming.
Finally, to this date, several useful imaging modalities, such as PET and possibly MEG,
cannot be acquired intraoperatively. It is thus important to be able to �bring over� the
high-quality preoperative multimodality 3D anatomo-functional images into the intraop-
erative con�guration of the brain [2, 58,125,141].

In most of the surgery centers, surgeons mentally estimate the intraoperative brain defor-
mations, and compensate for them when they navigate in the preoperative images, which
is a factor of inaccuracy and biases. In some surgery centers though, reduced-quality in-
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traoperative images are acquired at several critical times during surgery, in order to track
the tissue deformation during surgery. These reduced-quality intraoperative images are
then added to the IGNS system, which performs a rigid registration between them and
the set of co-registered preoperative images. Although this rigid registration brings the
preoperative images into the coordinate system of the intraoperative images, it does not
allow the preoperative images to compensate for the intraoperative brain deformations.
Surgeons still have to mentally deform the set of co-registered preoperative images, al-
though the task is made easier because they have an image of the brain deformed. At
the present time, IGNS systems still miss the capability of bringing into correspondence
the set of co-registered preoperative images and the successive intraoperative images by
nonrigid registration (involving non-uniform, local deformations). This nonrigid registra-
tion would evaluate the intraoperative brain deformation, and preoperative images would
then be successively updated (i.e. deformed) in accordance with the intraoperative brain
deformations [60, 98]. Surgeons would then navigate in the preoperative images that are
updated, and, thus, with a better localization accuracy.

To be useful to surgeons, the update of preoperative images must be achieved in a rea-
sonable time, i.e. within minutes. Two important unknowns for the implementation of
preoperative image update are the number, and the time-points when the intraoperative
images should be acquired. In fact, serial intraoperative images should be acquired as of-
ten as possible, having in mind that there is a trade-o� between the importance of having
updated preoperative images at one time-point for accuracy guidance, the time required
for acquisition of intraoperative images, the time required to compute the nonrigid regis-
tration and the warping of preoperative images, and, �nally, the time between successive
acquisitions of intraoperative images. Indeed, the intraoperative images should be acquired
su�ciently often to ensure that the brain deformation can be captured with the required
accuracy [60].

Another unknown for the implementation of preoperative image update is the type of
intraoperative images that should be used. Various intraoperative sensors have been in-
vestigated for correctly capturing intraoperative deformations in one or more local regions.
These intraoperative sensors can be divided into two categories. The �rst one gives the
shape of the exposed brain after craniotomy, hence providing a way to evaluate surface
brain shift. A pointer device, such as an IGNS probe or the focal point of a tracked surgi-
cal microscope [21], provides a selection of points, while a laser range scanner [4, 81], or a
stereo-vision device [102,113,114,124], provide surface information (a cloud of 3D points).
Note that the intraoperative data provided by this �rst category of devices strongly de-
pends on the size of the craniotomy, which should be kept as small as possible. The second
category of intraoperative sensors encompass tomographic sensors such as those produc-
ing iCT (intraoperative CT), iUS (intraoperative Ultrasound), and iMR (intraoperative
(structural) MR). Although iCT has been used to validate the modeling of animal brain
deformations [72,78,103], it has the drawback of showing a low soft tissue contrast, and of
being harmful when used repeatedly [54]. It is thus not considered for human subjects.
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iUS, used in [12, 18, 21, 48, 70, 72, 104, 109, 127], is the subject of an increasing amount
of research. It has limited distortion, is relatively low cost, requires neither a dedicated
intraoperative device nor a special operating room, and is easily transportable [21]. How-
ever, iUS images have low soft tissue contrast [103], and can thus be di�cult to interpret.
iUS images cannot include the full volume of the brain, and, thus, only show sub-regions
of it [72]. Only a few anatomical landmarks are visible in iUS images, and they gener-
ally become less visible as surgery progresses [103]. Some anatomical features, like tumor
boundaries, may be di�cult to match to homologous features in other modalities, typically
preoperative MR [21]. Preoperative US would facilitate the estimation of deformations in
order to compare images of same modality, but it is generally not available since preoper-
ative US images cannot be acquired through the skull [103]. In addition, US acquisition
requires tissue contact, which may induce additional deformations [124]. Nevertheless, iUS
images acquired at several crucial times has been proven to be capable of providing defor-
mation about deep structures and a good resection cavity delineation [18,70,127].

In comparison, iMR, used in [2, 3, 17, 40, 41, 62, 63, 110, 125, 128, 139, 142, 146], has high
soft tissue contrast and imaging parameters can be adjusted to enhance features that are
of speci�c interest [54]. iMR thus appears to be the best intraoperative modality for brain
structural imaging. However, iMR acquisition time is generally longer. iMR scanners are
also expensive, and, for some of them, the operating room and the instruments also have
to be MR-compatible, increasing their cost.

Finally, several of these techniques can also be combined together. A pointer device and
iUS can be combined to increase the number of homologous points used in their nonrigid
registration method [21]. Surface data quickly bring additional information regarding in-
traoperative deformations, but could also help to assess the need for tomographic data,
e.g. in the case of a large shift of the brain surface that has likely occurred in combination
with deeper brain deformations [60,139].

1.2 Speci�c Problem Addressed and Proposed Solution
The problem addressed is the improvement of the accuracy of IGNS systems by updating
the preoperative images with intraoperative brain deformations. These intraoperative brain
deformations should be evaluated using a nonrigid registration of intraoperative images.
Nonrigid registration techniques can be broadly divided into two categories: intensity-based
registration and physics-based registration [23, 51, 55, 73]. However, a mix of these tech-
niques is sometimes used [23, 51, 55, 73]. In the intensity-based approach, the registration
algorithm attempts to match the intensities of all voxels in the two images to register (in
case the two images are of the same modality). This is done without any regard to the laws
of physics that mechanically constrain the way physical points can move from one image
to the next. By contrast, the physics-based approach imposes these constraints. However,
the physics-based models require to be driven either by forces or by displacements. Only
displacements are considered in most cases, including here. These displacements (or forces)
may involve all the voxels in an image or only a discrete set of landmarks. Considering the
case of landmarks, one needs to select them and then estimate their displacements from
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one image to the next. These displacements drive the biomechanical model, which provides
a volume displacement �eld throughout the object of interest. The advantage is that we
get a physically-plausible displacement at the points where we do not have landmarks. In
the case of an intensity-based approach, all voxels (or a large proportion of them) can be
considered as landmarks, and the comparison of intensities leads to proposed matches of
voxels between the two images to register.

The solution that we propose is the development of a global framework for updating pre-
operative images that can handle any type of brain deformation. The solution is based
on the development of a physics-based nonrigid registration of intraoperative images. We
limit ourselves to 0.5 Tesla iMR images, as shown in Fig. 1.2, because these images pro-
vide tomographic information, and not surface information only, are of good quality in
comparison to other intraoperative modalities, such as iUS, and include the totality of the
brain in the �eld of view of the scanner. An advantage of using these images is that they
could be considered as a gold standard, and that they will help us to determine what in-
traoperative information is important to use. These images could also be used to evaluate
di�erent registration techniques, and, in the future, to validate results with other sparser
intraoperative data, such as iUS. The iMR images that we use have been acquired with the
0.5 Tesla intraoperative GE Signa scanner of the Brigham and Women's Hospital, Boston,
USA. This scanner allows the surgeon to operate on the patient lying, attached, inside the
scanner throughout the operation (Fig. 1.3).

Figure 1.2: Illustration of 0.5 Tesla intraoperative MR image. (a) Axial view. (b) Sagittal
view. (c) Coronal view.

A nonrigid registration technique based on a biomechanical model generally works as follow.
Before the beginning of the operation, a biomechanical brain model speci�c to the patient
is built from preoperative images. The model consists of a 3D volume mesh and associated
constitutive laws. Then, a number of anatomical landmarks are extracted and tracked in
successive intraoperative images. Their displacement �elds are interpolated throughout the
entire brain using the biomechanical model, in accordance with the laws of solid mechan-
ics. The computation is typically based on the Finite Element Method (FEM). Once the
displacement �eld everywhere inside the brain has been computed, all preoperative images
can be deformed accordingly. The level of sophistication of the biomechanical model is
limited by the computing resources available. A more detailed model is likely to give �nal
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Figure 1.3: 0.5 Tesla intraoperative GE Signa scanner of the Brigham and Women's Hos-
pital, Boston, USA. The surgeon operates on the patient lying, during the surgery, inside
the scanner.

deformations that are more realistic. However, to be useful to surgeons, registration must
be achieved in a reasonable time, i.e. within minutes. For this reason, it is important to
determine what features of the model are worth an increase of the computational time. To
this date, most of the mechanical conditions of the brain cannot be accurately estimated
in the operating room, such as the volume of cerebrospinal �uid �owing out of the skull
cavity, or the forces applied by a retractor tool, although there has been an e�ort to create
a so-called �smart retractor� capable of measuring forces intraoperatively [5], and to study
the interaction between retractor and brain tissue for surgery simulation [52]. The fact that
an intraoperative image can provide the knowledge of the current state of the brain after
some deformation partly eliminates the need for a complete evaluation of these mechanical
conditions. The nonrigid registration technique replaces the mechanical conditions with
the landmark displacements evaluated from successive intraoperative images. A physics-
based technique has the advantage of easily taking into account any additional information
extracted from intraoperative images. It is also well adapted for use with modalities pro-
viding sparser data, e.g. iUS.

Using a nonrigid registration technique based on a biomechanical model, we have identi-
�ed three types of brain deformations that require speci�c modeling. Note that these three
deformations depend on common parameters, such as CSF suction, perfusion, or pharma-
cological manipulation. However, their modeling with a biomechanical model implies three
di�erent methods. The �rst deformation is the brain shift, which appears at the beginning
of surgery with the opening of the skull and dura (Fig. 1.4). The suction or leakage of
CSF generally cause such shift of the brain. It may also happen that the tumor growth
causes an increase of intracranial pressure with the consequence that the brain sometimes
bulges out of skull cavity after dura opening, because of the release of the pressure. Note
that in this work, we name �brain shift� the speci�c shift of the brain that occurs after the
opening of the skull and dura, before any other surgical act has happened. The brain also
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Figure 1.4: Illustration of brain shift deformation. (a) iMR image, acquired before the
opening of the skull and dura. (b) Subsequent iMR image, acquired after the opening of
the skull and dura, but prior to further surgical acts.

shifts with the two other deformations mentioned below. However, for these deformations,
we will consider that the shift is a part of these two deformations. The second deformation
is the resection, i.e. the removal, of lesion tissues (Fig. 1.5). The third deformation is the
retraction; when target tissues are located deep inside the brain, the surgeon incises brain
tissues and inserts a retractor to spread out the tissues, and to create a path towards the
target (Fig. 1.6). Both resection and retraction imply a cut of tissues. In addition, the
resection implies that part of tissues is removed. We can thus de�ne the three deforma-
tions in terms of the two elemental actions that change the topology of the brain: the
introduction of a discontinuity, and the removal of some tissues.

Figure 1.5: Illustration of resection deformation. (a) iMR image, acquired before the
opening of the skull and dura. (b) Subsequent iMR image, acquired after the opening of
the skull and dura, and after some resection.

Most studies of brain deformation based on biomechanical models have focused on brain
shifts, i.e. without taking explicitly into account any cut and subsequent deformation. The
reported accuracy for deformation prediction is about one voxel [41]. The goal of this work
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Figure 1.6: Illustration of retraction deformation. (a) Picture showing the insertion of
a retractor. (b) iMR image, acquired after the opening of the skull and dura, and after
retraction.

is thus to focus on subsequent deformations, namely resection and retraction. However, we
also want to develop a global framework, capable of handling the three types of deforma-
tions. We have thus started by developing a nonrigid registration technique for evaluating
brain shift deformation. We have taken advantage of this �rst type of deformation to eval-
uate our methods, and to decide what techniques and parameters are essential to include in
the nonrigid registration technique. We have then developed speci�c methods for resection
and retraction modeling. As mentioned above, FEM is typically used as the discretization
method to resolve the equations of solid mechanics. In case of a topological change of
the biomechanical model, due to a discontinuity such as a cut of tissues for resection and
retraction, FEM would have to be used in conjunction with methods of mesh adaptation
or remeshing, since FEM alone cannot handle discontinuities. Alternatively, the eXtended
Finite Element Method (XFEM or X-FEM), which appeared in 1999 in the �eld of fracture
mechanics [91], was designed to handle discontinuities for crack propagation in mechanical
parts. Using XFEM in the context of IGNS systems augmented by intraoperative imaging
is what we proposed in [134�137].

1.3 2D vs. 3D
Our strategy has been to start our investigation in the simpler setting of 2D. This allowed
us to identify the techniques to be used, to quickly achieve �rst-cut results, to gain con�-
dence in the soundness of the methods, and to gain a �rst feel for the complexity of the
numerical implementation of the methods proposed. With our �rst tools and results in
hand, we then moved to the bigger challenge of 3D.

Going to 3D did not �simply� consist in translating each 2D algorithm and experiment
in 3D. Some 2D algorithms were directly generalized to 3D. For some others, minor mod-
i�cations were made in the transition to 3D. For the remaining algorithms, a completely
di�erent approach was taken. After developing our complete chain of algorithms, we did
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not always go back to 2D to re�ect the changes we made in the transition to 3D. There-
fore, there is not a full parallelism between the 2D and 3D algorithms. When an algorithm
exist both in 2D and 3D, perhaps in slightly di�erent versions, the 3D version should be
considered to be the most advanced and the reference (unless otherwise stated). Although
there is no perfect correspondence between the works made in 2D and in 3D, our baseline
system, and some of the methods implemented are common to them. We thus made the
choice of presenting our work directly in 3D, while the di�erence with the work made in
2D is mentioned, or explained, when judged pertinent. All details related to our 2D work
can be found in [132,134�137].

1.4 Software Tools
In 2D, the methods related to image processing are implemented in Matlab. FEM and
XFEM are also implemented in Matlab. XFEM has been subsequently developed in C++
and added as a module to the FEM-software tool Metafor1 developed in our mechanical-
engineering department. The images are segmented with 3D Slicer2. The brain images
are meshed using the meshing software Distmesh3 [105].

In 3D, the methods are implemented in C++. Parts of the methods related to image
processing are implemented using algorithms provided by open source, freely available
softwares, such as the Visualization ToolKit (VTK)4 and the Insight ToolKit
(ITK)5, which both consist of a C++ class library. For computing the deformation of the
biomechanical model, based on FEM or XFEM, we use Metafor, which we have devel-
oped a 3D XFEM module to, guided by the implementation of the 2D one. The images
are segmented with 3D Slicer. The brain images are meshed using the meshing softwares
Isosurf6 [126], Gmsh7 [47], Simmetrix8, and our own routines.

1.5 Personal Contributions
The main contributions of the thesis are the following:

• The design of a global framework for serial preoperative image update, using a
physics-based nonrigid registration technique, capable of handling deformations due
to brain shift, cut, resection, and retraction;

• The development and the practical implementation of this global framework in linear
formulation for small deformations;

1http://metafor.ltas.ulg.ac.be/
2http://www.slicer.org/
3http://www-math.mit.edu/~persson/mesh/
4http://www.vtk.org/
5http://www.itk.org/
6http://svr-www.eng.cam.ac.uk/~gmt11/software/isosurf/isosurf.html
7http://www.geuz.org/gmsh/
8http://www.simmetrix.com/
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• The original application of XFEM in image-guided neurosurgery, and more broadly,
in medical imaging;

• The critical study of the methods integrated in our nonrigid registration technique
and their impacts on the results, in particular the critical evaluation of the surface
landmark tracking from iMR images;

• The validation of our global framework on several patient cases and a critical analysis
thereof in order to bring out a best-practice end-to-end system for use in the operating
room.

1.6 Overview of the Thesis
The structure of the thesis is as follows:

In Chapter 2, we introduce our general framework for updating preoperative images.
We present the general processing steps required to perform serial updating of preopera-
tive images, using a nonrigid registration technique based on a biomechanical model. We
detail the common methods used for modeling brain shift, resection, and retraction, based
on a pair of successive iMR images.

In Chapter 3, we introduce the relevant equations of solid mechanics that govern solid
deformations. We then particularize these equations to a formulation dedicated to small
deformations, i.e. the linear formulation. We �nally introduce the basic principles of FEM
and XFEM, which are the two discretization methods used to compute the deformation of
the biomechanical model.

In Chapter 4, we model the brain deformation that occurs just after the opening of
the skull and dura, before any cut and subsequent deformation have happened. This is
referred to as the brain shift. We present our baseline system, discuss some important
issues, and then propose some improvements. The improved system serves as a reference
one for modeling resection and retraction in Chaps. 5 and 6.

In Chapter 5, we model the brain deformation due to three successive resections, using
the improved system presented in Chap. 4. The three successive resections are modeled
separately, because they require di�erent types of processing. In particular, their model-
ing di�er by the use of FEM or XFEM, depending upon whether some brain tissues were
previously resected or not.

In Chapter 6, we model the brain deformation due to retraction. We �rst discuss 2D
retraction modeling, where crack-tip functions are used, or not, to enrich the nodes whose
supports contain the tip of the discontinuity. We then present the 3D retraction modeling,
using the improved system presented in Chap. 4.
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In Chapter 7, we summarize the solutions and the corresponding methods developed
for improving the accuracy of current IGNS systems. We detail the lessons learned from
the di�erent brain deformation modelings and validation thereof. We list our publications,
with their key contributions. Finally, we describe future work that is called for improving
the current capabilities of our system as well as for developing new ones.



Chapter 2

Nonrigid Image Registration Based on a
Biomechanical Model

In this chapter, we introduce our general framework for updating preoperative images. We
present the general processing steps required to perform serial updating of preoperative im-
ages, using a nonrigid registration technique based on a biomechanical model. We detail
the common methods used for modeling brain shift, resection, and retraction, based on a
pair of successive iMR images.

2.1 Introduction
The complexity of nonrigid registration techniques based on a biomechanical model varies
according to the level of detail of the topological description of the brain, the type of con-
stitutive laws, and the methods used to evaluate the deformation of the brain from the
intraoperative images [20,64,139].

Various anatomical structures, explicitly meshed and/or simply modeled by di�erent con-
stitutive laws, can be included in the biomechanical model. The �rst brain models consisted
in a single isotropic structure, thus with a single constitutive law. Subsequent models con-
sidered subparts, such as the ventricles [17] and the tumor [41]. The brain was also modeled
as an anisotropic material due to the �ber structures in the white matter [63]. The falx
cerebri [13] and the pia matter were taken into account [145]. Di�erent behaviors for gray
matter, white matter, and CSF were used [110, 128]. The contact between brain tissue
and skull was also modeled [113, 146]. The simplest constitutive law is the linear elastic
law [17, 41]. The brain shift was also modeled using a hyperviscoelastic law [87, 146], or a
poroelastic law [72, 78, 103, 111]. The coupling of �uid and elastic models was also stud-
ied [49].

The quantity and the location of information on brain deformation that is extracted
from the intraoperative images obviously depend on the intraoperative sensors. As ex-
plained in Chap. 1, the �rst category of intraoperative sensors gives the shape of the
exposed brain after craniotomy, such as a IGNS probe [21], a laser range scanner [4, 81],
or a stereo-vision device [102, 115, 124]. The second category of intraoperative sensors

13
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encompasses tomographic imagers, such as those producing iUS images [12, 72, 104] and
iMR images [2, 3, 17, 41, 62, 63, 110, 139, 146]. These tomographic modalities allow one to
drive the deformation of the biomechanical model with the displacement �elds of inter-
nal surfaces, such as of the surface of the ventricles [41, 70] and of the surface of the
tumor [70,129,130,132,133]. Because of their quality, iMR images can also provide sparse
volume displacement �elds, interpolated to the whole-brain volume with the biomechanical
model [2, 17, 110].

Most of these studies on brain deformation based on biomechanical models have focused
on shifts (meaning that the topology of the brain is not modi�ed), i.e. without taking
explicitly into account any cut and subsequent deformation. A review of these studies can
be found in [20,64,139], while some of them are further detailed in Chap. 4. The reported
accuracy for deformation prediction is about one voxel [41]. The situation becomes more
complex when the surgeon performs cuts, retractions, or resections, the last two necessarily
involving a cut. The main di�culty associated with a cut is the discontinuity it implies in
the tissues. Indeed, FEM cannot handle discontinuities directly and requires one to realign
the discontinuity with element boundaries based on mesh adaptation or remeshing tech-
niques that provide, from a initial mesh, a new mesh which conforms to the discontinuity.

Extensive work has been performed in the domain of surgical simulation on the prob-
lem of cutting through a �nite element (FE) mesh, and the methods can be divided into
two main classes that respect, or not, the representation of the cut. The �rst and simplest
class of methods avoids any mesh adaptation or remeshing, and consists in deleting the
FEs touched by the cutting tool [22, 106]. These methods have the advantage of avoid-
ing the creation of any new element, but they model the cut with some �nite thickness,
as if some tissues were removed even though this is not actually the case. The second
class of methods is based on subdivision and mesh adaption techniques. In subdivision
techniques [10, 45, 94, 96, 101], all FEs intersected by the cut are divided into subelements
to create FE boundaries matching the cut, while ensuring that the new FEs have good
aspect ratios. In mesh adaptation techniques, the idea is to relocate existing nodes to
cling as best as possible to the cut geometry [6, 76, 97]. The mesh can then possibly be
relaxed [112] to avoid large distortions. Finally, hybrid methods have been developed that
combine subdivision and mesh adaptation to minimize the creation of new FEs [117].

The �eld of fracture mechanics has been confronted with an equivalent problem for the
study of the growth and propagation of cracks in mechanical parts. Three main methods
have been investigated to avoid the drawbacks of using FEM in conjunction with mesh
adaptation or remeshing [35]. The �rst method is the boundary element method (BEM),
which is based on the discretization of only the object surface(s) [143]. A biomechanical
model based on BEM has been used to study deformation due to brain shift only, i.e. with-
out any tissue discontinuity [36], and used to simulate minimally-invasive surgery involving
cutting [75]. The second method includes the meshless techniques [8,30,33]. In FEM, the
object is represented by a volume mesh. The nodes interact because they are connected via
the elements. In meshless techniques, the object is represented by a set of non-connected
nodes that interact because their domains of in�uence overlap. Meshless techniques have
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been used to develop surgical simulation tools [25, 26, 56, 68, 118], and to model the often-
signi�cant deformations of a biomechanical model of the beating heart [69]. The third
method, called the eXtended Finite Element Method (XFEM or X-FEM), appeared in
1999 [91], and has been the subject of considerable research since then [1]. XFEM works
by allowing the displacement �eld to be discontinuous within some FEs of the mesh. First,
a mesh of FEs is built without taking the crack into account. Then, based upon the precise
geometry of the crack, new degrees of freedom (DOFs) with associated discontinuous func-
tions are added to some of the existing nodes, allowing a discontinuity in displacement at
all points along the crack, this without any remeshing. The mesh does not have to conform
to the crack, which can then be located arbitrarily with respect to the underlying FE mesh.

Because XFEM allows an accurate representation of the discontinuities while avoiding
mesh adaption or remeshing, and because of the similarity between cracks in mechani-
cal parts and cuts in tissues, we proposed in [134�137] to use XFEM for handling cut,
retraction, and resection in the updating of preoperative images, as well as for surgical
simulation, and more generally, for medical imaging.

2.2 Strategy for Serial Preoperative Image Update
The block diagram of Fig. 2.1 shows our global approach for updating preoperative images
using successive iMR images acquired at di�erent critical points during surgery. Although
the principles of the approach are quite general, they are tailored for a use based on images
acquired with a 0.5 Tesla intraoperative GE Signa scanner, which guarantees that the full
volume of brain tissues is included in the image �eld of view. In our present strategy, the
preoperative images are updated incrementally. At the end of each update, the preopera-
tive images should be in the best possible alignment with the last iMR image acquired.

Prior to surgery, a patient-speci�c biomechanical model is built from the set of preopera-
tive images. Because the patient does not necessarily lie in the same position during the
acquisition of each of the preoperative images, one may need to perform a rigid registration
(involving translations, rotations, and scales) to bring these images into correspondence,
assuming, in �rst approximation, there is no local, i.e. non-uniform, brain deformation be-
tween preoperative images. As indicated in Fig. 2.1, we assume here that the preoperative
images have been registered beforehand.

Once the 1st iMR image has been acquired, we can start the update of the preopera-
tive images. (Note that in the following, when an iMR image is de�ned by a number,
this number is the index of the iMR image in the series for a speci�c patient case. The
1st iMR image thus corresponds to the very �rst iMR image of the series.) Ideally, the
1st iMR image is acquired prior to the opening of the skull. In the present situation, it is
assumed that the patient's brain imaged in the 1st iMR image has the same physical shape
as the brain imaged in the preoperative images. The set of registered preoperative images
and the biomechanical model are registered to the 1st iMR image via a rigid transformation.

As each iMR image is acquired, this new image and the preceding one are used to estimate
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Figure 2.1: Block diagram of our serial preoperative image-update system dealing with
successive brain deformations for a linear formulation. Inputs are in green, and outputs
are in red.

the deformation of the brain. The update of the preoperative images is done incrementally
with each new pair of successive iMR images. For each pair, we proceed as follows. A
set of common anatomical landmarks are tracked between the two iMR images. Their
displacement �elds are used in conjunction with the biomechanical model to infer the in-
cremental displacement �eld of the entire brain. The resulting displacement �eld of the
biomechanical model is used to warp the set of preoperative images in their current state
of updating. This process is repeated with each new acquisition of an iMR image. Note
that, for each deformation modeling, the biomechanical model is deformed in accordance
with the landmark displacements tracked between the pair of successive iMR images under
consideration. Because intraoperative deformation can follow a reverse direction [95], it is
important to track the landmarks between the next-to-last and the last acquired iMR im-
ages, rather than track the landmarks between the �rst and the last acquired iMR images.

For the patient cases treated in the next chapters, we assume that the brain undergoes
relatively small deformations (small strains and small displacements), and we use a lin-
ear formulation to compute the deformation of the biomechanical model (Sect. 3.2.2). A
comparison in the case of brain shift modeling between the results obtained with a linear
and a nonlinear formulation is given Sect. 4.3.3, and shows that for this speci�c deforma-
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tion, a linear formulation can be used. However, the assumption of small deformations has
not been tested for the other deformations, which sometimes involve larger displacements.
Anyway, we make the assumption of small deformations, knowing that in the future, a
nonlinear formulation should be implemented for the surgery cases involving large defor-
mations of the brain. A consequence of using a linear formulation is that the equations
of solid mechanics are solved based on the initial con�guration of the solid (Sect. 3.2.2).
Therefore, if a process of deformation is modeled as a succession of deformations, e.g. brain
deformation composed of shift followed by successive resections, and that the successive
deformations are all treated with a linear formulation as a result of the assumption of small
(incremental) deformations, each of these successive deformations can be formulated with
respect to the very initial con�guration of the solid, rather than with respect to the de-
formed con�guration of the previous deformation. The current con�guration of the brain
biomechanical model, after a speci�c deformation can then be recovered by adding the
computed volume displacements for all successive incremental deformations.

Because we use a linear formulation (and, thus, the incremental volume displacement �elds
can be added to recover the current con�guration of the biomechanical model), we could
theoretically obtain an identical deformed con�guration of the biomechanical model using
the two following approaches. The �rst one would consist in computing, and adding the
successive incremental deformations of the biomechanical model based on the landmarks
tracked between the next-to-last and the last acquired iMR images. The second approach
would consist in computing directly the deformed con�guration of the biomechanical model
based on the landmarks tracked between the �rst and the last acquired iMR images. How-
ever, the landmarks selected to drive the deformation of the biomechanical model vary
depending on the type of deformation, namely brain shift or resection. In addition, part
of the biomechanical model is �cut�, using XFEM, to model resection. Consequently, we
would not get an identical deformed con�guration of the biomechanical model by these two
approaches. In order to use a maximum of information from the iMR images, we track,
as explained for the �rst approach, the landmarks between the next-to-last and the last
acquired iMR images.

The problem of updating preoperative images between more than two critical points during
surgery, i.e. based on more than two iMR images, is addressed in only a small number
of studies. In our previous work [129, 132�134], and in [41], the biomechanical model was
successively deformed, and this was done using a linear formulation. The framework pro-
posed here, where the initial biomechanical model is always used, instead of using it in
its successive states of deformation, has the important advantage of using a good quality
mesh for each deformation modeling rather than using a mesh whose quality progressively
deteriorates with each successive deformation modeling, and which would require remesh-
ing or mesh adaptation for getting back good FE quality. Another advantage of using the
initial biomechanical model for each deformation modeling appears speci�cally in resection
modeling (Sect. 5.5). When the initial biomechanical model is always used, the disconti-
nuities modeled with XFEM for each new resection are always de�ned on the initial mesh.
When the biomechanical model, in its current state of update, is used, the discontinuities
modeled with XFEM for each new resection (except for the 1st resection) are de�ned on a
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mesh already deformed with XFEM. However, it is not possible to start an XFEM calcu-
lation with a mesh already deformed with XFEM because it does not handle FEs that are
already cut. (It is in the principle of XFEM itself that a FE mesh is initially built, and,
only subsequently, that additional XFEM DOFs are added to some of the existing nodes.)
The mesh, already deformed with XFEM, has thus to be reconnected to be composed of
�classical� FEs, i.e. with continuous edges. This limitation of our previous work is detailed
in Sect. 5.5. Finally, and importantly, this new approach using the initial con�guration of
the biomechanical model for each new update in a linear formulation for small deformations
can elegantly be extended to a nonlinear formulation for large deformations, in particular
in a total-Lagrangian formulation, for which computations are based on the initial con�g-
uration of the biomechanical model [9, 31, 67,88].

To summarize, for each deformation, the landmarks are tracked between the two successive
iMR images under consideration. Because we use a linear formulation, the displacement
�elds of these landmarks are applied to the initial, rather than current, con�guration of the
biomechanical model. The resulting volume displacement �eld corresponds to the deforma-
tion that the brain undergoes between the two iMR images. This volume displacement �eld
is used to deform the preoperative images in their current state of update, i.e. registered
(at the previous step, if any) to the �rst iMR image of the pair. After the deformation, the
preoperative images are thus in as good as possible registration to the second iMR image
of the pair.

2.3 Description of Baseline System
The three block diagrams of Fig. 2.2 show a detailed view of the di�erent steps to perform
in order to update the preoperative images between two iMR images.

The block diagram of Fig. 2.2(a) shows the building of the biomechanical model from the
preoperative images. Speci�c regions from the preoperative images are segmented, meshed,
and assigned appropriate constitutive laws.

The block diagram of Fig. 2.2(b) shows, for any pair of successive iMR images, a de-
tailed view of the calculation of the volume displacement �eld of the initial biomechanical
model that corresponds to the deformation that has occurred between the acquisition time
of these images. The iMR images are �rst rigidly registered to one of the iMR image of
the series, which is chosen as a reference image, such that the iMR images are brought
into correspondence in the coordinate space of this reference image. If the deformation
to model implies a tissue discontinuity (the case of several discontinuities is discussed in
Sect. 3.4.2), this discontinuity must be de�ned from the iMR images, in order to enrich
nodes of the biomechanical model with XFEM DOFs. A set of common anatomical land-
marks are segmented in each image of the pair, and then matched. In our approach, we
use as landmarks the surfaces of key brain structures. The use of surface structures rather
than volume structures [17] seems more appropriate given the reduced-quality of typi-
cal intraoperative images, and would be more easily adapted to intraoperative modalities
other than iMR, such as iUS. The landmark surface displacement �elds resulting from the
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Figure 2.2: Detailed block diagram of the three subsystems of our serial preoperative image-
update system. (a) Building of the biomechanical model from the preoperative images.
(b) Calculation of the volume displacement �eld of the initial biomechanical model using
the displacement �elds of surface landmarks tracked between a pair of successive iMR
images. (c) Warpings of the preoperative images, the 1st iMR image of the series, and the
�rst iMR image of the pair. The updated iMR images are used for validation. For each
subsystem, inputs are in green, outputs are in red, and steps related to the de�nition and
use of a discontinuity are in blue.



CHAPTER 2. NONRIGID IMAGE REGISTRATION 20

matching are �nally applied to the initial biomechanical model (after registration to the
reference iMR image), which is deformed using FEM or XFEM, depending on the type of
deformation occurring between the acquisition times of the iMR images in the pair under
consideration, namely brain shift, resection, or retraction.

The block diagram of Fig. 2.2(c) shows the update of the preoperative images, which
is performed by warping the preoperative images based on the volume displacement �eld
resulting from the deformation of the biomechanical model (as computed above). In order
to validate our deformation modeling, we also update the 1st iMR image of the series, as
well as the �rst iMR image of the pair used to estimate the deformation, and we compare
each of them to the second iMR image of the pair.

In the remainder of this work, and in contrast to the approach just presented, we use
the 1st iMR image as a substitute for the preoperative images. Indeed, for the patient
cases treated in Chaps. 4, 5, and 6, the preoperative images were not available. (Note
that, in Fig. 2.2, even though we use the 1st iMR image as a substitute for the preoper-
ative images, we still show where the preoperative images would normally be used.) The
biomechanical model is thus built based on structures visible in the 1st iMR image, instead
of in the preoperative images, and the structures used in the model are limited to the ones
visible in the intraoperative image. The 1st iMR image is also updated instead of the pre-
operative images. Except for the rigid registration between the preoperative images, the
biomechanical model, and the 1st iMR image, this approach allows us to discuss, illustrate,
and test all key aspects of the system. It also allows us to focus on the main issue of
this work, i.e. the estimation and handling of 3D deformations. Even though the issues
involved in the update of preoperative images will need to be addressed in a operational
image update system, the present strategy of deforming the iMR images remains useful for
calibration purpose, even in the operating room.

The following sections describe the di�erent steps that are implied in the building of the
biomechanical model, the calculation of the volume displacement �eld corresponding to a
pair of successive iMR images, the warping of the preoperative images, and the validation
thereof.

2.3.1 Rigid Registration of Intraoperative Images
All along surgery, the patient is lying inside the 0.5 Tesla intraoperative GE Signa scanner.
Although the patient's head is �xed, one cannot totally rule out the possibility of slight
head motion. In addition, the brain can also globally move (in a rigid way) inside the
skull cavity after the opening of the skull and dura, and as a result of surgical acts. iMR
images thus have to be rigidly co-registered to take into account this potential rigid motion.

Among the iMR images of the series, we need to choose a reference image used to de-
�ne the coordinate space, which all other iMR images will be brought in. A �rst possible
approach is to use the 1st iMR image, while a second possible approach is to use the last
iMR image acquired. We opt for the �rst approach because, as explained in Sect. 2.2, we
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use the initial biomechanical model, i.e. the one built from the 1st iMR image, for each
deformation modeling. Consequently, by using the 1st iMR image as the reference image,
we avoid to start each deformation modeling by rigidly registering the initial biomechanical
model to the reference iMR image. Note that using the second approach only implies this
additional rigid registration of the biomechanical model. The rigid registration that we
use is the point-based landmark transform available in VTK. The corresponding landmark
points are manually selected in the successive iMR images.

2.3.2 Segmentation of Intraoperative Images
The segmentation of iMR images into speci�c regions, e.g. healthy-brain and tumor re-
gions, is necessary for both the building of the biomechanical model (Fig. 2.2(a)) and for the
capture of intraoperative deformation between two iMR images (Fig. 2.2(b)). The segmen-
tation of these regions is �rst performed manually using 3D Slicer (Figs. 2.3(a)-2.3(b)).
Then, for regions whose boundaries are used as surface landmarks, these segmentations are
smoothed. As will be explained in Sect. 2.3.5, the estimation of surface landmark displace-
ment �elds is computed with an active surface algorithm [61]. For each region of interest,
this algorithm works as follows. A surface mesh is built from the boundary of the region
segmented out from the �rst image. Then, this surface mesh is deformed to cling as best
as possible to the boundary of the same region segmented out from the second image. To
correctly capture the surface displacement �eld between the two iMR images, the initial
active surface must cling as best as possible to the region boundary segmented out from
the �rst segmented image, i.e. the region boundary from which it is built. However, in
practice, the surface may not cling that well to the boundary because of the roughness of
the manual segmentation and the fact that the surface mesh resolution is generally poorer
than the image resolution. This can be illustrated by using as the target the region bound-
ary from which the active surface is built. As shown in Fig. 2.3(c), we get a non-zero
displacement �eld of the active surface, even though one should theoretically get a value
of zero. We thus smooth the segmented regions in order to minimize the dependance of
the active surface algorithm on segmentation roughness and surface mesh resolution. We
perform this smoothing by building a surface mesh of each region segmented manually (in
each iMR image), and by subsequently �lling all voxels that fall inside the surface mesh
with the numerical label of the segmented region (Fig. 2.3(d)). To evaluate our smoothing,
we test the active surface algorithm by using as the target the region boundary from which
the active surface is built, where the region has been smoothed. As shown in Fig. 2.3(e),
we still get a non-zero displacement �eld of the active surface, but the magnitude of the
displacement �eld falls under the minimum voxel size of the image, i.e. 0.9375 mm (voxel
size is 0.9375× 0.9375× 2.5 mm), which represents the accuracy to reach.

It is clear that performing a manual segmentation in the operating room is not accept-
able, and that this process needs to be automated as completely as possible to test the
feasibility of our framework on-line. However, while there exist sophisticated segmentation
algorithms that could be used [28, 74, 140], in particular for extracting the whole-brain
region, the segmentation of the tumor region is still challenging.
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Figure 2.3: Segmentation of the whole-brain region from the intraoperative images; this
region corresponds to the whole object with the skull and external cerebrospinal �uid
masked out. (a) Original �rst iMR image (only one particular slice is shown). Its voxel
size is 0.9375×0.9375×2.5 mm. (b)Whole-brain region, segmented out manually from (a)
using 3D Slicer. (c) Result of the active surface algorithm using the whole-brain region
segmented out from the �rst segmented image, and deformed on the same region. The
resulting displacement �eld magnitude is nonzero because the initial surface mesh, before
deformation, does not cling well to the region boundary. (d) Region of (b) following
smoothing performed to minimize e�ect shown in (c), i.e. the fact that we get a nonzero
displacement �eld magnitude. (e) Ditto for (c) using the smoothed region (d). The
resulting displacement �eld magnitude falls under the minimum voxel size, i.e. 0.9375 mm.

2.3.3 Building of the Biomechanical Model
We made the choice of updating the preoperative images with a nonrigid registration tech-
nique that aims to physically model (and constrain) the deformation of the brain. This
implies the building of a biomechanical model in order to interpolate (i.e. propagate),
at every point of the brain, the landmark displacement �elds based on the laws of solid
mechanics. We also made the choice of solving the equations of the solid mechanics with
FEM or XFEM. These methods require the discretization of the solid, e.g. the brain, into
a mesh composed of FEs. In our work, the biomechanical model thus consists of a volume
mesh, whose complexity depends on the number of meshed structures that compose it, and
constitutive laws associated with it, typically one speci�c law associated to each structure.
In order to allow the automation of the meshing, we select triangle and tetrahedron FEs.

Most of the meshers used in the mechanical-engineering community work with a Computer-
Aided-Design (CAD)-based representation of the object geometry, which is thus de�ned
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in terms of ideal geometric elements such as lines, arcs, planes, splines, etc. In our ap-
plication, the object to mesh is de�ned as a segmented region from an image, which thus
requires speci�c techniques [37, 93].

The building of the biomechanical model is presented in detail in Chap. 4, which deals
with the modeling of brain shift. As explained in Chap. 1, we took advantage of this type
of deformation to choose and evaluate many of the methods ultimately used for all types
of deformations. We thus used the modeling of the brain shift to evaluate our meshing
techniques, as well as the structures to mesh and the number and types of constitutive
laws to use.

2.3.4 De�nition of Tissue Discontinuity
For modeling resection or retraction, one needs to de�ne a tissue discontinuity in the biome-
chanical model. This tissue discontinuity is represented by a surface in a segmented image,
such as the boundary of a segmented region. We thus need to �nd a way of transposing
this image-based representation of the discontinuity into a representation that allows one to
determine the nodes of the biomechanical model to enrich with XFEM DOFs. In practice,
we compute the intersections of the boundary of a segmented region with the volume mesh.

For this purpose, we �rst compute a distance map of the segmented surface. We then
use the �lter VTKCutter available in VTK, which allows one to compute the intersections
of a volume mesh with an implicit function, such as a distance map. This �lter produces
as output a triangle surface mesh that describes the segmented surface. Based on this
surface mesh, it is easy to determine the nodes that have to be enriched with XFEM DOFs
(Chap. 3).

2.3.5 Evaluation of Surface Landmark Displacement Fields
For each deformation modeling, we use, as surface landmarks, the boundaries of the regions
segmented out from the successive iMR images. We also use another type of landmarks,
i.e. the �lips� of the cut, but for the modeling of retraction speci�cally. The computation
of the displacement �eld of this landmark is detailed in Chap. 6.

To evaluate the surface deformations of region boundaries between two iMR images, we
use an active surface algorithm [61]. Active surfaces belong to the realm of deformable
models. These are surfaces (curves in 2D), de�ned in the domain of an image, that deform
under the in�uence of internal and external forces. The internal forces constrain the shape
of the surface, by de�ning its elasticity for instance, while the external forces attract the
surface towards a desired feature in the image. There are two categories of deformable
models. The parametric deformable models, i.e. active surfaces, also called active contours
or snakes in 2D, de�ne the surface through a parametric representation. The geometric
deformable models, also called level-sets, de�ne the surface as a level-set of a function of a
higher dimension. In this work, we use parametric deformable models, where the surface
is de�ned by Xs = X(s), s = (s, r) : s, r ε [0, 1]. The goal is to �nd the surface Xs that



CHAPTER 2. NONRIGID IMAGE REGISTRATION 24

veri�es
Fint(Xs) + Fext(Xs) = 0, (2.1)

where Fint and Fext correspond to the internal and external forces respectively. Fint con-
strains the shape of the surface, and can be expressed as

Fint(Xs) =
∂

∂s
(α

∂Xs

∂s
)− ∂2

∂s2
(β

∂2Xs

∂s2
), (2.2)

where the �rst term on the right-hand side is related to the elasticity of the surface, and the
second term to its bending moments. For β = 0, the surface becomes an elastic membrane.
Fext attracts the surface towards a desired feature. For example, for a surface attracted
by the boundary of an object in an image, Fext is de�ned such that the active surface is
attracted towards regions of high gradients of the image, which correspond to the edges of
the image.

To �nd a solution to (2.1), the surface is made a function of a pseudo-time, i.e.
Xs,t = X(s, t). Solving (2.1) becomes equivalent to solving

γ
∂Xs,t

∂t
= Fint(Xs,t) + Fext(Xs,t), (2.3)

where the left-hand term vanishes when Xs,t has reached steady-state. γ is used only to
make the dimensionality of both sides of (2.3) the same. Equation (2.3) can be solved
numerically by having recourse to a discretization method such as FEM (Chap. 3), where
the surface Xs is discretized with a mesh, and (2.3) is solved at the nodes of the mesh.
Further details on active surfaces and deformable models can be found in [19,61,147].

For our application, the goal is to compute a displacement �eld between the boundaries
of corresponding regions segmented out from two iMR images. An active surface, whose
shape is constrained by elasticity only, is initialized from the region boundary segmented
in the �rst iMR image of the pair, and then deformed iteratively under the in�uence of ex-
ternal forces computed from the corresponding region boundary in the second iMR image
of the pair. In our work, the external forces Fext(x), de�ned on the whole domain of the
second image, are computed as the gradient of the distance map of the region boundary
in this image [41], i.e.

Fext(x) = Smin∇D(x), (2.4)
where D(x) is the distance map of the region boundary in the second image, and Smin is
chosen to be +1 or −1 to ensure that the external forces attract the active surface towards
a position on the distance map with smaller distance value

Smin =

{
1 if D(x) > D(x +∇D(x))

−1 if D(x) < D(x +∇D(x)).
(2.5)

The external forces thus attract the active surface towards the region boundary in the
second segmented image. Further details on this speci�c active surface algorithm that we
use, implemented by M. Ferrant, can be found in [39].
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2.3.6 FEM- or XFEM-Based Deformation of the Biomechanical
Model

The displacement �elds of the surface landmarks are applied to the initial biomechanical
model, which deforms according to the laws of solid mechanics, and provides the displace-
ment of every point of the brain volume. One recalls that a linear formulation is used for
each brain deformation modeling. A linear elastic law is assigned to the biomechanical
model, as explained in Chap. 4. The equations of solid mechanics are solved using FEM or
XFEM, depending upon the type of circumstances, here brain shift, resection, or retrac-
tion. We use the FEM-software tool Metafor, which we have developed and added an
XFEM module to. The FEs that are used correspond respectively to linear triangles in 2D
and linear tetrahedra in 3D, as explained in Chap. 3. The initial stress state of the brain
is unknown and is thus set to zero for each FEM or XFEM computation [41,141].

2.3.7 Warping of Images and Validation
Using the volume displacement �eld resulting from the deformation of the biomechanical
model, we warp the preoperative images (or the 1st iMR image as a substitute) in their
current state of update. In order to evaluate the accuracy of our 3D nonrigid registration
technique, we warp the �rst iMR image of the pair under consideration, deformed with the
same volume displacement �eld, and we compare it to the second iMR image of the pair.
This allows us to compare images that are of same modality and quality, and thus, that
show the same anatomical features.

For each deformation modeling based on a pair (Ik, Ik+1) of two successive iMR images
that are already rigidly registered (Sect. 2.3.1), we compare the similarity between these
Ik and Ik+1 images, with the similarity between the Iw

k and Ik+1 images, where Iw
k is the

result of warping Ik. This gives us an estimate of how well we are able to capture, and
compensate for, the local deformations. The goal of the nonrigid registration is, however,
to deform the preoperative images. By warping Ik for each deformation modeling, we do
not take into account the fact that an error of alignment after each deformation modeling
could propagate and amplify through the successive deformation modelings. To evalu-
ate this e�ect on the results, we also perform the required succession of warpings on I1,
and we denote the resulting image by Iw

1,k. We then compare, for each deformation mod-
eling, the similarity between I1 and Ik+1, together with the similarity between Iw

1,k and Ik+1.

To qualitatively estimate the similarity between two images, we compare the edges ex-
tracted from these images using the Canny edge detector itkCannyEdgeDetectionImage-
Filter, available in ITK. This allows us to visually, and also locally, estimate the alignment
of the iMR images. To quantitatively estimate the similarity of the two edge maps, we
compute the modi�ed Hausdor� distance between the sets of edge points, i.e. voxels rep-
resenting the edges, in these two images. The modi�ed Hausdor� distance H(A,B) [32]
between two sets of points A and B is de�ned as
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H(A, B) = max(h(A,B), h(B,A)), (2.6)
where h(A,B) is the directed Hausdor� distance. The directed Hausdor� distance is a
measure of the distance of the point set A to the point set B, and is de�ned as

h(A,B) =
1

Na

∑
a∈A

d(a,B), (2.7)

where Na is the number of points in set A, and d(a,B) is the distance of point a ∈ A to the
closest point in B, i.e. d(a,B) = minb∈B ‖a− b‖, where ‖a− b‖ is the Euclidean distance.
The directed Hausdor� distance h(A,B) thus computes the average distance of points of A
to points of B. The averaging minimizes the e�ects of outlier points, e.g. due to image
noise. The value of the modi�ed Hausdor� distance H(A,B) increases with the amount of
di�erence between the two sets of edges points. In Chaps. 4, 5, and 6, we denote byH(Ia, Ib)
the modi�ed Hausdor� distance of the edges extracted from the whole-brain region of the
images Ia and Ib, i.e. with the skull and external cerebrospinal �uid masked out from them.

The advantage of using a criterion such as the modi�ed Hausdor� distance is that it
quanti�es (numerically) the alignment of the iMR images. However, the quanti�cation re-
mains global, and cannot re�ect that fact that some local regions could be better nonrigidly
registered than other ones. The qualitative and quantitative evaluations of the nonrigid
registration, based on the visual comparison of edges and the modi�ed Hausdor� distance,
are thus complementary.

2.4 Conclusions
In this chapter, we presented our global framework for updating preoperative images us-
ing a nonrigid registration technique based on a biomechanical model. We �rst explained
our strategy for serial preoperative image update. We then described the computation
steps used to update preoperative images based on a pair of successive iMR images. In
particular, we detailed the methods that are commonly used for modeling each type of
deformation, i.e. brain shift, resection, or retraction.

We stated and motivated several choices that are important for the following chapters.
We decided, for each deformation modeling, to deform the biomechanical model using a
linear formulation. We selected XFEM for modeling tissue discontinuities. We chose to
extract surface landmarks, rather than volume landmarks, from iMR images. We also se-
lected the active surface algorithm to estimate the displacement �eld of surface landmarks
that correspond to segmented region boundaries. Finally, we decided to qualitatively and
quantitatively validate our results using the Canny edges and the modi�ed Hausdor� dis-
tance, respectively.

Future work on our global framework could be performed in two main areas. First, our
global approach could be automated to a greater degree to be compatible with the time
requirement of the operating room. Among the speci�c methods used for modeling each
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type of deformation, we explained that the rigid registration, as well as the segmentation,
of the intraoperative images are performed manually. The reason is that, although e�cient
automatic algorithms exist, the selection of parameters for these algorithms is not always
easy. We thus decided to focus on the estimation of 3D deformations, although we are
aware that the logical next step of course is to replace the manual algorithms by automatic
ones, in order to test our framework in real-time in the operating room.

Second, our global approach could be tested on other patient cases with available pre-
operative images, such that it would no longer be based on the 1st iMR image used as a
substitute for them. This requires additional work to evaluate the rigid registration be-
tween the preoperative images themselves, as well as the rigid registration between the
preoperative images and the 1st iMR image. The biomechanical model would then be built
based on the preoperative images.



Chapter 3

Basic Principles of FEM and XFEM

In this chapter, we introduce the relevant equations of solid mechanics that govern solid
deformations. We then particularize these equations to a formulation dedicated to small
deformations, i.e. the linear formulation. We �nally introduce the basic principles of FEM
and XFEM, which are the two discretization methods selected to compute the deformation
of the biomechanical model.

3.1 Introduction
Both the Finite Element Method (FEM) and the eXtended Finite Element Method (XFEM)
are used to estimate the deformation of the biomechanical model. Therefore, we start by
introducing the equations of the solid mechanics that govern the deformation of solids;
this results in the principle of virtual work. When these equations are particularized to
a formulation dedicated to small deformations, known as the linear formulation, we show
that the displacement �eld that veri�es the principle of virtual work is the displacement
�eld that also minimizes the total potential energy of the solid [9, 11,148].

FEM allows one to solve this energy minimization by discretizing the solid into �nite
elements (FEs). The problem is solved at the nodes of the FEs, and then interpolated
to the whole solid using FEM nodal shape functions (NSFs). The minimization of energy
using FEM leads to a system of linear algebraic equations that is sparse and symmetric.
To take into account a geometrical discontinuity, e.g. due to cut, retraction, or resection,
FEM requires the mesh to conform to the discontinuity, and thus requires a technique
of remeshing or mesh adaptation to do so. This is the reason why we introduce XFEM,
which appeared in 1999 [91], and was initially developed in the �eld of fracture mechanics
to avoid using FEM in conjunction with mesh adaptation or remeshing [35]. XFEM allows
the displacement �eld to be discontinuous within some FEs of the mesh. First, a mesh
and associated NSFs are built without taking the discontinuity into account, as would be
done with FEM. Then, based upon the precise geometry of the discontinuity, auxiliary
XFEM NSFs are added to some of the existing nodes. The equations remain sparse and
symmetric, and their solution naturally provides a discontinuity in displacements at all
points along the discontinuity. The mesh does not have to conform to the discontinuity, so
that it can be arbitrarily located with respect to the underlying FE mesh.

28
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Di�erent XFEM NSFs have been developed for various speci�c types of discontinuities
to be modeled, e.g. cracks, holes, etc., and we present some of them that are of interest
for us. We also discuss another important property of XFEM that, in addition to taking
into account a discontinuity without remeshing or mesh adaptation, allows one to include
a priori knowledge about the solution into the displacement �eld solution of the problem.
We discuss some peculiarities of the XFEM implementation that we judge important to
be aware of. We �nish by discussing the choices that we made in relation to XFEM for
retraction and resection modeling.

In the following sections, the presentation is valid for both 2D and 3D, except when explic-
itly mentioned. Further details, in particular on solid mechanics and FEM, can be found
in [9, 11,148].

3.2 Solid Mechanics
In this section, we introduce the strong form and the weak form of the equations of solid
mechanics that govern solid deformations. We then particularize these equations to the
linear formulation.

3.2.1 General Formulation
Strong Form
Consider the set of points V ⊂ R3 describing the volume of the solid. Denote by S the
subset of V describing the surface of the solid. The volume and the area of the solid are
thus given by

V =

∫

V
dV, S =

∫

S
dS. (3.1)

For each point of V, the position vector in the initial con�guration (i.e. the reference
con�guration) is given by X = (X,Y, Z), while the position vector in the current (generally
deformed) con�guration is given by x = (x, y, z). The displacement �eld u = u(x) is given
by the di�erence between the current position and the initial position,

u = x−X. (3.2)

In the current con�guration, the vector of surface forces t = t(x) and the unit outward
normal n = n(x) are related by

σn = t, (3.3)
where σ = σ(x) is the Cauchy stress tensor. For a well-posed problem, boundary con-
ditions are prescribed on the boundary S of V. These boundary conditions are generally
assumed to be of two types: (1) Dirichlet boundary conditions, where displacements are
prescribed on a part Su of the surface S

u = ū on Su; (3.4)
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(2) Neumann boundary conditions, where surface forces are prescribed on a part St of the
surface S

t = t̄ on St. (3.5)
In (3.4) and (3.5), Su, and St are de�ned such that

Su ∪ St = S et Su ∩ St = ∅. (3.6)

For a quasi-static problem, the momentum conservation equation is given by

∇x.σ + b = 0 in V, (3.7)

where b = b(x) is the vector of volume forces.

Jointly solving (3.3), (3.4), (3.5), and (3.7) allows one to determine the deformed con-
�guration of the solid. Collectively, the equations (3.4) to (3.7) are called the strong form
of solid mechanics [9, 11,148].

Weak Form
In order to solve the strong form numerically, one can transform it into a weak form, which,
subsequently, allows one to discretize the problem with the FEM [9, 11, 148], as explained
in Sect. 3.3.

We use an approach that is kinematically admissible, which means that the main un-
knowns of the problem are the displacements. The kinematically-admissible displacements
are de�ned as the set of displacements that are continuous and piecewise continuously
di�erentiable, and that satisfy the displacement boundary conditions

u ∈ U where U =
{
u : u ∈ C0,u = ū on Su

}
. (3.8)

The weak form is characterized by the de�nition of test functions δu that are also contin-
uous and piecewise continuously di�erentiable, but that must vanish where displacement
boundary conditions are applied

δu ∈ U0 where U0 =
{
δu : δu ∈ C0, δu = 0 on Su

}
. (3.9)

The integration, in the current con�guration, of (3.7) multiplied by the test functions gives
∫

V
(∇x.σ).δu dV+

∫

V
b.δu dV = 0 ∀δu ∈ U0. (3.10)

Integration by parts of the �rst term gives
∫

V
(∇x.σ).δu dV =

∫

S
n.σδu dS−

∫

V
σ : ∇xδu dV. (3.11)

The joint use of (3.3), (3.5), and (3.9) gives
∫

S
n.σδu dS =

∫

St

t̄.δu dSt. (3.12)
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Finally, using (3.12) in (3.11) allows one to state the principle of virtual work

δWint = δWext, (3.13)

where δWint and δWext, are respectively the virtual internal work and virtual external
work, corresponding to the virtual variation of internal forces and to the virtual variation
of external forces,

δWint =

∫

V
σ : ∇xδu dV (3.14)

δWext =

∫

V
b.δu dV+

∫

St

t̄.δu dS. (3.15)

Collectively, Eqs. (3.13), (3.14), and (3.15) are called the weak form of solid mechanics.

3.2.2 Linear Formulation
The assumption behind the linear formulation is that the deformations, i.e. the strains
and the displacements, are small in comparison to the size of the solid. This enables the
e�ects of changes in the geometry con�guration of the solid to be ignored. Using a linear
formulation has several consequences. The �rst one is that the weak form can be stated
by integrating on the initial, rather than the deformed, con�guration of the solid,

∫

V
dV '

∫

V0

dV0, (3.16)

where V0 represents the initial con�guration of V. The second consequence of using a
linear formulation is that the gradient operator can also be stated in the initial, rather
than in the deformed, con�guration of the solid

∇x ' ∇X . (3.17)

In the general (as opposed to linear) formulation, there are several de�nitions of the strain,
e.g. the Green-Lagrange strain tensor which is de�ned as

E =
1

2
[(∇Xu)T + (∇Xu) + (∇Xu)T .∇Xu]. (3.18)

The third consequence of using a linear formulation is that the quadratic terms in the
strain tensor can be neglected. By additionally using (3.17), (3.18) becomes

E ' 1

2
((∇xu)T +∇xu) = ε, (3.19)

where ε is the in�nitesimal strain tensor.

In the general (as well as in the linear) formulation, an elastic constitutive law is char-
acterized by the fact that, if an elastic material deforms under stress, e.g. due to external
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forces, it returns to its original shape when the loading is removed. The fourth conse-
quence of using a linear formulation is that the elastic constitutive law can be linearized
and expressed by

σ = H : ε, (3.20)
where H is called the Hooke tensor. For an isotropic material, H depends on two param-
eters, i.e. the Young modulus E and the Poisson ratio ν.

Using (3.19) and the property of symmetry of σ, the virtual internal work (3.14) can
thus be expressed as

δWint =

∫

V0

σ : ∇x(δu) dV0 =

∫

V0

σ : δ(∇xu) dV0 =

∫

V0

σ : δε dV0. (3.21)

By substituting (3.21) in the principle of virtual work (3.13), and using (3.15), the principle
of virtual work becomes

∫

V0

σ : δε dV0 =

∫

V0

b.δu dV0 +

∫

S0t

t̄.δu dS0. (3.22)

By considering the test functions as variations of physical quantities such as displacements,
and by assuming b and t̄ are independent of u , (3.22) can be written as

δ(
1

2

∫

V0

σ : ε dV0) = δ(

∫

V0

b.u dV0) + δ(

∫

S0t

t̄.u dS0), (3.23)

where the left-hand term of (3.23) is deduced from the left-term of (3.22) as follows,
∫

V0

σ : δε dV0 =

∫

V0

(H : ε) : δε dV0 =
1

2
δ(

∫

V0

(H : ε) : ε dV0) =
1

2
δ(

∫

V0

σ : ε dV0).

(3.24)
Equation (3.23) can be written as

δ(
1

2

∫

V0

σ : ε dV0 −
∫

V0

b.u dV0 −
∫

S0t

t̄.u dS0) = 0, (3.25)

or
δ(E) = 0, (3.26)

with E, the total potential energy of the solid, given by

E =
1

2

∫

V0

σ : ε dV0 −
∫

V0

b.u dV0 −
∫

S0t

t̄.u dS0, (3.27)

It means that, in a linear formulation, the problem of �nding the displacement �eld that
veri�es the principle of virtual work is equivalent to �nding the displacement �eld that
minimizes the total potential energy of the solid. Further details on solid mechanics can
be found in [9, 11, 148]. We saw in Chap. 2 the interest of this linear formulation for our
application.
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3.3 Principles of FEM
The basic idea of FEM is to approximate the continuous domain of the solid with a discrete
domain. The solid thus possesses a �nite number of degrees of freedom (DOFs), and this
allows one to solve the minimization of the total potential energy of the solid.

3.3.1 FEM Displacement Field Approximation
FEM [148] discretizes the solid of interest into a mesh, i.e. into a set of FEs interconnected
by nodes, and approximates the displacement �eld u(x) by the FEM displacement �eld
uFEM(x) de�ned as

uFEM(x) =
∑
i∈I

ϕi(x)ui, (3.28)

where I is the set of nodes, the ϕi(x)'s are the NSFs, and the ui's are the nodal DOFs.
Each ϕi(x) is de�ned as being continuous on its compact support ωi, i.e. a bounded
domain where the function is zero outside the support, which corresponds to the union of
the domains of the FEs connected to node i, with the property

ϕi(xj) =

{
1 if i = j
0 if i 6= j

on ωi, (3.29)

where xj is the position of node j.

Evaluating the function uFEM(x) at the position location xi of some node i, we �nd
using (3.29)

uFEM(xi) =
N∑

i=1

ϕi(xi)ui = ui. (3.30)

This means that the FEM DOF ui represents the displacement of node i, and that the
FEM displacement �eld uFEM(x) interpolates the nodal displacements using the NSFs.

3.3.2 Choice of FEM Nodal Shape Functions
The NSF ϕi(x) can be de�ned more precisely on each FE of ωi. The NSF ϕe

i (x), de�ned
on the FE e, is such that

ϕe
i (x) =

{
1 on node xi

0 on nodes xj 6=i,j∈e.
(3.31)

For triangle FEs, we choose to use the linear NSF

ϕe
i (x) =

ae
i + be

ix + ce
iy

2Ae
, (3.32)

with
ae

i = xjym − xmyj

be
i = yj − ym

ce
i = xm − xj,

(3.33)
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where Ae is the area of the 2D element and (xi, yi) the coordinates of node i. Similarly,
for tetrahedron FEs, we choose to use the linear NSF

ϕe
i (x) =

ae
i + be

ix + ce
iy + de

iz

6V e
, (3.34)

with

ae
i = det




xj yj zj

xm ym zm

xp yp zp


 , be

i = −det




1 yj zj

1 ym zm

1 yp zp


 ,

ce
i = −det




xj 1 zj

xm 1 zm

xp 1 zp


 , de

i = −det




xj yj 1
xm ym 1
xp yp 1


 ,

(3.35)

where V e is the volume of the 3D element and (xi, yi, zi) the coordinates of node i .

3.3.3 Minimization of Energy
The goal is to �nd the displacement �eld that minimizes the total potential energy of the
solid. By expressing the strain (3.19) and stress (3.20) in terms of the FEM displacement
�eld (3.28), and by substituting them in (3.25), one gets the following system of linear
equations

Ku = f or
∑
i∈I

Kijui = fi i, j = 1, ..., n, (3.36)

where

Kij =

∫

V
BT

i HBj dV with Bi =




∂ϕi

∂x
0 0

0 ∂ϕi

∂y
0

0 0 ∂ϕi

∂z
∂ϕi

∂y
∂ϕi

∂x
0

0 ∂ϕi

∂z
∂ϕi

∂y
∂ϕi

∂z
0 ∂ϕi

∂x




, (3.37)

fi =

∫

V
bϕi dV+

∫

St

tϕi dS. (3.38)

In (3.36), u, K, and f are respectively called the nodal DOF vector, the sti�ness matrix,
and the nodal force vector.

The next step is to solve (3.36) for u. The displacement uFEM(x) of each point x of
the solid is �nally computed using (3.28). Note that, in (3.36), u is a vector of size 2× n
(in 2D) or 3 × n (in 3D), where n is the number of nodes, and each component of u is a
FEM DOF, while in (3.2), u is a vector of size 2 (in 2D) or 3 (in 3D), and corresponds to
the displacement at point x of the solid.
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3.3.4 Peculiarities of FEM Implementation
If the NSFs (3.32) in 2D, or (3.34) in 3D, are substituted in the expression (3.37) for the
sti�ness matrix, the integrand BT

i HBj becomes constant on each FE, and can be taken
out of the integral. The integral is then replaced by the area Ae in 2D, or the volume V e

in 3D, of the element. The determination of the sti�ness matrix (computed only once) for
triangles or tetrahedra with linear NSFs is thus greatly simpli�ed.

3.3.5 Discontinuity Modeling
The FEM NSFs (3.29) are de�ned as being continuous on their compact support. Conse-
quently, the FEM displacement �eld solution of (3.36) is continuous inside each FE. Fur-
thermore, the displacement at any node may take only one value. The typical approach
for handling a discontinuity in FEM is as follows. First, the volume mesh representing
the solid must be adapted to conform to the discontinuity, i.e. the boundaries of the FEs
must be aligned with discontinuity boundaries, with a technique of remeshing or mesh
adaptation. Second, the nodes lying on these boundaries must be duplicated.

3.4 Principles of XFEM
XFEM was developed to avoid using FEM in conjunction with mesh adaptation or remesh-
ing [35]. XFEM works by allowing the displacement �eld to be discontinuous within some
FEs of the mesh. The mesh does not have to conform to the discontinuities, so that these
can be arbitrarily located with respect to the underlying FE mesh [14,30,91,121,122].

3.4.1 XFEM Displacement Field Approximation
The XFEM displacement �eld generalizes the FEM displacement �eld (3.28) with

uXFEM(x) =
∑
i∈I

ϕi(x)ui +
∑
i∈J

ϕi(x)
nEi∑
j=1

gj(x)aji. (3.39)

The �rst term corresponds to the FEM displacement �eld (3.28), where I is the set of
nodes, the ϕi(x)'s are the FEM NSFs, and the ui's are the nodal FEM DOFs. The heart
of XFEM is the �enrichment� that adds a number, nEi , of DOFs aji to each node i of the
set J , which is the subset of nodes of I whose support is intersected by the discontinuity
of interest. These DOFs are multiplied by the NSFs ϕi(x) and the discontinuous functions
gj(x) [14, 30,91,121,122].

Evaluating the function uXFEM(x) at the position location xk of some node k that is
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enriched, i.e. for k ∈ J , we �nd

uXFEM(xk) =
∑
i∈I

ϕi(xk)ui +
∑
i∈J

ϕi(xk)
nEi∑
j=1

gj(xk)aji

= uk +
nEi∑
j=1

gj(xk)ajk.

(3.40)

Since the last sum is generally not zero, we have

uXFEM(xk) 6= uk. (3.41)

This means that, for nodes that are enriched, the FEM DOF uk does not represent the
displacement of node k, and that the XFEM displacement �eld uXFEM(x) does not inter-
polate the nodal displacements. This should be contrasted to the case of FEM, where the
FEM DOF uk represents the displacement of node k (3.30), and uFEM(x) interpolates the
nodal displacements. Equation (3.40) also implies that nodal displacements cannot be im-
posed by eliminating the DOFs uk, such as would be done with FEM, but must be applied
as a linear combination between several DOFs with, for instance, Lagrange multipliers for
nodes that are enriched [38].

3.4.2 Choice of XFEM Enrichment Functions
The use of speci�c XFEM enrichment functions gj(x) for a node i ∈ J depends on the type
of discontinuity, e.g. crack, hole, material interface, etc, to be modeled. This choice also
varies according to whether the support of the node is fully or partially intersected by the
discontinuity. Suppose that we want to model a crack, characterized by a discontinuity in
the displacement �eld (as opposed to a material interface for instance, characterized by a
discontinuity in the derivative of the displacement �eld). When the crack fully intersects
the support of the node, a simple choice is a piecewise-constant unit function that changes
sign at the boundary across the crack, i.e. the Heaviside function

H(x) =

{
1 for (x− x∗).en > 0

−1 for (x− x∗).en < 0,
(3.42)

where x is the position of a point of the solid, x∗ is the position of the point on the crack
that is the closest to x, and en is the outward normal to the crack at x∗, as shown in
Fig. 3.1 [30,91,122].

When the crack ends within a node support, using H(x) is not su�cient. A possible
additional enrichment relies on functions that incorporate the radial and angular behavior
of the asymptotic linear-elastic crack-tip (or crack-front in 3D) displacement �eld, which
is two-dimensional by nature, i.e.

{Fl(r, θ)}4
l=1 = {√rsin

θ

2
,
√

rcos
θ

2
,
√

rsin
θ

2
sin θ,

√
rcos

θ

2
sin θ}, (3.43)
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Figure 3.1: Parameters related to the XFEM enrichment Heaviside function. (a) 2D case.
(b) 3D case.

where r and θ are the local polar coordinates of the position of a point x measured,
in 2D, in the (es(xtip), en(xtip))-axes, as shown in Fig. 3.2(a) [30] or, in 3D, in the
(es1(xtip), en(xtip))-axes, as shown in Fig. 3.2(b) [121]. Note that the �rst function in (3.43),
i.e. √rsin θ

2
, is discontinuous across the crack. If we used H(x) instead of the crack-tip

functions Fl(x) = Fl(r, θ), l = 1, ..., 4, the crack would e�ectively be modeled as if it ex-
tended to the node support boundary, because H(x) does not contain any information on
crack-tip location. The functions Fl(r, θ) ensure that the crack terminates precisely at the
location of the crack tip [30,91,122].
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Figure 3.2: Parameters related to the XFEM enrichment crack-tip functions. (a) 2D case.
(b) 3D case.

Based on (3.39), (3.42), and (3.43), the XFEM displacement �eld for a single pair of one
crack and one crack tip is given by

uXFEM(x) =
∑
i∈J

ϕi(x)ui +
∑
j∈J

ϕj(x)H(x)aj +
∑

k∈K

ϕk(x)(
4∑

l=1

Fl(x)cl
k), (3.44)

where J now denotes the subset of nodes whose support are fully intersected by the crack
and K the subset of nodes whose support are partially intersected by the crack. The aj's
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and cl
k's are the new notations for the corresponding DOFs, and H(x) and Fl(x) are the

corresponding discontinuous functions. With Γc denoting the crack geometry, J and K
can be formally de�ned by

K = {k ε I : xc ε ωk} and J = {j ε I : ωj ∩ Γc 6= ∅, j /∈ K}, (3.45)

where xc is the position of the crack tip, ωk is the compact support of node k, and ωk its
closure. Equation (3.44) can easily be generalized to several pairs of cracks and crack tips.
Figure 3.3 illustrates the sets of enriched nodes for a 2D crack with one tip.

Figure 3.3: 2D XFEM enrichment for a single pair of one crack and one crack tip. Each
node enriched with Heaviside DOFs is represented by an open circle (set J), while each
node enriched with crack-tip DOFs is represented by a �lled square (set K).

As alluded above, other XFEM enrichment functions can be used, depending on the type
of discontinuity to be modeled. For a hole, rather than a crack, the hole function

V (x) =

{
1 for (x− x∗).en > 0
0 for (x− x∗).en < 0,

(3.46)

is used [120].

In case of a material interface, the derivative of the displacement �eld, and not the dis-
placement �eld itself, is discontinuous after deformation of the solid [120]. An enrichment
function that represents the distance function to the interface boundary presents such a
property [120].

For multiple-branched crack, i.e. for intersecting discontinuities, a junction function

J(x) =

{
HII(x) for HI(x) < 0
0 for HI(x) > 0,

(3.47)

where HI(x) and HII(x) are shown in Fig. 3.4, is required to enrich the nodes whose
support contain the intersections between discontinuities [24].



CHAPTER 3. BASIC PRINCIPLES OF FEM AND XFEM 39

Crack I

Crack II

-1 1

-1

1

-1

1

0

HI(x) HII(x) J(x)

Figure 3.4: De�nition of the XFEM enrichment junction function for multiple-branched
crack.

In Sects. 3.4.6 and 3.4.7, we describe how we use the Heaviside function and the crack-tip
functions as XFEM enrichment functions for modeling resection and retraction, while in
Sects. 3.4.6 and 3.5, we explain how we could bene�t from using the hole, distance, and
junction functions in future work.

3.4.3 Minimization of Energy
The goal is again to �nd the displacement �eld that minimizes the total potential energy
of the solid. In a way similar to FEM, by expressing the strain (3.19) and stress (3.20) in
terms of the XFEM displacement �eld (3.39), and substituting these expressions in (3.25),
one gets the following system of linear equations [121, 122], equivalent to FEM equations
(3.36)-(3.38),

Kd = g or
∑
i∈I

Kijdi = gi i, j = 1, ..., n, (3.48)

where the nodal DOF vector corresponds to

di =




ui

ai

ci


 , (3.49)

the sti�ness matrix to

Kij =




Kuu
ij Kua

ij Kuc
ij

Kau
ij Kaa

ij Kac
ij

Kcu
ij Kca

ij Kcc
ij


 , (3.50)

and the force vector to

gi =
(

gu
i ga

i gc1
i gc2

i gc3
i gc4

i

)T
. (3.51)
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The sub-matrices and vectors are respectively de�ned by

Krs
ij =

∫

V
(Br

i )
T HBs

j dV (r, s = u, a, c), (3.52)

gu
i =

∫

V
bϕi dV+

∫

St

tϕi dS (3.53)

ga
i =

∫

V
bϕiH dV+

∫

St

tϕiH dS (3.54)

gcl
i =

∫

V
bϕiFl dV+

∫

St

tϕiFl dS l = 1, 2, 3, 4. (3.55)

The deformation matrices can be written as

Bu
i =




∂ϕi

∂x
0 0

0 ∂ϕi

∂y
0

0 0 ∂ϕi

∂z
∂ϕi

∂y
∂ϕi

∂x
0

0 ∂ϕi

∂z
∂ϕi

∂y
∂ϕi

∂z
0 ∂ϕi

∂x




,Ba
i =




∂(ϕiH)
∂x

0 0

0 ∂(ϕiH)
∂y

0

0 0 ∂(ϕiH)
∂z

∂(ϕiH)
∂y

∂(ϕiH)
∂x

0

0 ∂(ϕiH)
∂z

∂(ϕiH)
∂y

∂(ϕiH)
∂z

0 ∂(ϕiH)
∂x




, and (3.56)

Bc
i =

[
Bc1

i Bc2
i Bc3

i Bc4
i

]
,with Bcl

i =




∂(ϕiFl)
∂x

0 0

0 ∂(ϕiFl)
∂y

0

0 0 ∂(ϕiFl)
∂z

∂(ϕiFl)
∂y

∂(ϕiFl)
∂x

0

0 ∂(ϕiFl)
∂z

∂(ϕiFl)
∂y

∂(ϕiFl)
∂z

0 ∂(ϕiFl)
∂x




. (3.57)

The XFEM equations (3.48) remain sparse and symmetric, as for FEM. Whereas FEM
requires a remeshing and the duplication of the nodes along the crack to take into account
any discontinuity, XFEM requires the identi�cation of the nodes belonging to the sets J
and K and the addition of new DOFs: (1) any node whose support is not intersected by
the discontinuity remains una�ected and thus possesses two DOFs in 2D (and three in
3D); (2) any node whose support is fully intersected by the discontinuity is enriched with
two Heaviside DOFs in 2D (and three in 3D) and thus possesses four DOFs in 2D (and six
in 3D); (3) any node whose support contains the tip of the discontinuity is enriched with
eight crack-tip DOFs in 2D (and twelve in 3D) and thus possesses ten DOFs in 2D (and
�fteen in 3D). Because of the additional DOFs in XFEM, the number of equations to be
solved is larger than for FEM.

3.4.4 Peculiarities of XFEM Implementation
Representation of the Discontinuity
The use of XFEM requires the identi�cation of the nodes belonging to the set J , i.e. the
nodes whose support are fully intersected by the discontinuity, and to the set K, i.e. the
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nodes whose support contain the tip of the discontinuity. Then, the sub-matrices (3.52) of
the sti�ness matrix must be computed. This requires, �rst, that for each node belonging
to J , the value of H(x) must be evaluated, i.e. we have to determine if the node is above,
below, or on the discontinuity. Second, for each node belonging to K, the values of θ and r
must be evaluated, which allows one to compute the values of the crack-tip functions and
of their derivatives.

To perform such evaluations, we need a representation of the discontinuity. There exist
two possible representations of the discontinuity: the geometric and the level-set represen-
tations [90]. Depending on the representation, the values of H(x), θ, and r are evaluated
di�erently.

In the geometric representation [30, 91, 92, 122], the discontinuity is de�ned based on geo-
metric entities, such as segments, or planar facets. The evaluation of H(x) is performed
using geometric operations, such as, in 2D [122],





H(x) = −1 if ∆ < 0
H(x) = 0 if ∆ = 0
H(x) = +1 if ∆ > 0,

(3.58)

where
∆ = 2 ∗ signed area = (x1 − x)(y2 − y)− (x2 − x)(y1 − y) (3.59)

is such that 



∆ < 0 ⇔ below
∆ = 0 ⇔ on
∆ > 0 ⇔ above.

(3.60)



x,y

x1,y1
x2,y2

(a) (b)



r

x,y

x

y

Figure 3.5: Evaluation of Heaviside and crack-tip functions using a geometric representa-
tion of the discontinuity (in red). (a) Point coordinates (x1, y1) and (x2, y2) used for the
evaluation of H(x) at the node's coordinates (x, y). (x1, y1) and (x2, y2) are the extremities
of the closest segment de�ning the discontinuity to (x, y). (b) Determination of local axes
by extension of the discontinuity from the tip for the evaluation of the local coordinates r
and θ.

The coordinates (x, y), (x1, y1), (x2, y2) in (3.59) are de�ned in Fig. 3.5(a). (x1, y1) and
(x2, y2) are the extremities of the closest segment de�ning the discontinuity to (x, y). The
method can be extended to the evaluation of the signed volume in 3D. The evaluation of r
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and θ is performed by computing the local axes of the crack tip shown, in 2D, in Fig. 3.5(b).
In 3D, θ and r, de�ned in the (es1(xtip), en(xtip))-axes, as shown in Fig. 3.2(b), are com-
puted in a similar way.

In the level-set representation [34, 116, 119], the discontinuity is de�ned based on two
orthogonal level-sets [100], i.e. one level-set ψ(x) for the interior of the discontinuity, and
one level-set φ(x) for the tip of the discontinuity. The two level-sets are computed as the
signed distance functions of the interior and of the normal to the tip, respectively, of the
discontinuity, such that ψ(x)⊥φ(x) at the tip, as shown in 2D in Fig. 3.6. The interior of
the discontinuity is represented by ψ(x) = 0 and φ(x) < 0, while the tip of the disconti-
nuity is represented by ψ(x) = 0 and φ(x) = 0. Extension of the level-set representation
in 3D is given in [92].

x

y



x,y

(x,y)>0

(x,y)=0

(x,y)=0

(x,y)<0

(x,y)>0

(x,y)<0

Figure 3.6: Evaluation of Heaviside and crack-tip functions using a level-set representation
of the discontinuity (in red). Interior of discontinuity is represented by ψ(x), while tip of
discontinuity is represented by φ(x).

In the level-set representation, H(x), r, and θ are respectively given by




H(x) = −1 if ψ(x) < 0
H(x) = 0 if ψ(x) = 0
H(x) = +1 if ψ(x) > 0,

(3.61)

r =
√

ψ2(x) + φ2(x), θ = tan−1 ψ(x)

φ(x)
. (3.62)

In practice, in either the geometric or the level-set representations, the discontinuity is
taken into account in the XFEM computation in the form of piecewise linear segments
or piecewise planar facets, de�ned by the intersections of the discontinuity with the mesh
because linear FEM NSFs are used [116, 120]. The di�erence between the discontinuity
and its piece-wise linear representation depends on the mesh resolution. For a �ner rep-
resentation of the discontinuity, the mesh has to be re�ned. However, this has nothing to
do with XFEM itself; indeed, the remark can be made for a discontinuity modeled with a
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remeshing or a mesh adaptation technique.

For our 2D modelings of resection and retraction [132, 134�137], we used the geometric
representation of the discontinuity, although we later implemented the level-set represen-
tation to test its feasability. The 2D modeling of retraction using a geometric representation
of the discontinuity is presented in Chap. 6. For our 3D modelings of resection [129, 133]
and retraction [138] presented in Chaps. 5 and 6, we use a mix of both geometric and
level-set representations of the discontinuity. As explained in Sect. 2.3.4, the tissue dis-
continuity is represented by a surface in a segmented image, such as the boundary of a
segmented region. In order to determine the nodes of the biomechanical model that must
be enriched with XFEM DOFs, we compute a distance map of the segmented surface. We
then use the �lter VTKCutter that allows one to compute the intersections of a volume
mesh with an implicit function, such as a distance map. This �lter produces a triangle
surface mesh that is composed of the set of points intersecting the volume mesh, and that
describes the discontinuity. The use of the distance map to compute the intersections can
be seen as the use of a level-set representation of the discontinuity. Indeed, in the level-set
theory [100, 147], a distance map is often used as the function of higher dimension, whose
level-set describes the object of interest. In practice, the computation of the intersections
of the volume mesh with the discontinuity represents an important part of the work for
de�ning a discontinuity. Finally, we determine if the nodes of the volume mesh that have
their supports intersected by the discontinuity, are above, below, or on the discontinuity
following the evaluation of the signed volume. As explained in Sect. 3.4.7, the evaluation
of r and θ is not performed in 3D because we do not use crack-tip functions in our 3D
retraction modeling.

Area (in 2D) or Volume (in 3D) Criterion for Nodal Enrichment
The support of any node in J is fully cut into two disjoint pieces by the discontinuity. If,
for some of these nodes, one of the two pieces is very small compared to the other, then
the Heaviside function is almost constant over the nodal support, which causes the XFEM
problem to be ill-conditioned. Consequently, the node has to be removed from the set J ,
which is equivalent to moving the discontinuity location to the boundary of the support. A
criterion is used for nodal inclusion in J . In 2D, we denote by Aω the nodal support area,
by Aω

above the nodal support area above the discontinuity, and by Aω
below the nodal support

area below the discontinuity. If either of the two ratios Aω
above/A

ω and Aω
below/Aω is smaller

than a speci�ed tolerance, e.g. ε = 10−4, the node is removed from J [30, 122]. In 3D, an
equivalent criterion is used based on volume rather than area.

Implementation of Sti�ness Matrix
As explained in Sect. 3.3.4, the use of the linear FEM NSFs simpli�es the computation of
the FEM sti�ness matrix since the integrals can be replaced (once the constant integrands
have been taken out) by the triangle area Ae (in 2D) or the tetrahedron volume V e (in
3D) of the FE.

The use of the linear FEM NSFs also simpli�es the computation of the XFEM sti�ness
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matrix (3.52). The submatrix Kuu
ij is equivalent to the FEM sti�ness matrix (3.37), and its

computation thus bene�ts from the same simpli�cation. The submatrix Kaa
ij uses the Heav-

iside function (multiplied by a linear FEM NSF) and the integrals can, also, be replaced
by Ae. The submatrices Kua

ij or Kau
ij also use the Heaviside function, and the integrals can

now be replaced by Ae
above−Ae

below (Fig. 3.7(a)). The computation of the submatrices Kuc
ij ,

Kuc
ij , Kuc

ij , Kuc
ij , and Kuc

ij , which use crack-tip functions, does not bene�t from similar sim-
pli�cations. The computation of these submatrices implies the evaluation of the crack-tip
functions and their derivatives, and a technique, such as a Gaussian quadrature, is required
to approximate the integral [30,122]. In our case, we use a six-point integration-rule in 2D.

We have mentioned above that, even if the discontinuity is described using a geometric rep-
resentation or level-set representation, in practice, the discontinuity is taken into account
as piecewise linear segments or piecewise planar facets, de�ned by the intersections of the
discontinuity with the mesh edges, i.e. by points located on mesh edges where H(x) = 0.
This is illustrated in Figs. 3.7(a)-3.7(b), where the discontinuity is initially described in
a geometric representation. In Fig. 3.7(a), Ae

above and Ae
below are computed based on the

intersections of the discontinuity with the FE only. In Fig. 3.7(b), the evaluation of r and
θ is performed based on the extension of the linear segment or planar facet containing the
crack-tip. It is clear from Figs. 3.7(a)-3.7(b) that, in order to have a �ner representation
of the discontinuity, one needs to re�ne the mesh.

A
e
above

A
e
below

r
x,y

(a) (c)(b)

FE FE FE
A

E

D

CB

Figure 3.7: Geometric operations for evaluating the XFEM sti�ness matrix (3.52). In the
three sub�gures, the triangle FE is in black, the discontinuity described in the geometric
representation is in red, and the discontinuity described as piecewise linear segments is in
green, with one segment per triangle. (a) For a 2D FE fully intersected by the discontinuity,
the intersections of the discontinuity with the FE allow one to evaluate the area above, and
the area below the discontinuity. (b) For a 2D FE containing the tip of the discontinuity,
the intersection of the discontinuity with the FE and the tip allows one to determine
the local axes for the evaluation of the local coordinates r and θ. (c) 2D partitioning
of the element containing the crack tip. The partitioning is performed by extending the
discontinuity to the element edge. This creates a subtriangle ADE and a subquad BCED,
whose centers are then computed. Seven subtriangles can �nally be de�ned, in gray, such
that they conform to the discontinuity.
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For the element containing the crack-tip, an additional computational step must be per-
formed before the Gaussian quadrature is used. Indeed, Gaussian points must be well-
located in order to correctly take into account the discontinuity present in the element [122].
This requires that the element containing the crack-tip be partitioned into subelements that
conform to the discontinuity, such as shown in Fig. 3.7(c) [30,121,122]. The crack-tip func-
tions and their derivatives are thus evaluated using a six-point integration-rule on each of
the subelements. Note that the partitioning, which creates subelements, has nothing to
do with remeshing, or re�nement, because there is no criterion on the aspect ratio of the
subelements. These subelements are only created to perform a Gaussian quadrature [122].

Topological vs Geometrical Enrichment
The convergence rate of a FEM problem for an exact displacement �eld which is smooth,
i.e. without discontinuity, for linear elements, where h is the element size, is of order O(h),
i.e. the discretization error is divided by 2 for a halving of the mesh element size [148]. For
a non-smooth displacement �eld, i.e. with a discontinuity, the FEM convergence rate is of
order O(

√
h), i.e. the discretization error is divided by 2 for a quartering of the mesh ele-

ment size. When the problem is solved using XFEM with crack-tip enrichment (3.43), the
asymptotic property of the crack-tip displacement �eld is included in the XFEM displace-
ment �eld (Sect. 3.4.5). We would thus expect a better convergence when using XFEM.
The convergence rate, however, is still of order O(

√
h), although the discretization error

for the same h is lower when using XFEM rather than FEM [7,65].

The reason why the convergence rate is still of the order O(
√

h) is that we only enrich,
with crack-tip DOFs, the nodes whose supports contain the crack tip. Consequently, the
zone enriched with crack-tip DOFs corresponds to one element, and its size, proportional
to h, tends towards zero as h tends towards zero. This is called the topological enrich-
ment [30, 91, 122]. To improve the convergence rate, another enrichment has been intro-
duced, called the geometrical enrichment [7, 65], where a node is enriched with crack-tip
DOFs if it lies within a circle, of a speci�ed radius, centered at the crack tip. With the
geometric enrichment, the convergence rate of the order O(h) is recovered.

In the following sections and in Chap. 6, which deals with the retraction modeling, the
topological enrichment is used, although we are aware that further work should be directed
towards implementing the geometric enrichment.

3.4.5 XFEM for Introducing A Priori Knowledge of Solution
As explained above, the discontinuous functions gj(x) in (3.39) allow the displacement �eld
solution of the XFEM computation to be discontinuous through FEs. However, the main
bene�t of using the functions gj(x) is that they can improve the XFEM solution by intro-
ducing a priori knowledge about the solution in the expression of the XFEM displacement
�eld.

One of the main goal in the �eld of fragile fracture mechanics is to analyze the stress



CHAPTER 3. BASIC PRINCIPLES OF FEM AND XFEM 46

and displacement �elds of cracked domains. These �elds allow one to determine the possi-
ble propagation, and the propagation direction, of cracks in domains under loading. The
underlying assumption is that if the stress �eld in the vicinity of the tip exceeds a crit-
ical value of the domain material, the crack propagates. To study crack propagation, a
2D model of a planar crack that propagates in its plane has been developed [30, 44]. In
this model, the propagation of a crack can be decomposed into the superposition of three
modes: the tensile mode (Mode I), the in-plane shear mode (Mode II), and the out-of-
plane shear mode (Mode III) (Fig. 3.8). These three modes of propagation di�er by the
the direction of loading with respect to the crack geometry. For an elastic material in a
linear formulation, one can derive the exact analytical form of the stress and displacement
�elds in the vicinity of the crack tip for the three modes. The 2D displacement �elds of
Mode I and II are respectively expressed as

uI(x) =
1

2µ

√
r

2π

(
cos( θ

2
)[κ− 1 + 2 sin2( θ

2
)]

sin( θ
2
)[κ + 1− 2 cos2( θ

2
)]

)
(3.63)

and
uII(x) =

1

2µ

√
r

2π

(
sin( θ

2
)[κ + 1 + 2 cos2( θ

2
)]

− cos( θ
2
)[κ− 1− 2 sin2( θ

2
)]

)
, (3.64)

where r and θ are de�ned based on the coordinates of the tip, and

µ =
E

2(1 + ν)
, κ =

{
3− 4ν for plane strain
3−ν
1+ν

for plane stress. (3.65)

where E is the Young modulus and ν is the Poisson ratio. A state of plane stress (strain)
exists when stresses (strains) with respect to the out-of-plane direction are zero. The
functions Fl(x) = Fl(r, θ), l = 1, ..., 4 (3.43) that, when introduced in the XFEM displace-
ment �eld, allow one to accurately locate the tip, have been chosen for a speci�c reason.
They actually correspond to the function basis that spans the displacement �elds (3.63)
and (3.64) [30]. They thus allow the XFEM solution to better capture the displacement
and the stress �elds in the vicinity of the tip, and, consequently, better evaluate the prop-
agation of the crack.

(a) Mode I (b) Mode II (c) Mode III

Figure 3.8: Three modes of fracture. (a) Mode I: tensile mode. (b) Mode II: in-plane
shear mode. (c) Mode III: out-of-plane shear mode.
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Figures 3.9(1a)-3.9(1e) and 3.9(2a)-3.9(2e) illustrate two examples of 2D XFEM computa-
tion in order to show the e�ect of including a priori knowledge about the solution in the
XFEM displacement �eld. In each case, the �rst graph (Figs. 3.9(1a)-3.9(2a)) shows the
meshed object, the position of the crack, and the set of enriched nodes. In both cases, the
mesh and the crack, which ends at the boundary of an element, are identical. In the �rst
case (Fig. 3.9(1a)), the nodes de�ning this element are enriched with crack-tip DOFs, while
the other nodes are enriched with Heaviside DOFs. In the second case (Fig. 3.9(2a)), the
nodes are enriched with Heaviside DOFs only. In this case, the only node of the element
to be enriched is the node which does not de�ne the element edge where the crack ends,
i.e. the only node of the element whose support is fully intersected by the crack.

For both examples of XFEM computation, displacements corresponding to the Mode I
in plane-strain formulation are applied to nodes located along the boundary of the mesh.
The results of the two XFEM computations are shown in Figs. 3.9(1b)-3.9(1e) and 3.9(2b)-
3.9(2e), respectively. They show that the crack can open even though there was no remesh-
ing; indeed, the FE edges along the crack have become discontinuous. Comparison of the
deformed mesh for each XFEM computation with the exact solution clearly shows the dis-
placement �eld is better captured, particularly in the vicinity of the crack tip, when using
the crack-tip functions.

3.4.6 Choice of XFEM Enrichment Functions for Resection
Modeling

Brain deformation due to resection of tissues, i.e. to removal of tissues, implies tissue
discontinuities, and thus requires the use of XFEM to model a discontinuous displacement
�eld. In the case of a resection, the discontinuity to model fully crosses the brain. We thus
only use the Heaviside function as XFEM enrichment function. The goal is to model a
discontinuity such that the part of tissues corresponding to tissue removed by the resection
has no in�uence on the deformation of the remaining part of the tissues. We are actually
interested in the deformation of the remaining part of the tissues only. In that sense, the
hole function (3.46) could be used as XFEM enrichment function, instead of the Heavi-
side function, and would be totally su�cient. The results that we would obtain on the
remaining part of the tissues would be identical. However, because the Heaviside function
is necessary for retraction modeling, and was already implemented, we have used the same
function for the resection modeling even if it was not strictly necessary.

Figure 3.10 shows an example of XFEM computation that illustrates how the resection
will be dealt with. Figure 3.10(a) shows a 2D meshed object and the position of the
discontinuity that fully crosses the object. Distinct translations are applied to each part
(more speci�cally to two nodes of each part) of the mesh. (Note that a translation applied
on the �resected� part would not be possible with the use of the hole function instead
of the Heaviside function.) Figure 3.10(b) shows the result of the XFEM computation
that indicates that the two parts of the mesh can move independently even though there
was no remeshing [59]. Indeed, the FE edges along the crack have become discontinuous.
Figures 3.10(c)-3.10(d) show the equivalent experiment in 3D.
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(a) (b)

(c) (d)

Figure 3.10: Examples of XFEM simulation of the deformation associated with a cut that
fully crosses the mesh, in 2D (top) and in 3D (bottom), where the two parts of the
mesh are subjected to distinct translations. (a) 2D mesh and discontinuity geometries
prior to deformation. Each node enriched with Heaviside DOFs is marked with a black
circle. (b) 2D deformation result provided by XFEM. (c) 3D mesh and discontinuity
geometries prior to deformation. Color levels corresponding to the magnitude of the �nal
displacement �eld. (d) 3D deformation result provided by XFEM. As in 2D (b), the edges
of FEs straddling the discontinuity have been made discontinuous. However, to facilitate
visualization in 3D, tetrahedra were added to display separately the two parts of the mesh.

3.4.7 Choice of XFEM Enrichment Functions for Retraction
Modeling

Brain deformation due to retraction of tissues, i.e. a cut followed by the spread of tis-
sues, implies tissue discontinuities, and, thus, also requires the use of XFEM to model a
discontinuous displacement �eld. In the case of a retraction, the discontinuity ends in the
interior of the brain, i.e. it does not go all the way through. Our �rst idea is thus to use
the Heaviside function, as well as the crack-tip functions to model retraction.

In Sect. 3.4.4, we have seen how the computation cost for evaluating the XFEM sti�-
ness matrix could increase (due to Gauss quadrature) with the use of the crack-tip func-
tions. It is thus interesting to evaluate how the results for retraction modeling would di�er
when using, or not, the crack-tip functions. In Sect. 3.4.5, we have compared two XFEM
computations in order to evaluate the in�uence of the crack-tip functions on the XFEM
displacement �eld. By comparing the two XFEM computations, one has seen that the
di�erence did not exceed the element size of the mesh. For these two XFEM computations
though, the crack tip was identically located on an element edge. The crack tip, however, is
not necessarily located on an element edge, and without the use of the crack-tip functions,
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it is modeled as extended to the element edge. Here, we thus want to evaluate if, as we
expect, this does not imply a larger di�erence on the result. For this purpose, we perform
two 2D XFEM computations, which are illustrated in Figs. 3.11(1a)-3.11(1c) and 3.11(2a)-
3.11(2c). In each case, the �rst graph (Figs. 3.11(1a)-3.11(2a)) shows the meshed object,
the position of the crack, and the set of enriched nodes. In the �rst case (Fig. 3.11(1a)),
the crack ends within a mesh element. The nodes de�ning this element are enriched with
crack-tip DOFs, while the other nodes, whose supports are fully intersected by the crack,
are enriched with Heaviside DOFs. In the second case (Fig. 3.11(2a)), the nodes are en-
riched with Heaviside DOFs only. Consequently, the crack is taken into account for XFEM
computation as if it ended on an element edge, although the crack is initially de�ned as
ending inside an element. This means that the only node of the element containing the
crack-tip to be enriched is the node that does not de�ne the element edge where the ex-
tended crack ends, i.e. the only node of the element whose support is fully intersected
by the crack. For both XFEM computations, displacements corresponding to the Mode I
in plane-strain formulation (3.63) are applied to nodes located along the boundary of the
mesh. The results of the two XFEM computations are shown in Figs. 3.11(1b)-3.11(1c)
and 3.11(2b)-3.11(2c), respectively. Figures 3.11(3a)-3.11(3b) compare nodal positions of
the two deformed meshes using crack-tip DOFs (Figs. 3.11(1b)-3.11(1c)) or Heaviside DOFs
only (Figs. 3.11(2b)-3.11(2c)). Figures 3.11(3a)-3.11(3b) clearly show that the main di�er-
ences on nodal positions are located in the vicinity of the crack tip, as expected, and that
these di�erences are limited to the element size of the mesh. For these particular XFEM
computations, the maximum di�erence is located at the tip location. In comparison to
Fig. 3.9, one sees that the inaccuracy on the tip location does not imply larger di�erences
other than the ones due to the fact that crack-tip functions are not used.

For retraction modeling, we expect that the di�erence of results by using, or not, the
crack-tip functions will also not exceed the mesh element size, and this will be con�rmed,
for 2D retraction modeling, in Chap 6. By validating the result of image warping using
the modi�ed Hausdor� distance, we will show that the alignment of the two iMR images
is improved, but slightly less, when using the crack-tip functions. This explains why the
crack-tip functions have not been implemented in 3D.

3.5 Conclusions
In this chapter, we introduced the equations of solid mechanics, and particularized them
to the linear formulation. We presented the basic principles of FEM and XFEM in the
linear formulation. We also presented some peculiarities of their implementation. Finally,
we explained how XFEM will be used to solve the deformation of the biomechanical model
for resection modeling (Chap. 5) and retraction modeling (Chap. 6).

To further improve our FEM and XFEM implementation, future work could be considered
in two main areas. First, we developed a linear formulation of FEM and XFEM that applies
to small deformations. Nevertheless, we should implement, for the surgery cases involving
large deformations of the brain, a nonlinear formulation of FEM [9, 88], and, particularly,
a nonlinear formulation of XFEM, which is the subject of recent research [31,67].
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(1a)

(3a)

(1b)

(2a)

(3b)

(2b)
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Figure 3.11: Evaluation of the impact of using crack-tip functions for a crack tip located
inside a FE. Comparison of 2D XFEM computations using either (1) Heaviside and crack-
tip DOFs (row 1), or (2) Heaviside DOFs only (row 2). (1a) Original mesh, position
of crack, and XFEM nodal enrichment with Heaviside DOFs (open circle) and crack-tip
DOFs (�lled square). (1b) Final mesh resulting from the application of displacements cor-
responding to the Mode I of fracture to nodes located along the boundary of the mesh (1a).
(1c) Zoom of (1b) in the vicinity of the tip. (2a) Same as (1a), except that nodes are
enriched with Heaviside DOFs only. (2b) Final mesh resulting from the application of the
same displacements as in (1a) along the boundary of the mesh (1b). (2c) Zoom of (2b) in
the vicinity of the tip. (3a) Nodal positions of (1b) in red and of (2b) in black. (3b) Zoom
of (3a) in the vicinity of the tip.
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Second, new other enrichment functions could be implemented. In order to model re-
traction followed by successive resections, we would need to model intersecting disconti-
nuities. Consequently, the junction function as XFEM enrichment function should also be
implemented. We could also use the interface function to accurately model the boundary
between domains characterized by di�erent material behaviors, such as brain tissues and
ventricles, or white matter and gray matter.



Chapter 4

FEM-Based Modeling of Brain Shift

In this chapter, we model the brain deformation that occurs just after the opening of
the skull and dura, before any cut and subsequent deformation have happened, such as
due to retraction and resection. This is referred to as the brain shift. We present our
baseline system, discuss some important issues, and then propose some improvements.
The improved system will serve as a reference one for modeling resection and retraction in
Chaps. 5 and 6.

4.1 Introduction
Ferrant et al. [39�41], as well as War�eld et al. [142], pioneered the modeling of brain shift
based on an tetrahedron homogeneous linear elastic biomechanical model. The deformation
of the biomechanical model was driven by the surface displacement �elds of the whole-brain
and lateral ventricles region boundaries, calculated with an active surface algorithm, and
evaluated from two successive iMR images. Ferrant et al. tested their algorithm on one
patient, and used for validation thirty-two landmarks picked up manually in each image.
They found a maximum error of 2 mm, and mean errors of 0.8±0.4 mm and 1.6±0.5 mm
(mean ± standard deviation) at the surface of the brain and in the vicinity of the tu-
mor, respectively. Kemper et al. [63] added to this biomechanical model a transversal
anisotropy that is mainly due to �ber tracts of white matter. For each tetrahedron of the
mesh, a value of fractional anisotropy, which provides a measure of the degree of di�usion
anisotropy of the tissue, was evaluated from preoperative DTI data. They observed sub-
stantial di�erences, which were around 25% of the total maximum displacement, in high
anisotropy regions. However, using anatomical landmarks for validation, they found that
the addition of anisotropy was not conclusive while the computational time was multiplied
by about 2. Also using a linear elastic model, Bucki et al. [13] performed 2D simulations
of brain bulging and sagging, assuming that the bulging is due to an intracranial pressure
increase generated by tumor growth, and that the sagging is due to CSF leakage in con-
junction with gravity, as well as cyst drainage and tumor resection. From a preoperative
MR image, they evaluated deformation of interhemisphere midline due to tumor growth,
and assumed this midline goes back to its �midline� position when the dura is opened and
the pressure released.

53
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Wittek et al. [145,146] also modeled intraoperative deformations from two successive iMR
images of one patient case. Brain tissues were meshed with hexahedron elements asso-
ciated with the hyperviscoelastic law developed by Miller [82�86]. The pia matter and
falx cerebri were modeled with elastic membrane elements. They discretized the anterior
parts of cortical surfaces in the two successive iMR images, and used the displacements of
the corresponding nodes to drive the FEM computation performed in large deformation
formulation [145]. They also studied and compared three di�erent mesh loadings [146].
To evaluate the performance of their model, the authors computed the displacements of
the centers of gravity of the tumor and lateral ventricles. They found a maximum error of
3.02 mm along the y-axis, while the errors along the x- and z-axes were less than 0.65 mm.
Wittek et al. [144] then compared these results with the ones obtained by replacing the
hyperviscoelastic law with a linear elastic law and an hyperelastic law (all FEM compu-
tation performed in large deformation formulation). They compared the deformed shapes
and the centers of gravity of the tumor and lateral ventricles, as well as the computation
time for each model. They concluded that the di�erence between the three models is small
and they recommended the use of the linear elastic law (in large deformation formulation)
given that its computation time is the lowest.

Paulsen et al. [103], as well as Miga et al. [78], performed some experiments, i.e. balloon
in�ations and indentations, respectively, on pig brains, and modeled them with a linear
poroelastic law developed in [103]. They used implanted markers visible on iCT scans to
validate their model and found a displacement error of about 15 %, which corresponds to
a mean error of 0.29 mm on marker locations. Lunn et al. [72] evaluated iUS to guide a
linear poroelastic FEM model [103] of a pig brain in a balloon in�ation experiment. They
acquired simultaneously a �rst pair of iUS and iCT images before deformation, and a sec-
ond pair of these images after deformation. The balloon boundary, visible on successive
iUS images, drove the deformation of the biomechanical model. They deformed the �rst
iCT image according to the deformation of the biomechanical model. They found displace-
ment errors up to 1.9± 0.8 mm (mean ± standard deviation) on marker locations. Sun et
al. [124] tested a stereo vision system to estimate the position of the 3D cortical surface
in the operating room. They used an Iterative Closest Point (ICP) algorithm to register
successive surfaces. They also used a linear poroelastic FEM model [103]. They validated
their work by deforming a preoperative MR image in accordance with the deformation
of the biomechanical model, and by comparing with an ICP algorithm the tumor region
boundary in this deformed MR image with the tumor region boundary in a iUS image
acquired simultaneously with the stereo images. For two surgical operations, the mean
error was reduced from 3.6 mm to 1.6 mm, and from 5.2 mm to 2.8 mm, respectively.
Hagemann et al. [49] modeled the brain as heterogeneous, divided into homogeneous solid
and �uids parts, respectively represented by the Navier equations and the Stokes equa-
tions. Their 2D FEM model had the speci�city to correspond to the underlying pixel
grid of the 2D image. Finally, some other nonrigid registration techniques based on an
FEM biomechanical model used a volume, rather than a surface, displacement �eld to
drive the biomechanical model. To evaluate the volume displacement �eld, De Craene et
al. used a mutual information algorithm [27], while Clatz et al. used a block matching
algorithm [15�17], both based on iMR images.
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4.2 Baseline System
In Sect. 2.3, we described our baseline system for modeling brain deformation, using two
successive iMR images. In this section, we particularize it to the modeling of brain shift.
The block diagrams describing the processing steps to update the preoperative images,
shown in Fig. 2.2, are particularized to the case of brain shift modeling in Fig. 4.1. (Note
that, in order to show exactly what we do, we explicitly mention in Fig. 4.1 the use of the
1st iMR image, even though it is used as a substitute for preoperative images.)

In the following sections, we detail the successive steps, appearing in Fig. 4.1, to eval-
uate the volume displacement �eld, resulting from the deformation of the biomechanical
model, and then used to warp the preoperative image (here the 1st iMR image). We iden-
tify and discuss the limitations of the approach, and then propose some improvements,
described in Sect. 4.3.

4.2.1 Rigid Registration of Intraoperative Images
As explained in Sect. 2.3.1, we rigidly register the 2nd iMR image to the 1st iMR image.

4.2.2 Segmentation of Intraoperative Images
For modeling brain shift, we segment out manually from the two iMR images the healthy-
brain region and the tumor region, the union of them giving the whole-brain region. Then,
we smooth out the healthy-brain region and the whole-brain region (Fig. 4.2), whose bound-
aries are used as surface landmarks with the active surface algorithm, as explained in
Sect. 2.3.2. We also segment out manually the lateral ventricles, and the falx cerebri, from
the 1st iMR image only. These anatomical structures will be included latter in the biome-
chanical model, to estimate their in�uence on the deformation of the biomechanical model
(Sect. 4.3.4). They are not, however, used as surface landmarks.

4.2.3 Building of Biomechanical Model
As mentioned above, the biomechanical model is built from the 1st iMR image rather than
from the preoperative images. In our application, the object to mesh is de�ned as a set of
connected regions that are segmented from an image. One way to deal with this issue is
to �rst describe the boundaries of the various object regions as surface meshes, and then
to use this set of surface meshes as a starting point to mesh the object volume into a
single mesh. While going from the set of surface meshes to the volume mesh is a common
task in mechanical engineering, going from an image to a set of surface meshes is more
application-speci�c, and few meshing softwares provide this possibility. In our case, we
use the meshing software tool Isosurf that takes as input a binary image, provided as
stacks of slices, and representing segmented regions, and that meshes the boundary of these
regions into surfaces of triangles.

Since our goal is to build a biomechanical model that includes two distinct structures,
i.e. the healthy-brain region and the tumor region, we want an explicit de�nition of the
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Figure 4.1: Detailed block diagram of our brain shift modeling. (a) Building of the biome-
chanical model and FEM-based deformation of the biomechanical model from displacement
�elds of surface landmarks tracked between the 1st and 2nd iMR images. (b) Warping of
the 1st iMR image and validation of deformation modeling. For each subsystem, inputs
are in green and outputs are in red.
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Figure 4.2: Segmentation of intraoperative images into two regions: the healthy-brain
region and the tumor region, which jointly form the whole-brain region. (a) Original
1st iMR image. (b) Healthy-brain and tumor regions, segmented out manually from (a)
using 3D Slicer. (c) Regions of (b) following smoothing performed on whole-brain and
healthy-brain regions.

boundary of the whole-brain region (healthy-brain region plus tumor region) and of the
internal boundary of the tumor region, i.e. in terms of nodes and triangles tagged after-
wards in the volume mesh. This is because these boundaries correspond to the locations
where we will apply displacements to drive the deformation of the biomechanical model
(Sect. 4.2.4). Ideally, we would like Isosurf to give us two connected surface meshes,
i.e. two surface meshes with common nodes at their intersections (Fig. 4.3(a)). However,
Isosurf (version v1.5d) can only mesh the boundaries of one or several separate regions,
and, thus, does not allow one to mesh connected region boundaries. We thus decide to
approximate the boundary of the whole-brain region and the internal boundary of the tu-
mor region with two separate surface meshes, such that the mesh of the internal tumor
region boundary stops within a certain distance from the mesh representing the whole-
brain region boundary, as illustrated in 2D in Fig. 4.3(b). (Note that the meshing of the
two boundaries as connected surface meshes is detailed in Sect. 4.3.1, which deals with
the improvement of the biomechanical model.) Figure 4.4 shows the equivalent surface
meshes in 3D obtained using Isosurf. More speci�cally, Fig. 4.4(a) shows the separate
surface meshes describing the whole-brain region boundary (Fig. 4.4(b)) and the internal
tumor region boundary, stopping within a distance of 25 mm from the whole-brain region
boundary (Fig. 4.4(c)). (The choice of this distance value is explained in Sect. 4.2.5.) The
internal tumor region boundary is created by meshing the healthy-brain region boundary,
and by deleting all triangles having one of their nodes located within 25 mm from the
whole-brain region boundary. The two separate triangle surface meshes are �nally jointly
meshed, using Gmsh, into a single tetrahedron volume mesh, which conforms to the two
surface meshes (Fig. 4.4(d)). The tetrahedron mesh consists of 3, 247 nodes. One way to
evaluate the quality of a tetrahedron mesh is to measure, for each tetrahedron K

γK =
6
√

6 VK(
4∑

i=1

a(fi)

)
max

i=1,...,6
l(ei)

, (4.1)
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where VK is the volume of K, a(fi) the area of the ith face of K, and l(ei) the length of
the ith edge of K. This quality measurement γK lies in the interval [0, 1], an element with
γK = 0 being a �sliver� (zero volume), and an element with γK = 1 being a regular tetra-
hedron [47]. For this volume mesh, the minimum value of γK is 0.45, which is larger than
0.1 that corresponds to the lower limit of γK we observe to maintain a robust computation.

(a)

Healthy brain

Tumor

(b)

Healthy brain

Tumor

Figure 4.3: Illustration in 2D of the di�culty of meshing regions with connected boundaries,
i.e. boundaries with common nodes at their intersections. (a) In the ideal case, the mesh
of the whole-brain region boundary (nodes are represented by crosses), and the mesh of the
internal tumor region boundary (nodes are represented by open circles) have common nodes
(open circles �lled with cross) at their intersections. (b) The whole-brain and internal
tumor region boundaries are approximated with two separate surface meshes, such that
the mesh of the internal tumor region boundary stops within a certain distance from the
mesh representing whole-brain region boundary.

A linear elastic law is assigned to the biomechanical model, with Young modulus
E = 3000 Pa and Poisson ratio ν = 0.45 [41]. Because displacements, rather than forces,
are applied to the model using a linear formulation, the FEM displacement �eld is inde-
pendent of Young modulus E [89].

4.2.4 Evaluation of Surface Landmark Displacement Fields
To evaluate the surface deformations of the whole-brain and internal tumor region bound-
aries between the two iMR images, we use an active surface algorithm, described in
Sect. 2.3.5. An active surface algorithm implies that the region boundaries to match
must be closed surfaces. We thus use as surface landmarks the whole-brain and healthy-
brain region boundaries that were already segmented in the two iMR images. The surface
deformation of the internal tumor region boundary will be derived from the active surface
algorithm of the healthy-brain region boundary, as explained in Sect. 4.2.5.

In our application, the active surfaces are initialized in such a way that the initial ac-
tive surface for the whole-brain region corresponds to the external surface mesh of the
biomechanical model (Fig. 4.4(b)), while the initial active surface for the healthy-brain
region is a surface mesh that perfectly matches, along the internal tumor region boundary,
the surface mesh describing this boundary in the biomechanical model (Fig. 4.4(c)).
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(a) (d)(c)(b)

Figure 4.4: Building of the biomechanical model. (a) Triangle surface mesh, obtained us-
ing Isosurf, composed of two separate surface meshes (b) and (c). (The triangles surface
meshes are made transparent; the two surface meshes thus overlap in the tumor region.)
(b) Triangle surface mesh describing the whole-brain region boundary. (c) Triangle sur-
face mesh describing the internal tumor region boundary. The mesh stops within a certain
distance, e.g. typically set to 25 mm, of the whole-brain region boundary (b). (d) Tetra-
hedron volume mesh from (a) obtained using Gmsh, with a part cut out to show the
inside.

Once the active surface algorithm has been applied, we get two surface displacement �elds.
Before transposing them into displacements to apply to nodes of the biomechanical model
(Sect. 4.2.5), we smooth, i.e. regularize, the two surface displacement �elds to make them
compatible with the volume mesh in order to avoid element �ipping (high distortion of ele-
ment that leads to negative volume). Remember that the surface displacement �eld of the
healthy-brain region boundary is evaluated in order to get the surface displacement �eld of
the internal tumor region boundary only. We thus aim to make the displacement �eld of
the whole-brain and internal tumor region boundaries jointly compatible with the volume
mesh. The smoothing is based on a weighted-distance average, i.e. the displacement of
each node is averaged with the displacements of its N closest neighbor nodes. For this
application, we use �ve neighbor nodes. This number is the result of a tradeo� between
the robustness of the method to avoid any element �ipping, and the minimum use of the
smoothing to avoid accuracy loss in the capture of brain deformation. Because there is
a gap between the surface meshes representing the whole-brain and the internal tumor
region boundaries (Sect. 4.2.3), the two displacement �elds are smoothed separately. The
smoothed displacement �elds resulting from the active surface algorithm for the whole-
brain and healthy-brain regions are shown in Figs. 4.5(a)-4.5(b).

4.2.5 FEM-Based Biomechanical Model Deformation
In order to deform the biomechanical model, we must transpose the two smoothed surface
displacement �elds of the whole-brain and internal tumor region boundaries into displace-
ments to apply to nodes of the biomechanical model. As explained in Sect. 4.2.4, the
initial active surface for the whole-brain region corresponds to the external surface mesh
of the biomechanical model, and the initial active surface for the healthy-brain region is a
surface mesh that perfectly matches, along the internal tumor region boundary, the surface



CHAPTER 4. FEM-BASED MODELING OF BRAIN SHIFT 60

(a) (b)

3.84

2.89

1.94

0.99

0.03

Displ. mag.
mm

max: 3.84
min:  0.03

max: 2.62
min:  0.02

Figure 4.5: Results of the active surface algorithm. Initial active surface with color levels
corresponding to the magnitude of the smoothed displacement �eld for (a) the whole-
brain region and (b) the healthy-brain region. The maximum and minimum values are
speci�cally indicated for each case. The two displacement �elds are smoothed separately.
The brain shift is clearly visible in (a).

mesh describing this boundary in the biomechanical model. The displacement of the active
surface nodes are thus applied directly to the corresponding nodes of the biomechanical
model, which deforms based on FEM.

The volume displacement �eld resulting from the deformation of the biomechanical model
is shown in Fig. 4.6. The location of brain shift is clearly visible. However, one notices
that the brain shift seems constrained in an unexpected way around its center. (The lo-
cation is indicated by the red arrow.) While the displacement �eld of the whole-brain
region boundary should propagate smoothly into the volume, the displacement �eld of the
internal tumor region boundary contributes to stop this propagation. This e�ect is due to
the inconsistency between the two surface displacement �elds applied to the biomechanical
model, although they should capture the same physical phenomenon. This shows that
the two surface displacement �elds evaluated with the active surface algorithm cannot be
plausible from a physical/mechanical standpoint.

Note that this inconsistency between the two surface displacement �elds impacts the dis-
tance value of the gap between the two separate surface meshes of the whole-brain and
internal tumor region boundaries. Indeed, a smaller value than 25 mm leads to element
�ipping in the location showed by the red arrow in Fig. 4.6(b).

4.2.6 Note on 2D vs. 3D Modeling of Brain Shift
As explained in Sect. 1.3, we started our work in 2D. For modeling brain shift in 2D [132,
134], we also encountered the di�culty of explicitly meshing as two connected surfaces
(contours in 2D) the whole-brain and internal tumor region boundaries in the biomechan-
ical model. To solve this problem, we meshed, using Distmesh, the whole-brain region,
without taking into account the internal tumor region boundary. We then computed the
intersections, i.e. points located on element edges, of the mesh with the internal tumor
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Figure 4.6: Volume displacement �eld resulting from the deformation of the biomechanical
model. (a) External surface mesh of the biomechanical model with the location of the slice
considered in (b). (b) Selected slice of the biomechanical model (in its initial con�guration)
with color levels corresponding to the signed displacements along the y-axis, which is the
main direction of the brain shift. The red arrow indicates where the displacements �elds of
the whole-brain region boundary and the internal tumor region boundary are not consistent
with each other.

region boundary. Once the displacement �eld of the internal tumor region boundary was
evaluated, it was transposed, using Lagrange multipliers, into displacements applied to the
intersections de�ning the internal tumor region boundary.

For modeling brain shift in 3D, we initially transposed this method to 3D. However, in
contrast to 2D, the application of the displacements to intersections de�ning the internal
tumor region boundary, rather than nodes as in Sect 4.2.5, leads to element �ipping. We
thus opted for the solution which is described in Sect. 4.2.3, which de�nes the internal
tumor region boundary as a non-connected surface mesh to the whole-brain region bound-
ary, and we apply the displacements to the nodes of this surface. Note that, in 2D, the
displacement �eld of the surface (contour in 2D) landmarks, was not computed using an
active surface algorithm, but using a closest-point technique [132,134].

4.3 Improved System
In this section, we discuss two improvements to our baseline system. First, we improve
the representation of the whole-brain and internal tumor region boundaries, and therefore
the biomechanical model. Second, we improve the evaluation of the displacement �eld of
the healthy-brain region boundary. We then warp the 1st iMR image using the volume
displacement �eld of the improved system, and validate our results. We �nally test on the
results the in�uence of the lateral ventricles and the falx cerebri taken into account in the
biomechanical model as additional anatomical structures.
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4.3.1 Improvement of the Biomechanical Model
One of the approximations made in the baseline system for the building of the biomechan-
ical model is the presence of a gap between the surface meshes describing the whole-brain
region boundary and the internal tumor region boundary, despite the fact they should be
connected in order to correctly represent the boundaries of the two regions segmented out
from the 1st iMR image (Sect. 4.2.3). The surface mesh describing the internal tumor
region boundary should indeed be explicitly de�ned up to the surface mesh describing the
whole-brain region boundary, resulting in the two surface meshes being connected. Con-
sequently, we will be able to apply displacements to the biomechanical model nodes along
the internal tumor region boundary up to the whole-brain region boundary, increasing the
accuracy of our brain shift modeling in the neighborhood of the tumor.

As mentioned in Sect. 4.2.3, Isosurf does not allow one to mesh objects composed of
connected regions with common nodes. We have thus developed our own routine to cre-
ate common nodes between two surface meshes. The whole-brain region boundary is �rst
meshed into triangles using Isosurf, and then meshed into tetrahedra using Gmsh with-
out taking into account the internal tumor region boundary. We then need to de�ne a
surface mesh along the internal tumor region boundary that has common nodes at the in-
tersections with the surface mesh de�ning the whole-brain region boundary. We compute
a distance map of the segmented tumor region boundary, and we use the �lter VTKCutter
that allows one to compute the intersections of a volume mesh with an implicit function,
such as a distance map. VTKCutter produces a triangle surface mesh, describing the
internal tumor region boundary, composed of the set of points intersecting the volume
mesh (Fig. 4.7(a)). In particular, some of these points are located on the surface mesh
describing the whole-brain region boundary, and divide some of its triangles into subtri-
angles (Figs. 4.7(b)-4.7(c)). The surface mesh describing the whole-brain region boundary
now contains common nodes with the surface mesh describing the internal tumor region
boundary. However, the new triangles of the surface mesh describing the whole-brain re-
gion boundary, and of the surface mesh describing the internal tumor region boundary are
generally badly shaped (Fig. 4.7(c)). We thus smooth the two surface meshes using the
�lter VTKSmoothPolyDataFilter, which relocates the nodes of surface meshes based on a
Laplacian smoothing to improve the quality of the triangles. At the end of this process, we
have a triangle surface mesh, composed of two connected surface meshes (Fig. 4.8(a)). The
�rst surface mesh corresponds to the boundary of the whole-brain region (Fig. 4.8(b)), while
the second one corresponds to the internal boundary of the tumor region (Fig. 4.8(c)). In
Fig. 4.8(d), a part of the surface mesh describing the whole-brain region boundary has been
attached to the surface mesh describing the internal boundary of the tumor region, such
that both form the surface mesh describing the healthy-brain region boundary. All nodes
of this healthy-brain region boundary, with the exception of the nodes along the internal
tumor region boundary, are common to the nodes of the whole-brain region boundary. The
creation of this surface mesh is made possible because the surface meshes describing the
whole-brain and the internal tumor region boundaries are properly connected.

While the resolution of the surface mesh describing the whole-brain region boundary is
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Figure 4.7: Intermediate step for the building of the biomechanical model. (a) Triangle
surface mesh describing the internal tumor region boundary, produced by VTKCutter.
Nodes correspond to the intersections of the volume mesh with the internal tumor region
boundary. (b) Triangle surface mesh describing the whole-brain region boundary, with
additional triangles created by the intersections of this mesh with (a). Meshes (a) and (b)
form two connected surface meshes, describing the whole-brain and internal tumor region
boundaries. (c) Zoom of part of (b). One can see that the quality of the triangles at the
intersections of (a) and (b) is far from ideal and must be improved.

easily controlled with Isosurf, the resolution of the surface mesh describing the internal
tumor boundary depends on the resolution of the volume mesh constructed without taking
into account the internal tumor region boundary, and is thus much more di�cult to control.
To get a uniform resolution for the two connected surface meshes, one can use a remeshing
algorithm that provides, from an initial mesh, a completely new mesh, such as provided
by the software tool Simmetrix. Finally, the two connected triangle surfaces are jointly
meshed into a single volume mesh of tetrahedra using Gmsh. For this volume mesh, the
minimum value of the tetrahedron-mesh quality measure γK de�ned by (4.1) is 0.24. Fig-
ure 4.8(e) shows the tetrahedra of the volume mesh that have a quality measure γK under
0.45, which is the minimum value obtained with the presence of a gap between the surface
meshes describing the whole-brain and the internal tumor region boundaries (Sect. 4.2.3).
One can see that the most badly-shaped tetrahedra are located at the intersections of the
two surface meshes. This is not surprising since these tetrahedra have to �t into the wedge
between them. However, the decrease of the mesh quality is not an issue, since a quality
measure γK of 0.24 is su�cient to maintain the robustness of our FEM calculations, as
explained in Sect. 4.2.3.

4.3.2 Improvement of the Displacement Field of Healthy-Brain
Region Boundary

As explained in Sect. 4.2.4, we use an active surface algorithm to evaluate the displace-
ment �elds of the whole-brain and healthy-brain region boundaries between the two iMR
images. For the whole-brain region, any rigid transformation that could have occurred has
already been taken into account by the rigid registration of the iMR images (Sect. 4.2.1).
However, it can happen that the internal tumor region boundary moves partly in a rigid
way as shown in Figs. 4.9(a)-4.9(c). With external forces de�ned using the gradient descent
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Figure 4.8: Building of the biomechanical model. (a) Triangle surface mesh, composed of
two connected surface meshes (b) and (c). (b) Triangle surface mesh describing the whole-
brain region boundary. (c) Triangle surface mesh describing the internal tumor region
boundary. The mesh stops exactly at the common nodes it has with the whole-brain
region boundary (b). In other words, there is no gap between (b) and (c), as in contrary
to Fig. 4.4. (d) Triangle surface mesh describing the healthy-brain region, composed of
part of (b) and (c). All nodes, with the exception of the nodes along the internal tumor
region boundary (c), are common to the nodes of the whole-brain region boundary (b). The
creation of (d) is made possible because (b) and (c) are properly connected. (e) Tetrahedra
of the volume mesh constructed from (a) with quality measure γK under 0.45. These most
badly-shaped tetrahedra are clearly located at the intersection of (b) and (c).

of a distance map (Sect. 2.3.5), the active surface algorithm for the healthy-brain region is
not able to take correctly into account rigid motion. Therefore, the active surface for the
healthy-brain region boundary, initialized from the 1st iMR image, should be �rst locally
transformed in a rigid way along the internal tumor region boundary in the 2nd iMR image,
and then deformed using an active surface algorithm as before. In order to compute the
local rigid transformation, we use the automatic iterative closest point (ICP) transform
available in VTK. This ICP transform allows one to register two surface meshes. We thus
apply this ICP transform between the subset � along the internal tumor region boundary �
of the initial active surface mesh, and a surface mesh, built using Isosurf, of the internal
tumor region boundary in the 2nd iMR image. A plane cut of the two surface meshes
before, and after rigid registration are shown in Figs. 4.9(d) and 4.9(e), respectively. The
displacements computed by this rigid transformation are then applied to the correspond-
ing nodes of the initial active surface mesh. Finally, this active surface mesh is deformed
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Figure 4.9: Local rigid registration of the healthy-brain region boundary. (a) Original
1st iMR image, acquired before the opening of the skull and dura. (b) Original 2nd iMR
image, acquired after the opening of the skull and dura (and, thus, after some brain shift),
and rigidly registered to the 1st iMR image. (c) Juxtaposition of the boundaries of the
healthy-brain regions segmented out from the 1st iMR image (in red) and from the 2nd iMR
image (in green), showing the local rigid motion of the internal tumor region boundary
between the two iMR images. (d) Plane cut of the two surface meshes used with the ICP
transform, before rigid registration. (e) Ditto for(d), after rigid registration. (f) Initial
active surface for the healthy-brain region with color levels corresponding to the magnitude
of displacement �eld, where local rigid motion of the tumor region has �rst been taken into
account.
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using the active surface algorithm as explained above. The surface displacement �eld for
the healthy-brain region boundary, resulting from the local rigid registration followed by
the active surface algorithm, is shown in Fig. 4.9(f), and can be compared with that of
Fig. 4.5(b), where no local rigid registration is performed.

As already detailed in Sect. 4.2.4, once the active surface algorithm has been applied to
the whole-brain and the healthy-brain regions (preceded by local rigid registration for the
healthy-brain region), we get two surface displacement �elds. Before transposing them into
displacements to be applied to the nodes of the biomechanical model, we smooth them to
make them compatible with the volume mesh. However, the biomechanical model is built
such that the whole-brain and the internal tumor region boundaries are now connected.
The surface displacement �elds of these two boundaries thus have to be jointly smoothed,
in order to make them consistent with each other at their intersections. In this case, we
still use a weighted-distance average based on ten, rather than �ve, neighbor nodes. This
number of neighbor nodes ensures the consistency of the two surface displacement �elds
at the intersections of the two surfaces.

Figure 4.10 compares the e�ect of smoothing jointly, rather than separately, the two dis-
placement �elds. Figure 4.10(a) shows the displacement �eld of the whole-brain region
boundary, when, �rst, this displacement �eld, as well as the one of the internal tumor
region boundary, are smoothed separately. Then, the nodal displacements, for nodes com-
mon to the two surfaces, and coming from the active surface algorithm for the whole-brain
region boundary, are replaced by the nodal displacements coming from the active surface
algorithm for the internal tumor region boundary. (This allows to visually verify if the
two displacement �elds are consistent with each other at the intersections of the two sur-
face meshes.) As expected, one sees that the two displacement �elds are not consistent
with each other at the intersections, and their neighborhood, of the two surfaces. (Some
examples of location, characterized by abrupt changes of value, are indicated by the red
arrows.) In comparison, Fig. 4.10(b) shows the displacement �eld of the whole-brain region
boundary, where this displacement �eld, as well as the one of the internal tumor region
boundary, are jointly smoothed. One sees, by comparing Figs. 4.10(a) and 4.10(b), that
the displacement �elds of the two surfaces are now consistent with each other. One can
conclude that, although the two surface displacements �elds should capture the same phe-
nomenon, their computation, based on two independent applications of the active surface
algorithm, makes them inconsistent with each other. The fact that the results of the active
surface algorithm depend on the smoothing procedure shows that further research is called
to ensure that the active surface algorithm, or another algorithm, correctly captures the
displacement �elds of the surface landmarks.

We have improved our baseline system by representing, in the biomechanical model, the
whole-brain and internal tumor region boundaries by two connected surface meshes. We
have also added a local rigid registration of the healthy-brain region boundary before de-
forming it based on an active surface algorithm. The two jointly-smoothed displacement
�elds of the whole-brain and internal tumor region boundaries are �nally applied to the
biomechanical model. The resulting volume displacement �eld of the biomechanical model
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Figure 4.10: Comparison of separate or joint smoothings of the displacement �elds of the
whole-brain and internal tumor region boundaries. For both cases, the initial active surface
for the whole-brain region is shown with color levels corresponding to the magnitude of the
displacement �eld of the whole-brain region boundary. The maximum and minimum values
are speci�cally indicated for each case. (a) The displacement �eld of the whole-brain and
internal tumor region boundaries, are smoothed separately. (b) Ditto for the case the two
displacement �elds are smoothed jointly. While the displacement �elds of the whole-brain
and internal tumor region boundaries are not consistent with each other (some examples
of location are indicated by the red arrows) in (a), they are in (b).

is shown in Figs. 4.11(a)-4.11(b). The location of the brain shift is clearly visible and prop-
agates inside the volume in a smoother way than in Fig. 4.6(b), reproduced in Fig. 4.11(c).
The two surface displacements �elds are thus shown to be consistent with each other, and
able to capture the brain shift deformation in a more meaningful way.

4.3.3 Note on the Smoothing of the Surface Displacements Fields
In Sect. 4.3.2, we indicated that, before applying the surface displacement �elds of the
whole-brain and internal tumor region boundaries to the biomechanical model, we jointly
smooth them using a weighted-distance average to make them compatible with the volume
mesh to avoid element �ipping. In this section, we evaluate the quality of the smoothing,
and its in�uence on the results by comparing it with the situation where no smoothing at
all is used.

Figure 4.12(a) shows the unsmoothed displacement �eld of the whole-brain region bound-
ary, where the nodal displacements for the nodes shared by the two surface meshes rep-
resenting the whole-brain and internal tumor region boundaries are replaced by the nodal
displacements coming from the displacement �eld of the internal tumor region boundary.
Figure 4.12(b), identical to Fig. 4.10(b), shows the displacement �eld of the whole-brain
region boundary, where this displacement �eld, as well as the one of the internal tumor
region boundary, are jointly smoothed using a weighted-distance average. As expected
(it was already the case for separate smoothing), the unsmoothed displacement �elds of
the whole-brain region and internal tumor region boundaries are not consistent with each
other at their intersections, and in their neighborhood (Fig. 4.12(a)), in contrast with the
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Figure 4.11: Comparison between the volume displacement �eld resulting from the de-
formation of the initial biomechanical model (Sect. 4.2) and the improved biomechanical
model. (a) External surface mesh of the biomechanical model with the location of the slice
considered in (b) and (c). (b) Selected slice of the biomechanical model with color levels
corresponding to the signed displacements along the y-axis, which is the main direction of
the brain shift, using the improved biomechanical model. The maximum and minimum
values are indicated. (c) Ditto for (b) using the initial biomechanical model (identical to
Fig 4.6(b), except for the color level scale, which is now identical to the one used for (b)).

smoothed ones using a weighted-distance average smoothing (Fig. 4.12(b)). We then apply
to the biomechanical model these unsmoothed and smoothed displacement �elds. The two
resulting volume displacement �elds of the biomechanical model are shown in Fig. 4.13.
One sees that they present similar isosurfaces, which di�er by their smoothness. This al-
lows one to conclude that the smoothing correctly keeps the deformation captured by the
surface displacement �elds.

In Sect. 2.2, we made an assumption of small deformations (a value of 0.05 is commonly
accepted as the maximum value of strain for a linear formulation). In order to compare
the two volume displacements �elds and check if they verify this assumption, we look at
the yy-component of the strain tensor (Fig. 4.14), which presents the highest value of all
components for the two strain �elds. First, one observes that the strain reaches high values
(up to 0.95). Second, one observes that the range of strain values varies by one order of
magnitude (strain values increase from 0.06 up to 0.95), although the range of the volume
displacement values is of the same order of magnitude for the two deformations of the
biomechanical model. We thus conclude that the strain strongly depends on the use of a
smoothing of the surface displacement �elds applied to the biomechanical model. We also
suspect that the strain values that go beyond the linearity assumption in Fig. 4.14(c) (in
the case where the smoothed surface displacement �elds are applied) are not necessarily
due to the brain shift itself, but are still due our method for evaluating the surface displace-
ment �eld, including the smoothing. To con�rm this idea, we deform the biomechanical
model using a nonlinear formulation. We found a maximum di�erence of 0.18 mm in nodal
displacements and of 0.02 in yy-component of the strain tensor. Given that the di�erences
between these results computed with a linear and a nonlinear formulation are very small,
one concludes that the high values of strains that remain are due to our way of evaluating
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Figure 4.12: In�uence of smoothing on the displacement �elds of the whole-brain and inter-
nal tumor region boundaries. (a) Initial active surface with color levels corresponding to
the magnitude of the displacement �eld of the whole-brain region where this displacement
�eld, as well as the one of the internal tumor region boundary, are unsmoothed. The max-
imum and minimum values are indicated. (b) Ditto for (a) in the case the displacement
�elds of the whole-brain and internal tumor region boundaries are jointly smoothed using
a weighted-distance average smoothing.

the surface displacement �elds, and are not due to the brain shift itself, which can thus be
legitimately treated using a linear formulation.

4.3.4 Warping of Images and Validation
Homogeneous Biomechanical Model
The volume displacement �eld of the biomechanical model (Fig. 4.11(b)) resulting from the
application of the displacement �elds of whole-brain and internal tumor region boundaries
is used to warp the part of the 1st iMR image corresponding to the whole-brain region, i.e.
with the skull and external cerebrospinal �uid masked out. Figures 4.15(1a) and 4.15(2a)
show the two iMR images rigidly registered. Figure 4.15(1b) shows the whole-brain region
extracted from Fig. 4.15(1a). Figure 4.15(2b) shows the result of warping of Fig. 4.15(1b).

To evaluate the accuracy of our 3D nonrigid registration technique, we compare the similar-
ity between the two iMR images rigidly registered with the similarity between the warping
of the 1st iMR image and the 2nd iMR image. Figure 4.15(1c) shows the juxtaposition
of edges extracted from the whole-brain region of the two iMR images rigidly registered,
while Fig. 4.15(2c) shows the juxtaposition of the edge maps extracted from the warping
of the 1st iMR image and from the whole-brain region of the 2nd iMR image. The visual
comparison of Figs. 4.15(1c) and 4.15(2c) shows that edges match better in (2c) than in
(1c), which illustrates the bene�t of the nonrigid registration. To quantitatively evalu-
ate the similarity of the edges, we compute the modi�ed Hausdor� distance [32], which
measures the distance between the two sets of edge points (Sect. 2.3.7). The modi�ed
Hausdor� distance decreases from 1.24 mm for the set of edges extracted from the two
iMR images rigidly registered (Fig. 4.15(1c)), down to 1.08 mm for the two iMR images
nonrigidly registered (Fig. 4.15(2c)). This con�rms that the nonrigid registration enhances
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Figure 4.13: In�uence of smoothing on the volume displacement �eld resulting from the
deformation of the biomechanical model. (a) External surface mesh of the biomechanical
model with the location of the slice considered in (b) and (c). (b) No smoothing. Selected
slice of the biomechanical model with color levels corresponding to the signed displacements
along the y-axis, where the volume displacement �eld results from the application of the
unsmoothed displacement �elds of whole-brain and internal tumor region boundaries. The
maximum and minimum values are indicated. (c) Weighted-distance average smoothing.
Ditto for (b) in the case the displacement �elds of the whole-brain and internal tumor
region boundaries are jointly smoothed using a weighted-distance average smoothing.
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Figure 4.14: In�uence of smoothing on the strain �eld resulting from the deformation of
the biomechanical model. (a) External surface mesh of the biomechanical model with the
location of the slice considered in (b) and (c). (b) No smoothing. Selected slice of the
biomechanical model with color levels corresponding to the yy-component of the strain
tensor, where the strain �eld results from the application of the unsmoothed displacement
�elds of whole-brain and internal tumor region boundaries. The maximum and minimum
values are indicated. (c) Weighted-distance average smoothing. Ditto for (b) in the case
the displacement �elds of the whole-brain and internal tumor region boundaries are jointly
smoothed using a weighted-distance average smoothing.
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the alignment of the two iMR images.

Figure 4.15: Image warping using an homogeneous biomechanical model. (1a) Original
1st iMR image. (2a) Original 2nd iMR image, rigidly registered to (1a). (1b) Whole-brain
region extracted from (1a). (2b) Deformation of (1b) using the volume displacement �eld
of the biomechanical model (Fig. 4.11), computed via FEM. (1c) Juxtaposition of edges of
whole-brain region of the 1st iMR image (1a) in green, and of edges of whole-brain region
of the 2nd iMR image (2a) in red. (2c) Juxtaposition of edges of whole-brain region of the
1st deformed iMR image (2b) in green, and of edges of whole-brain region of the 2nd iMR
image (2a) in red. (The red edges in (1c) and (2c) are identical.)

Heterogeneous Biomechanical Model Including the Lateral Ventricles' Region
In the previous section, our nonrigid registration was based on an homogeneous biome-
chanical model. Additional structural information can be segmented from the 1st iMR
image and included in the biomechanical model in order to test if this information brings
some improvement in the alignment.

We �rst model the region of lateral ventricles which are �lled with cerebrospinal �uid.
They have already been modeled with a linear elastic law [17] and with a poroelastic
law [77]. We include the lateral ventricles' region, segmented from the 1st iMR image, by
modeling it with a speci�c linear elastic law. Therefore, two, rather than one, linear elastic
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laws are assigned to the biomechanical model. The �rst law is used for the whole-brain re-
gion with, as before, Young modulus E = 3000 Pa and Poisson ratio ν = 0.45 [41], except
for tetrahedra whose centroids lie in the segmented lateral ventricles' region. The second
law is used for this region, modeled as a soft and compressible material with E = 10 Pa
and ν = 0.05 [17]. Note that, for an heterogeneous biomechanical model using two linear
elastic laws with a linear formulation, the FEM solution depends on the ratio of the two
Young moduli, and on the two Poisson ratios.

Figure 4.16(a) shows the whole-brain region and the lateral ventricles' region segmented
out from Fig. 4.15(1a). Figure 4.16(b), identical to Fig. 4.15(2b), shows the result of warp-
ing of Fig. 4.15(1b) using an homogenous biomechanical model. Fig. 4.16(c) shows the
result of warping of Fig. 4.15(1b) using an heterogenous biomechanical model including
the lateral ventricles' region. Figure 4.16(d) shows the di�erence of voxel intensities be-
tween the images shown in Figs. 4.16(b) and 4.16(c). We see that this di�erence is clearly
located around the lateral ventricles' region. Edges extracted from Figs. 4.16(b) and 4.16(c)
are shown jointly in Fig. 4.16(e). The di�erence in edge location is also located around
the lateral ventricles' region, although this di�erence is small. The value of the modi�ed
Hausdor� distance between the two iMR images nonrigidly registered is equal to 1.08 mm,
which is the same value obtained with an homogeneous biomechanical model. This can be
explained by the following reasons. The deformation around the lateral ventricles remains
small, as seen in Fig. 4.11(b). This limits the e�ect of using a second constitutive law and
can explain the fact that the value of the Hausdor� distance is not a�ected. In addition,
the lateral ventricles are physically connected to the subarachnoid space, exterior to the
brain tissues. Therefore, while the use a soft compressible law for the closed region of
the lateral ventricles may be easy to implement, this might not be an appropriate way of
modeling the lateral ventricles' region. The use of a poroelastic model in order to model
the cerebrospinal �uid �lling the lateral ventricles could be considered [78,103].

Homogeneous Biomechanical Model Including Falx Cerebri
The falx cerebri is a fold of dura mater, a thick and rigid membrane, which goes into
the longitudinal �ssure between the cerebral hemispheres. It has already been modeled in
biomechanical models as a sti� membrane [145], as a sti� volume structure with a width
of 2 mm, where the nodes of the falx cerebri along the external surface are �xed [79], or
as a rigid plane [16, 79]. We include the falx cerebri, segmented from the 1st iMR image,
as a rigid plane, such that the nodes lying within a close distance to the falx cerebri (i.e.
within 2.5 mm, which corresponds to the voxel size of the iMR images along the z-axis)
are allowed to slide on it, but not to cross it.

Figure 4.17(a) shows the whole-brain region, and the falx cerebri segmented out from
Fig. 4.15(1a). Figure 4.17(b), identical to Fig. 4.15(2b), shows the result of warping of
Fig. 4.15(1b) using an homogenous biomechanical model. Figure 4.17(c) shows the result
of warping of Fig. 4.15(1b) using an homogenous biomechanical model including the falx
cerebri. Figure 4.17(d) shows the di�erence between the images shown in Figs. 4.17(b) and
4.17(c). We see that the main di�erence of voxel intensities between the images is clearly
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Figure 4.16: Comparison of image warping using an homogeneous vs. heterogeneous biome-
chanical model, and validation thereof. (a) Whole-brain region and lateral ventricles' re-
gion segmented out from Fig. 4.15(1a). (b) Deformation of Fig. 4.15(1b) based on an
homogeneous biomechanical model. This �gure is identical to Fig. 4.15(2b). (c) Deforma-
tion of Fig. 4.15(1b) based on an heterogeneous biomechanical model including the lateral
ventricles' region. (d) Di�erence between (b) and (c). (e) Juxtaposition of Canny edges
of (b) in red, and (c) in green.

located around the falx cerebri. Edges extracted from Figs. 4.17(b) and 4.17(c) are shown
jointly in Fig. 4.17(e). The di�erence in edge location is also clearly located around the
falx cerebri, although the di�erence is small. The value of the modi�ed Hausdor� distance
decreases from 1.24 mm down to 1.10 mm, while it decreases down to 1.08 mm without the
modeling of the falx cerebri. Consequently, the use of the falx cerebri in the biomechanical
model as a rigid plane does not improve the alignment, but makes it slightly inferior.

4.4 Conclusions
In this chapter, we developed a method using two iMR images for evaluating brain shift de-
formation due to the opening of the skull and dura. The biomechanical model included two
structures, i.e. the healthy-brain and tumor regions. Because of the di�culty of meshing
connected surfaces with shared boundaries, a gap was left, in �rst approximation, between
the whole-brain and internal tumor region boundaries de�ning these two structures in the
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Figure 4.17: Comparison of image warping using an homogeneous biomechanical model
without and with falx cerebri modeling. (a)Whole-brain region and falx cerebri segmented
out from Fig. 4.15(1a). (b) Deformation of Fig. 4.15(1b) based on an homogeneous biome-
chanical model. This �gure is identical to Fig. 4.15(2b). (c) Deformation of Fig. 4.15(1b)
based on an homogeneous biomechanical model including falx cerebri. (d) Di�erence be-
tween (b) and (c). (e) Juxtaposition of Canny edges of (b) in red, and (c) in green.

biomechanical model. The deformation of the latter was driven by the displacement �elds
of these two boundaries, computed using an active surface algorithm. We showed that the
resulting volume displacement �eld of the biomechanical model lacked physical plausibility.
The surface displacement �elds of the whole-brain and internal tumor region boundaries
were not consistent with each other, and unable to correctly capture the volume deforma-
tion due to brain shift.

We thus explored various avenues for improving the estimation of brain shift deforma-
tion. First, we improved the representation of the brain, and we explicitly de�ned the
whole-brain and internal tumor region boundaries as connected surface meshes in the
biomechanical model. Second, we added a local rigid registration of the internal tumor
region boundary before applying the active surface algorithm to the healthy-brain region
boundary. We also showed the need to make the surface displacement �elds of the whole-
brain and internal tumor region boundaries consistent with each other, before applying
them to the biomechanical model. In practice, this �rst required the explicit de�nition
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of these two region boundaries as connected surface meshes in the biomechanical model.
The two surface displacement �elds were then jointly smoothed using a weighted-distance
average. The comparison between the results using the unsmoothed and smoothed dis-
placement �elds showed that the smoothing using a weighted-distance average gives sat-
isfactory results. The two smoothed surface displacement �elds were, indeed, consistent
with each other. The volume displacement �elds resulting from the application of the un-
smoothed and smoothed surface displacement �elds presented similar isosurfaces. Finally,
the deformation of the biomechanical model due to the application of the smoothed surface
displacement �elds corresponded to relatively small strains. Using our improved system,
we showed that the volume displacement �eld of the biomechanical model captured more
plausibly the brain shift deformation than with our baseline system. We showed, based
on the similarity between the image resulting from the warping of the 1st iMR image, and
the 2nd iMR image, that our nonrigid registration technique improved the alignment of the
two iMR images.

Finally, we compared the use of an homogeneous biomechanical model, an heterogeneous
biomechanical model including the lateral ventricles' region, and an homogeneous biome-
chanical model including the falx cerebri, based on the similarity of the two iMR images
nonrigidly registered. The inclusion of the lateral ventricles' region did not have a signi-
�cative impact on the result, while the inclusion of the falx cerebri as a rigid plane made
it slightly inferior. Further investigation is thus required to study the best way to include
them in the biomechanical model.

To further improve our brain shift modeling, future work could be considered in two main
areas. First, further research could be performed to improve the evaluation of the surface
displacement �elds from the two iMR images. We, indeed, observed the inconsistency
between surface displacement �elds, evaluated based on independent applications of the
active surface algorithm, although they should capture the same phenomenon.

Second, the fact that we use iMR images could be further exploited. Indeed, these images
provide volume information (rather than surface information only), are of good quality in
comparison to other intraoperative modalities, and possess a �eld of view that includes the
full volume of brain tissues (for the 0.5 Tesla GE Signa scanner). These images thus allow
one to evaluate what, and how, new structures of the brain could be used, to enhance the
modeling of brain shift. Some regions, e.g. the lateral ventricles' region, could be extracted
from the two iMR images, and used as surface landmarks to drive the deformation of the
biomechanical model [41,70].



Chapter 5

FEM/XFEM-Based Modeling of
Successive Resections

In this chapter, we model the brain deformation due to three successive resections, using
the improved system presented in Chap. 4, which deals with brain shift modeling. The
three successive resections are modeled separately, because they require di�erent types of
processing. In particular, their modeling di�er by the use of FEM or XFEM, depending
upon whether some brain tissues were previously resected or not.

5.1 Introduction
As mentioned in Sect. 1.1, the brain deforms continuously throughout surgery, and intra-
operative deformations can sometimes follow a reverse direction. In addition, the deforma-
tions observed during the course of surgery after the resection of tissue have been found to
be generally larger than those observed after the opening of the dura. It is also reported
that surface shift occurs throughout the procedure while deformation of deeper structures
occurs mainly during resection [95]. These observations indicate that frequent acquisitions
of intraoperative images are called for to guarantee accurate guidance [60]. Besides, the re-
section area is a delicate region where surgeons must be careful with unintentional surgical
gestures and consequent lesions. Therefore, it is in this region that resection deformation
must be evaluated with maximum accuracy. It is thus important for accurate IGNS guid-
ance to model brain deformations due to resection at time intervals that are as small as
possible.

Resection is more complex to model than brain shift. Indeed, resection induces a topologi-
cal change of the brain because some tissues are cut and parts of them are removed. Until
recently, the modeling of resection for preoperative image update has received much less
attention than brain shift. Among studies that take into account resection in the modeling
of brain deformation, one should distinguish two categories. The �rst one models brain
deformation using two time-point images, the �rst image being acquired before surgery, the
second one being acquired after resection. In this category, the methods that work with a
second image showing some brain shift are adapted, as explained below, for a second im-
age showing some resection. However, the resection is not explicitly modeled. The second

76



CHAPTER 5. FEM/XFEM-BASED MODELING OF SUCCESSIVE RESECTIONS 77

category models brain deformation using more than two time-point images, and models at
least two successive resections.

Among the �rst category of studies, Hagemann et al. [50] developed a 2D method for mod-
eling brain deformation between a preoperative MR image and a postoperative MR image,
the postoperative image showing a complete resection. The 2D mesh of the biomechani-
cal model corresponded to the underlying pixel grid of the 2D image. The biomechanical
model included four di�erent linear elastic laws for the skull/skin region, the whole-brain
region, the CSF region, and the image background. They computed the correspondence
of the skull boundary, the whole-brain region boundary in the neighborhood of the tumor,
and the posterior midline between the two images. They also computed the correspon-
dence between the internal tumor region boundary visible in the preoperative image, and
the resection cavity boundary visible in the postoperative image, both boundaries corre-
sponding under the assumption that the resection is complete. The displacements �elds
of these landmarks drove the deformation of the biomechanical model. As a result, the
biomechanical model presented high deformation in the tumor region, which is not physi-
cally plausible. However, the resection was complete, and, thus, they were not interested
by the displacement �eld of the biomechanical model in the tumor region itself.

Clatz et al. [17] developed a 3D method for modeling the brain deformation between a
preoperative MR image and an iMR image, the latter showing partial or complete resec-
tion. The biomechanical model was deformed based on a sparse volume displacement �eld
evaluated from the two images, using a block matching algorithm. In their algorithm,
blocks of voxels that presented discriminant structures were selected in the preoperative
image. The blocks were then matched to blocks in the iMR image using a similarity cri-
terion, e.g. a coe�cient of correlation. The value of the similarity criterion was used as a
value of con�dence in the displacement measured by the block matching algorithm. The
biomechanical model was then deformed iteratively, driven by the sparse displacement �eld
of the matched blocks, where a block rejection step was included for measured block dis-
placements initially selected but considered as outliers. In the iMR image, a part, or the
totality, of the tumor tissues were resected. The blocks were thus selected and matched in
only the healthy-brain region of the two images. They tested their algorithm on six patient
cases, and used for validation nine landmarks picked up manually in each image. They
found a mean and maximum error on displacements of 0.75 mm and 2.5 mm, respectively.
The error increased as one approached the tumor region. They explained this phenomenon
by the fact that a substantial number of block matchings were rejected in the tumor neigh-
borhood. The deformation of the biomechanical model in the tumor neighborhood was
thus essentially governed by the linear elastic law, and the result might show the limita-
tion of this model. Archip et al. [2] also tested the nonrigid registration method presented
in [17] on eleven patient cases, and used the 95% Hausdor� distance [32] for evaluating the
alignment of the nonrigidly registered images. As a result, they obtained a mean error of
1.82 mm.

Among the second category of studies, Miga et al. [80] simulated two successive resec-
tions. They built a linear poroelastic biomechanical model and preoperatively tagged the
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tetrahedron FEs that were going to be removed to simulate the brain deformation due to
successive resections. The modeling of resection was performed in two steps. First, the
preoperatively tagged FEs were removed. This consisted in duplicating the nodes at the
boundary of the resection cavity. The nodes were actually not eliminated, which avoids
the cost of remeshing operations. Second, a boundary condition was applied to the new
boundary of the resection cavity, in order to model the relaxation of strain energy, in-
duced by preoperative tumor growth or surgery acts, stored in the resected tissues, and
released after their removal. In this approach, the tissue discontinuity was represented as
best as possible with a jagged topology de�ned by the FE facets de�ning the boundary of
the resection cavity. Forest et al. [42, 43] also modeled the removal of tetrahedra in order
to model the action of an ultrasonic aspirator in the context of real-time surgery simulation.

Ferrant et al. [39�41] modeled successive resections based on several time-point iMR images.
Between two successive images, they deformed the biomechanical model, in its current state
of update, to take into account the (partial) resections(s) that took place between these two
images. The modeling of resection was performed in two steps. First, the biomechanical
model, in its current state of update, was deformed in accordance with the displacement
�eld of the healthy-brain boundary between the pair of images under consideration. Sec-
ond, the FEs that fell into the resection cavity in the second image of the pair were removed,
while the FEs that laid across the resection-cavity boundary were cut. To ensure the link
between the successive deformed con�guration of the biomechanical model, their algorithm
kept track of the topology modi�cation between FEs and nodes of the mesh before and
after the removal of FEs. They tested their algorithm on one patient case including �ve
iMR images (the �rst two iMR images being used for brain shift modeling), and used for
validation thirty-two landmarks picked up manually in each image. They found a mean
and maximum error on the displacements of 0.9 ± 0.7 mm (mean ± standard deviation)
and 3.7 mm respectively. The error increased as one approached the tumor region. They
explained this phenomenon by the limited accuracy in the process of picking landmarks in
that region, and because the retraction occurring between the second and third images was
modeled as a resection, i.e. a removal of tissues, even though the tissues were not removed
but simply spread out.

In this chapter, we illustrate the modeling of successive resections using two patient cases,
each comprising �ve iMR images (the �rst two iMR images being used for brain shift mod-
eling) (Fig. 5.1). In our case, as explained in Sect. 2.2, we handle tissue discontinuities with
XFEM [91]. This allows us to take accurately into account a discontinuity that crosses
FEs. The discontinuity is thus not represented as a jagged topology using FEs facets.
We also deform the initial biomechanical model, and not the biomechanical model in its
current state of update, for each deformation modeling, which prevents us from keeping
track of the topology of the successively deformed mesh.

Before modeling successive resections, we must model brain shift in order to get the
biomechanical model in its deformed con�guration after brain shift. Indeed, this deformed
biomechanical model includes the surface meshes that are used as initial active surfaces
for evaluating the displacement �elds of the selected landmarks. Brain shift has already
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been handled in Chap. 4 for the �rst patient case [130, 131]. Although not mentioned in
Chap. 4, brain shift has also been handled, i.e. the baseline system and its improvements
have been tested, for the second patient case in the same way as for the �rst patient case.
The warping of the part of the 1st iMR image corresponding to the whole-brain region,
shown in Fig. 4.15(2b), is reproduced in Fig. 5.5(2b) for the �rst patient case, while the
corresponding warping for the second patient case is shown in Fig. 5.6(2b).

In the following sections, the three successive resections are modeled separately, because
they require di�erent types of processing. Nevertheless, a common remark can be made
for each resection modeling. Matching two region boundaries to get a displacement �eld
makes sense only if they correspond to the same physical entity. Once the resection has
started, we can no longer rely on the entirety of the whole-brain region boundary, since
a part of it is now missing. For modeling the successive resections, we thus evaluate the
displacement �eld for the boundary of the healthy-brain region only.

5.2 Modeling of the 1st Resection
The block diagrams describing the processing steps to update the preoperative images,
shown in Fig. 2.2, are particularized to the case of 1st resection modeling in Fig. 5.2. (Note
that, in order to show exactly what we do, we explicitly mention in Fig. 5.2 the use of the
1st iMR image, even though it is used as a substitute for preoperative images.)

The 1st resection occurs between the times the 2nd and 3rd iMR images are acquired. How-
ever, since the corresponding removal of tissues is most likely accompanied by deformation,
one cannot exactly determine what tissue is removed based just on the two iMR images.
We thus decided to model the 1st resection by still relying on the displacement �elds of
key surfaces, here the healthy-brain region boundary, to deform the initial biomechanical
model. This indeed appears to be the only reliable information concerning the deformation
due to resection that we can extract from the 2nd and 3rd iMR images. Consequently, we do
not model explicitly the removal of tissue, but we model directly the deformation resulting
from it, without introducing any tissue discontinuity.

For modeling the 1st resection, we rigidly register the 3rd iMR image to the 1st iMR image
(Sect. 2.3.1). We then segment out and subsequently smooth the healthy-brain region and
the tumor region from the 3rd iMR image (Sect. 2.3.2). (The 2nd iMR image has already
been rigidly registered to the 1st iMR image, and segmented in the discussion of brain
shift modeling in Sects. 4.2.1 and 4.2.2.) The initial active surface describing the healthy-
brain region boundary corresponds to the surface mesh describing the healthy-brain region
boundary that is part of the biomechanical model in its current state of update. Once
the active surface has been deformed, the displacements of the active surface nodes can be
applied directly to the corresponding nodes of the initial biomechanical model. We then
compute the deformation of the initial biomechanical model via FEM. Then, using the
resulting volume displacement �eld, we warp the part of the 2nd iMR image corresponding
to the whole-brain region, in the same way as we did in the case of brain shift. For both
patient cases, the image resulting from the 1st resection modeling, respectively shown in
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Figure 5.2: Detailed block diagram of our 1st resection modeling. (a) FEM-based defor-
mation of the biomechanical model from displacement �eld of surface landmark tracked
between the 2nd and 3rd iMR images. (b)Warping of the 1st iMR image in its current state
of update, and of the 2nd iMR image. The updated iMR images are used for validation.
For each subsystem, inputs are in green and outputs are in red.
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Figs. 5.5(3b) and 5.6(3b), is now registered to the 3rd iMR image (Figs. 5.5(3a) and 5.6(3a)),
except outside of the healthy-brain region boundary, i.e. for the tumor region. Finally, we
alter the resulting image to re�ect the e�ect of resection. For this, we assign the background
color to the voxels of Figs. 5.5(3b) and 5.6(3b) corresponding to the resected tissue volume
�absent� in the 3rd iMR image (Figs. 5.5(3a) and 5.6(3a)). The result of the warping with
resection, performed by masking the warped image (Figs. 5.5(3b) and 5.6(3b)) with the
whole-brain region segmented out from the 3rd iMR image (Figs. 5.5(3a) and 5.6(3a)), is
shown in Figs. 5.5(3c) and 5.6(3c).

5.3 Modeling of the 2nd Resection
The block diagrams describing the processing steps to update the preoperative images,
shown in Fig. 2.2, are particularized to the case of 2nd resection modeling in Fig. 5.3.
The 2nd resection occurs between the times the 3rd and 4th iMR images are acquired. For
modeling the 2nd resection, we rigidly register the 4th iMR image to the 1st iMR image
(Sect. 2.3.1). We then segment out and subsequently smooth the healthy-brain region and
the tumor region from the 4th iMR image (Sect. 2.3.2). (The 3rd iMR image has already
been rigidly registered to the 1st iMR image, and segmented, for the 1st resection model-
ing.)

The signi�cant feature of the 2nd resection is that some tissue has already been removed
by the 1st resection, which means that this tissue cannot have any physical in�uence on
subsequent brain deformations because it does not �exist� anymore. Consequently, the
1st resection must be re�ected in the biomechanical model. Recall that the initial biome-
chanical model has been deformed to model the brain shift and the 1st resection. By
summing the two volume displacement �elds and applying the result to the initial biome-
chanical model, we get a deformed biomechanical model which is registered to the 3rd iMR
image. So, using the 3rd iMR image, we can de�ne the boundary of the 1st resection,
i.e. the tissue discontinuity to include in the deformed biomechanical model (Figs. 5.4(a)-
5.4(b)). To do so, we use the �lter VTKCutter, which produces a triangle surface mesh that
de�nes the boundary of the 1st resection (Fig. 5.4(c)) (Sect. 2.3.4). Because the volume
displacement �eld is computed using the initial biomechanical model (Sect. 2.2), the tissue
discontinuity, i.e. the triangle surface of intersection points of the volume mesh with the
1st resection boundary, must be transposed from the current con�guration of the biome-
chanical model to the initial one. The transformation is easy to compute because of the
one-to-one correspondence between nodes of the initial and current deformed con�gura-
tions of the biomechanical model, and the use of linear NSFs to evaluate the displacements
inside the FEs (Sect. 3.3.2). With a FEM-based biomechanical model, we would remesh
the initial biomechanical model to take into account the discontinuity. Then, we would
remove the part of the mesh corresponding to the resected tissue, and use the other part to
model the 2nd resection. Instead, with XFEM, we enrich the nodes whose supports are in-
tersected by the discontinuity with Heaviside DOFs. Consequently, when the XFEM-based
biomechanical model deforms, the part corresponding to tissue removed by the 1st resec-
tion has no in�uence on the deformation of the remaining part of the brain. For the �rst
patient case illustrated in Fig. 5.4, the tetrahedron mesh consists of 3, 317 nodes, which
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Figure 5.3: Detailed block diagram of our 2nd resection modeling. (a) XFEM-based de-
formation of the biomechanical model from displacement �eld of surface landmark tracked
between the 3rd and 4th iMR images. (b) Warping of the 1st iMR image in its current state
of update, and of the 3rd iMR image. The updated iMR images are used for validation. For
each subsystem, inputs are in green, outputs are in red, and steps related to the de�nition
and use of a discontinuity are in blue.
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corresponds to 9, 951 FEM DOFs. Enrichment adds 873 Heaviside DOFs.

As for the modeling of the 1st resection, the initial biomechanical model is deformed in ac-
cordance with the displacement �eld of the healthy-brain region boundary evaluated from
the 3rd and 4th iMR images. Figure 5.4(d) shows the deformed mesh, result of the XFEM
computation. The bottom part of the mesh, representing the tissue remaining after the 1st

resection, has been deformed according to the displacement �eld of the healthy-brain re-
gion boundary, while the top part, representing the tissue removed by the 1st resection, has
been subjected to a translation, but only for visualization purposes. Even though the mesh
is displayed as two separate parts, it is, in fact, a single entity. Indeed, a main feature of
XFEM is its ability to handle the e�ect of a discontinuity without modifying the underlying
mesh, i.e. without remeshing. For modeling the 2nd resection, the edges of FEs straddling
the discontinuity have been made discontinuous and their nodes moved apart. Using the
XFEM volume displacement �eld, we warp the part of the 3rd iMR image corresponding to
the whole-brain region. The resulting image is shown in Figs. 5.5(4b) and 5.6(4b), while the
result of the warping with resection, performed by masking Figs. 5.5(4b) and 5.6(4b) with
the whole-brain region segmented out from the 4th iMR image (Figs. 5.5(4a) and 5.6(4a)),
is shown in Figs. 5.5(4c) and 5.6(4c).

5.4 Modeling of the 3rd Resection
One signi�cant feature of the procedure described for modeling the 2nd resection is that
it can be applied repetitively for each subsequent resection visible on successive iMR im-
ages, no matter how many there are. The modeling of the 3rd resection is thus identical
to the modeling of the 2nd resection. The tissue discontinuity due to the 2nd resection is
de�ned from the 4th iMR image, and used to appropriately enrich the nodes of the initial
biomechanical model. Then, this initial biomechanical model is deformed using XFEM,
in accordance with the displacement �eld of the healthy-brain region boundary evaluated
from the 4th and 5th iMR images.

For the �rst patient case, a simpli�cation for the modeling of the 3rd resection can be
made because, by the time the 5th iMR image is acquired, the resection is complete. This
means that we only need to compute the volume displacement �eld of the healthy-brain
region. Since we apply displacements exactly to the boundary of the healthy-brain region,
the results obtained with FEM and XFEM will be identical.

Using the FEM (for the �rst patient case) or XFEM (for the second patient case) vol-
ume displacement �eld, we warp the part of the 4th iMR image corresponding to the
whole-brain region. The resulting image is shown in Figs. 5.5(5b) and 5.6(5b), while the
result of the warping with resection, performed by masking Figs. 5.5(5b) and 5.6(5b) with
the whole-brain region segmented out from the 5th iMR image (Figs. 5.5(5a) and 5.6(5a)),
is shown in Figs. 5.5(5c) and 5.6(5c).
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Figure 5.4: De�nition of tissue discontinuity for 2nd resection modeling (�rst patient case).
(a) External surface mesh of the current biomechanical model with the location of the
slice considered in (b). (b) External surface mesh of the current biomechanical model su-
perposed to the healthy-brain region (light gray) and tumor region (white) segmented out
from the 3rd iMR image. This superposition allows one to de�ne the tissue discontinuity
(red boundary between background (dark gray) and tumor plus healthy-brain) as a surface
mesh describing the boundary of the 1st resection. The discontinuity is de�ned as the in-
tersection of the current biomechanical model with the whole-brain region segmented out
from the 3rd iMR image. (c) Surface mesh describing the healthy-brain region boundary
(gray) and surface mesh describing the tissue discontinuity (red) of the current biomechan-
ical model. This tissue discontinuity gives an idea of the part of tumor tissue that was
removed by the 1st resection. The gap that appears �between� the gray and red surfaces
corresponds to the remaining tumor tissues. (d) Final mesh resulting from the modeling
of the 2nd resection using XFEM. Even though the mesh is displayed as two separate parts,
it is a single entity. The tetrahedra that were added to display separately the two parts of
the mesh, and the translation applied to the top part to represent the removal of tissue by
the 1st resection, are only for visualization purposes.
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5.5 Note on the Use of the Initial Biomechanical Model
for Modeling the 3rd Resection

So far, we have deformed the initial biomechanical model for modeling deformations
between each pair of successive iMR images. As mentioned in Sect. 2.2, in our 2D
work [132,134�137], and our previous 3D work [129], we successively deformed the biome-
chanical model. In this section, we explain how the use of the initial biomechanical model
makes easier the modeling of the successive deformations. For both approaches, at the end
of the 2nd resection modeling, the volume mesh (Fig. 5.4(d)) is still a single entity, but the
edges of FEs straddling the discontinuity are discontinuous, as explained in Sect. 5.3. In
the case where we use this deformed biomechanical model for modeling the 3rd resection,
and if we had complete freedom, we would model the 3rd resection based on the bottom
part of the output mesh of the 2nd resection modeling. However, it is not possible to start
an XFEM calculation with a mesh already deformed because the FEs are not supposed to
be already cut. Indeed, it is in the principle of XFEM itself that a FE mesh is initially
built, and, only subsequently, that additional XFEM DOFs are added to some of the ex-
isting nodes. Consequently, to proceed as desired, i.e. modeling the 3rd resection using
the deformed biomechanical model, we should use a nonlinear formulation of XFEM in a
total-Lagrangian formulation [67].

In order to avoid the cost of a nonlinear approach, we devised a new method that conti-
nued to preserve the spirit of XFEM, which is mainly to avoid remeshing in the presence
of a discontinuity. However, this method implied additional processing. The idea was �to
reconnect the pieces� of the deformed mesh, but without remeshing, in such a way we could
further resect it. Since we already had the correct deformed coordinates for the bottom
part of the mesh, we needed to �nd a way �to restore� a meaningful top part. We could
not simply lower the top part of the mesh, because it would not have �t the bottom part.
Indeed, it had been deformed during the modeling of the 2nd resection, with consequence
that the discontinuity surface of the bottom part had changed shape. While this might
not have been the best from a computational standpoint, our current solution was to use,
for the coordinates of the nodes of the top part of the mesh, the coordinates that we would
have obtained if we had modeled the 2nd resection based on FEM, i.e. without taking into
account the removal of tissue by the 1st resection. These coordinates were erroneous, but
this was not an issue, since these nodes would again be resected, given that the 3rd resec-
tion was necessarily deeper than the 2nd resection. We had to be careful to ensure that
the restored elements had good aspect-ratios. FEM was a way to achieve this, although
there was no guarantee that good results would have been obtained for the composite el-
ements straddling the discontinuity. Figure 5.7 illustrates, in 2D, this processing of mesh
reconnection [132]. Figure 5.7(a) shows the �nal mesh resulting from the modeling of the
2nd resection using XFEM, while Fig. 5.7(b) shows the �nal mesh resulting from the mod-
eling of the 2nd resection using FEM. The mesh resulting from the �reconnection� is shown
Fig. 5.7(c).
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(a) (b) (c)

Figure 5.7: Reconnection of the mesh for 2D modeling 3rd resection. (a) Final mesh
resulting from the modeling of the 2nd resection using XFEM. (b) Final mesh resulting
from the modeling of the 2nd resection using FEM. (c) Reconnected mesh used for modeling
the 3rd resection. The positions of the nodes in (c) corresponding to the bottom part of
the mesh (a) come from the mesh (a), while the positions of the nodes corresponding to
the top part of the mesh (a) come from the mesh (b).

5.6 Comparison of FEM and XFEM for Modeling of
Resection

As explained in Sect. 5.4, since we apply displacements exactly to the boundary of the
healthy-brain region, the results obtained with FEM and XFEM are identical in the
healthy-brain region. One can deduce that using XFEM for modeling resection is interest-
ing when the neurosurgeon needs to have an accurate displacement �eld of the remaining
tumor tissues. As an example (illustrated in Sect. 5.4), for the 3rd resection of the �rst
patient case, there is no need the model explicitly the fact that some tissues have been al-
ready resected because, by the time the 5th iMR image is acquired, the resection is complete.

In the case where some tumor tissues remain, it is interesting to evaluate the impact
of using FEM, instead of XFEM, to model the resection. As alluded in Sect. 5.1, using
FEM for modeling resection is equivalent to ignoring the presence of resection on intraop-
erative images. To illustrate the comparison between FEM and XFEM results, we choose
the 3rd resection modeling of the second patient case. Indeed, it is the deformation with
remaining tumor tissues that shows the largest magnitude, and, thus, that is likely to give
a maximum di�erence between the two computations. Figure 5.8 compares the results ob-
tained using FEM and XFEM. The healthy-brain and tumor regions segmented out from
the 4th and 5th iMR images are respectively shown in Figs. 5.8(a) and 5.8(b). The volume
displacement �elds of the biomechanical model using XFEM and FEM are respectively
shown in Figs. 5.8(c) and 5.8(d). The part of the 4th iMR image corresponding to the
whole-brain region is warped, �rst with the volume displacement �eld obtained via FEM,
and then with that obtained via XFEM. The di�erence between the two warped images
is shown in Fig. 5.8(e). As expected, there is a visible di�erence in the remaining tumor
tissue. However, the di�erence between the two volume displacement �elds is smaller than
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the image resolution1. In addition, the deformed 4th iMR images, using the XFEM- and
the FEM-based deformations of the biomechanical model, show the same similarity, com-
puted based on the modi�ed Hausdor� distance, with the 5th iMR.

Two reasons explain that the di�erences between the FEM and XFEM results are so small.
First, the brain deformation itself due to the 3rd resection is small, and, thus, it is expected
to obtain small di�erences between the two resulting brain deformations. Second, in the
case the remaining tumor tissues are close to the healthy-brain region boundary, it implies
that they are close to the boundary where surface displacement �elds are applied to drive
the deformation of the biomechanical model. This proximity decreases the in�uence of the
modeling of already resected tissues with XFEM.

Although this comparison between FEM and XFEM should be done on more patient
cases, we suggest that, in �rst approximation, FEM could be used for modeling resection
cases with small brain deformations. Nevertheless, the presentation of the successive re-
sections using XFEM shows the generality of our framework, and details how XFEM is
implemented. Note that in the following section devoted to validation, the warped images
are the ones deformed with XFEM.

5.7 Validation
As explained in Sect. 2.3.7, we evaluate the accuracy of our 3D nonrigid registration tech-
nique of the series of iMR images Ik, (k = 1, ...5) by comparing, for each deformation
modeling based on a pair (Ik, Ik+1) of two successive iMR images, the similarity between
these Ik and Ik+1 with the similarity between Iw

k and Ik+1, where Iw
k is the result of warping

of Ik. This gives us an estimate of how well we are able to capture, and compensate for,
the local deformations between Ik and Ik+1. We also compare the similarity between I1

and Ik+1 with the similarity between Iw
1,k and Ik+1, where Iw

1,k is the result of warping of
I1. This allows one to evaluate the propagation, i.e. the ampli�cation, of alignment error
on the results. The modi�ed Hausdor� distance computed for each pair of iMR images are
given in Tabs. 1 and 2.

Table 1 shows, for each deformation modeling based on a pair (Ik, Ik+1) of two successive
iMR images, the values of the modi�ed Hausdor� distances H(Ik, Ik+1) and H(Iw

k , Ik+1).
These values are computed using the Canny edges extracted from the pair of images
(Ik, Ik+1) (Figs. 5.5(row d) and 5.6(row d)) and (Iw

k , Ik+1) (Figs. 5.5(row e) and 5.6(row e)).
We observe that the values for the images nonrigidly registered are relatively constant,
i.e. ∼ 1 mm, for each deformation modeling. Six out of eight deformation modelings give
smaller modi�ed Hausdor� distances when the iMR images are (rigidly and subsequently)

1Although the di�erence between the two volume displacement �elds is smaller than the image resolu-
tion, the di�erence between the images resulting of the warping using these two volume displacement �elds
is non zero. This is explained by the fact that the (gray) value of each voxel of the warped image is de�ned
as a weighted-value of voxels of the original image. The weights are de�ned based on the overlapping ratio
of the voxel of the warped image, with voxels (determined using the volume displacement �eld) of the
original image.



CHAPTER 5. FEM/XFEM-BASED MODELING OF SUCCESSIVE RESECTIONS 91

Figure 5.8: Di�erence of results using XFEM and FEM for 3rd resection modeling (second
patient case). (a) Healthy-brain (gray) and tumor (white) regions segmented out from
the 4th iMR image. (b) Healthy-brain and tumor regions segmented out from the 5th

iMR image. (c) Volume displacement �eld of biomechanical model using XFEM. The
part of tissue falling within the resection cavity is modeled as being removed. Color levels
correspond to the magnitude of the displacement �eld. (d) Same as (c), but for FEM. The
part of tissue falling within the resection cavity is present in the deformation modeling
even though it no longer exists. (e) Di�erence in the warping of the part of the 4th iMR
image corresponding to the whole-brain region using XFEM and FEM.
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nonrigidly registered. However, the modi�ed Hausdor� distance increases for the 3rd resec-
tion modeling of the �rst patient case, as well as for the brain shift modeling of the second
patient case.

To understand if the nonrigid registration is responsible for the increase of the misalignment
of the two iMR images everywhere in the whole-brain region, or if this e�ect is localized,
we compute the modi�ed Hausdor� distance in the region and neighborhood of the tumor
only (volume region that extents by 25 mm the tumor region segmented in I1 for both
patient cases). The modi�ed Hausdor� distance decreases from H(I4, I5) = 1.70 mm to
H(Iw

4 , I5) = 1.37mm for the �rst patient case, while it decreases from H(I1, I2) = 1.36mm
to H(Iw

1 , I2) = 1.28 mm for the second patient case. This indicates that the nonrigid
registration enhances the alignment of the two iMR images within the tumor region and
its neighborhood, which is in fact the location requiring the best modeling accuracy. This
behavior could be explained by the fact that a maximum of information from the iMR
images is used in this region, i.e. one or two (in case of brain shift modeling) surface
displacement �elds are applied around it. The increase of misalignment elsewhere in the
brain volume could be explained by two reasons. First, the landmarks tracked from the
iMR images are surfaces. As a consequence, the nonrigid registration is expected to give
better results near the tracked surfaces than far from them in the volume [41]. Second,
the volume displacement �eld strongly depends on the constitutive laws. The volume mis-
alignment could point out the need for better parameters values and/or other constitutive
laws.

This leads us to include in the biomechanical model some extra information about the
lateral ventricles' region segmented from I1. In Sect. 4.3.4, we showed that the use of a
speci�c linear elastic law for the lateral ventricles' region did not have a signi�cant impact
on the result of brain shift modeling. We test, here, the use of the same heterogeneous
biomechanical model for successive resection modeling. As for the brain shift modeling, all
values of the modi�ed Hausdor� distances obtained using this heterogeneous biomechanical
model are similar to the ones obtained using the homogeneous biomechanical model, and
given in Tab. 1.

Table 2 shows, for each deformation modeling based on a pair (Ik, Ik+1) of two successive
iMR images, the values of the modi�ed Hausdor� distances H(I1, Ik+1) and H(Iw

1,k, Ik+1).
So far, IGNS systems allows one to rigidly register preoperative and successive iMR im-
ages. H(I1, Ik+1) thus represents the navigation accuracy that we can obtain with an IGNS
system at the present time. The comparison of H(I1, Ik+1) with H(Iw

1,k, Ik+1) gives the im-
provement that could be practically achieved in the alignment with our approach.

As expected, Tab. 2 shows that the IGNS accuracy decreases through the successive defor-
mations. Indeed, the modi�ed Hausdor� distance increases from H(I1, I2) = 1.24 mm
to H(I1, I5) = 1.78 mm for the �rst patient case, and from H(I1, I2) = 1.01 mm to
H(I1, I5) = 1.68 mm for the second patient case. Six out of eight deformation modelings
give smaller modi�ed Hausdor� distances when the iMR images are nonrigidly registered.
To understand if the modi�ed Hausdor� distance increases everywhere in the whole-brain
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region for the brain shift and 1st resection modeling of the second patient case, we compute
the modi�ed Hausdor� distance in the neighborhood of the tumor region (in the same way
as explained for Tab. 1), and observe the improvement of the alignment within the tumor
region and its neighborhood. As opposed to the values of the modi�ed Hausdor� distances
in Tab. 1, the values for the images nonrigidly registered in Tab. 2 increase through the
successive resection modeling. This ampli�cation error is due to the fact that, after hav-
ing modeled brain deformation between a pair of iMR images, the deformed biomechanical
model is not in perfect alignment with the second image of the pair. This can be attributed
to the manual segmentation and the active surface algorithm (and their associated smooth-
ing). Since, for the subsequent deformation modeling, the surface landmarks are initialized
based on the deformed biomechanical model, this can thus ampli�es a misregistration error.

As explained in Sect. 5.6, we found out that FEM could advantageously replace XFEM
for the patient cases treated. A possibility for reducing the ampli�cation error could thus
be to evaluate the surface displacements �eld between the 1st iMR image and the second
iMR image of the pair under consideration using FEM for each deformation modeling. The
modi�ed Hausdor� distances obtained for the �rst patient case with this procedure still
increase through the successive resection modeling, but are slightly smaller than in the case
where the brain deformation is modeled with a pair of successive images. As for the use
of FEM instead of XFEM, this procedure could make the implementation of a practical
end-to-end system easier, but requires further investigation with more patient cases.

5.8 Conclusions
In this chapter, we developed a method for evaluating brain deformation due to succes-
sive resections. The nonrigid registration technique used an homogeneous linear elastic
biomechanical model that was developed in Chap. 4. The deformation of the biomechan-
ical model was driven by the displacement �eld of healthy-brain region boundary tracked
between successive iMR images. The biomechanical model was deformed using FEM or
XFEM, depending upon whether some brain tissues were previously resected or not. We
showed that our approach was modular, and could be applied each time a new iMR image
is acquired.

We used a linear formulation to characterize the deformation of the brains of both pa-
tients because the brains underwent relatively small deformations. This implied that, for
each new deformation modeling, one could use the initial con�guration rather than the
last-deformed con�guration of the biomechanical model. This had the important advan-
tage that we did no longer need to reconnect the deformed mesh for each new XFEM
calculation, which was one drawback of our previous method, presented in [129, 132, 134],
where the biomechanical model was successively deformed. This also had the advantage of
using a good quality mesh for each deformation modeling rather than using a mesh whose
quality progressively degrades with each successive deformation modeling.

We showed that our nonrigid registration technique improved the alignment of the succes-
sive iMR images for most of the deformation modeling of the two patient cases considered.
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When our nonrigid registration did not improve the alignment globally, it still improved
it locally, i.e. within the tumor region and its neighborhood. As for the brain shift mod-
eling in Chap. 4, we tested the explicit modeling of the lateral ventricles' region with a
soft, compressible law in addition to the whole-brain region law used in the homogeneous
biomechanical model. Equally to the case of brain shift modeling, the inclusion of the lat-
eral ventricles' region for successive resection modeling did not have a signi�cative impact
on the result.

In addition to the validation that is usually performed for successive deformation mod-
eling, i.e. validation between pairs of successive intraoperative images, shown in Tab. 1 of
Sect. 5.7 or in the work of Ferrant et al. [39�41], we also evaluated the fact that an error
of alignment after each deformation modeling could propagate and amplify through the
successive deformation modeling. We expected to observe an ampli�cation of the misregis-
tration, which was con�rmed by our quantitative evaluation. At the present time though,
commercial IGNS systems allow one to register preoperative images and successive iMR
images, but in a rigid way only. Consequently, although the e�ect of error ampli�cation
exists, our technique still enhances the current capabilities of commercial IGNS systems.

To further improve our successive resection modeling, additional patient cases should be
treated in order to draw some �nal conclusions about the feasibility of using only FEM
for each resection modeling. Indeed, the two patient cases treated did not showed a de�-
nite advantage of explicitly modeling resection using XFEM. In addition, further research
could help to determine if the brain deformations bene�t from being modeled with a pair
of successive iMR images, or on the contrary, between the 1st iMR image and the last iMR
image acquired.



Chapter 6

XFEM-Based Modeling of Retraction

In this chapter, we model the brain deformation due to retraction. We �rst discuss 2D
retraction modeling, where crack-tip functions are used, or not, to enrich the nodes whose
supports contain the tip of the discontinuity. We then present the 3D retraction modeling,
using the improved system presented in Chap. 4, which deals with brain shift modeling.

6.1 Introduction
Retraction [138] is usually performed when the target, e.g. the tumor, is deep inside the
brain. The surgeon cuts through brain tissues and inserts the blades of a retractor to
spread tissues out from the incision and to create a free path towards the tumor.

Ferrant et al. [41] modeled retraction using a linear elastic biomechanical model. They
deleted the FEs falling into the retraction path, which is visible on the iMR image ac-
quired after retraction. This way of modeling retraction implied the removal of some
tissues, which was not physically correct, and did not model explicitly the motion of tis-
sues as they were spread out.

Miga et al. [80] modeled retraction using a linear poroelastic biomechanical model. This
model was submitted to gravity, as well as to the deployment of the retractor. They used
optical images from the operating microscope and cortical features, such as surface vascu-
lature, to estimate the position of the retractor. They modeled the tissue discontinuity by
splitting the mesh along existing boundary edges, representing as best as possible the cut
by a jagged discontinuity. In order to model the opening of the path, they subsequently
moved the duplicated nodes apart. The nodes located on the front side (i.e. facing the
opening) of the retractor were moved within a distance consistent with the optical images.
The nodes on the back side were not allowed to move orthogonally to the retractor blade.

Platenik et al. [107,108] attempted to validate the retraction modeling of Miga et al. [80].
They performed in vivo incremental interhemispheric retraction experiment (from 3 mm
up to 10 mm) on four porcine subjects, using a controlled retractor mounted on the stereo-
tactic frame attached to the subject. They used iCT scans to estimate the position of
the retractor. Validation was performed using beads, implanted in the porcine brains, and
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tracked between successive iCT scans. They also improved the model of Miga et al. by
allowing tissue on the back side of the retractor to move with the retractor at the begin-
ning of the retraction, and, then, to separate at larger retractions. This phenomenon was
visible on iCT scans. They were able to capture up to 85% of brain motion. Lamprich et
al. [66] also attempted to validate the retraction modeling of Miga et al. [80] on ex vivo
interhemispheric retraction porcine experiment images using iMR images.

Lunn et al. [71] used the data collected by Platenik et al. [108] from these porcine ex-
periments to test a di�erent way of modeling retraction. The volume displacement �eld
of the biomechanical model was computed as a weighted combination of basis solutions,
computed prior to surgery with a linear poroelastic biomechanical model. The weight coef-
�cients were computed with a minimization procedure using the implanted beads as control
points, in order to reduce the error between the observed and computed displacements of
the beads. They analyzed di�erent basis solutions, and evaluated the best combination of
them. They obtained the best results with a combination of three basis solutions: gravity,
retraction with normal displacements to the retractor blades, and pressure on the back of
the retractor. They also analyzed the amount and locations of control points necessary to
obtained such results. While the results showed equal or decreased mean vector error com-
pared to the results of Platenik et al., the method still calls for further study. Indeed, the
method is of course sensitive to the type of basis solutions used, and does not necessarily
provide better solutions with additional basis solutions. Furthermore, while it was feasible
to use implanted beads for porcine subjects and to track them in iCT scans, the use and
tracking of control points in real patients is expected to be more challenging.

Sun et al. [123] studied the capacity of capturing cortical motion during retraction, us-
ing stereo cameras mounted on the operating microscope. They registered stereo images
acquired after craniotomy to a linear poroelastic biomechanical model of the patient's
brain, and tagged the nodes of the external surface of the biomechanical model that cor-
responded to the visible surface of the brain. From these nodes, they de�ned a subset
that were visually hidden by the retractor on the stereo images acquired after the inser-
tion of the retractor, and tagged them as the retractor nodes. They estimated the motion
of the retractor based on stereo images acquired before and after the deployment of the
retractor, using an ICP algorithm. They transposed the displacement of the retractor to
displacements applied to the retractor nodes of the biomechanical model. They validated
their method by computing, based on the ICP algorithm, the displacements of the tagged
nodes minus the retractor nodes from stereo images, and compared these displacements
to the displacements of nodes resulting from the deformation of the biomechanical model.
For the patient case studied, they found that they could capture approximately 75% of the
cortical motion.

In our case, we model retraction deformation using XFEM [91] for handling tissue dis-
continuity. In Sect. 6.2, we model 2D retraction deformation, where the crack-tip func-
tions (3.43) are used to enrich the nodes whose supports contain the tip of the discontinu-
ity [132,135�137], and we compare the result where the Heaviside function is only used. In
Sect. 6.3, we model 3D retraction deformation, where the Heaviside function is also only
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used [138]. Note that, in addition to the use of crack-tip functions, other methods, e.g. the
evaluation of surface (contour in 2D) displacement �elds, also di�er between the 2D and
3D retraction modelings.

6.2 2D Modeling of Retraction
In this section, we describe our 2D modeling of retraction. The iMR images acquired before
the opening of the skull and dura, and after some retraction are shown in Figs. 6.1. The
iMR image size is 256× 256 pixels, and the pixel size is 0.859× 0.859 mm. The beginning
of resection visible in the 2nd iMR image will be ignored. Ideally, we would have preferred
to handle, �rst, the brain shift and, then, the retraction. However, this is not possible since
an iMR image corresponding to the brain shift alone was not available. We thus handle
both e�ects simultaneously, which demonstrates the �exibility of our approach.

Figure 6.1: iMR images for 2D retraction modeling. (1) Original 1st iMR image, acquired
before the opening of the skull and dura. (2) Original 2nd iMR image, acquired after
the opening of the skull and dura, the retraction, and the beginning of resection. The
deformation observed is principally due to brain shift and retraction.

To model retraction, the whole-brain region is segmented out from the 1st iMR image using
3D Slicer, and then meshed into triangles using Distmesh. We estimate the position
of the cut on the 1st iMR image with the help of a neurosurgeon. For simplicity, the cut
is assumed linear. The estimated position of the cut is shown in Fig. 6.2(a). We compute
the intersections of the mesh with the cut (Fig. 6.2(b)). We enrich the nodes with XFEM
DOFs in accordance with (3.44): (a) any node whose support is not intersected by the
discontinuity remains una�ected; (b) any node whose support is fully intersected by the
discontinuity is enriched with two Heaviside DOFs; (c) any node whose support contains
the tip of the discontinuity is enriched with eight crack-tip DOFs (Fig. 6.2(c)). The mesh
in Fig. 6.2(c) consists of 828 nodes, which corresponds to 1, 656 FEM DOFs. Enrichment
adds 30 XFEM Heaviside DOFs and 24 crack-tip DOFs.
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We choose two surface (contour in 2D) landmarks: the whole-brain region boundary and
the cut (along which the blades of the retractor are introduced). The whole-brain region
boundary is de�ned by the set of external nodes of the mesh, except for the nodes that
are located close to the cut. Indeed, we do not want to use the nodes whose displacements
would bring them into the hole created by the retraction. We estimate the displacement
�eld of nodes describing the whole-brain region boundary by computing a distance map of
the whole-brain region segmented out in the 2nd iMR image. We then de�ne the displace-
ment of each node describing the whole-brain region boundary as the displacement to the
closest point of the whole-brain region in the 2nd iMR image using this distance map. The
displacement �eld is then smoothed to avoid any element �ipping.

The cut is described by the set of cut intersections de�ned above. To estimate the dis-
placement of the cut intersections, we assume that the tissues on the left and right sides of
the cut were displaced perpendicular to the line of the cut. We estimate the displacement
of each cut intersection using the 2nd iMR image. One such displacement is shown in
Fig. 6.3. The two displacement �elds of the two lips of the cut are separately smoothed.
In particular, the displacement applied at the intersection of the element containing the
tip should not be too large to avoid element �ipping.

(a)                                                                           (b)(a) (b) (c)

Figure 6.2: XFEM enrichment for 2D retraction modeling. (a) 1st iMR image with our
estimate of the location of the cut. (b) Mesh, created from the brain region of 1st iMR
image, and cut; the cut de�nes intersections with the mesh. (c) 2D XFEM enrichment
for cut shown in (b). Each node enriched with Heaviside DOFs is represented by an open
circle, while each node enriched with crack-tip DOFs is represented by a �lled square.
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Figure 6.3: Evaluation of the displacement �eld of the cut for 2D retraction modeling.
Figure shows 2nd iMR image with cut and, for one particular intersection of the cut with
the mesh, the corresponding displacement due to retraction.

The displacements d retr,left
n and d retr,right

n obtained earlier for the left and right lips of
each cut intersection n are applied by imposing, based on (3.44), the conditions
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for the left lip, where the Heaviside function H(x) (see (3.42)) is equal to +1, and, similarly,
the conditions
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for the right lip, where the Heaviside function H(x) is equal to −1. (The assignments of
the values +1 and −1 to the left and right lips can be exchanged.) In (6.1) and (6.2), xretr

n

is the position of cut intersection n, An and Bn are the two nodes of the FE edge that cut



CHAPTER 6. XFEM-BASED MODELING OF RETRACTION 101

intersection n is located on, ϕAm(x) and ϕBm(x) are the FEM NSFs of nodes Am and Bm,
uAn and uBn are the nodal FEM DOFs of nodes An and Bn, and aAn and aBn are the
nodal XFEM Heaviside DOFs of nodes An and Bn. Conditions (6.1) and (6.2) are applied
with Lagrange multipliers. If nodes An and/or Bn are enriched with crack-tip DOFs rather
than with Heaviside DOFs, the displacements are applied in a similar way.

Figure 6.4: Final mesh resulting from the 2D modeling of the retraction using XFEM.

Figure 6.4 shows the �nal mesh resulting from the XFEM calculation. The surface dis-
placement �eld of the biomechanical model is used to warp the part of the 1st iMR image
(Fig. 6.5(1a)) corresponding to the brain, i.e. with the skull and external cerebrospinal
�uid masked out (Fig. 6.5(1b)). The result of the warping of Fig. 6.5(1b) is shown in
Fig. 6.5(2b). To evaluate the quality of the registration, the Canny edge detector is applied
to Figs. 6.5(1b), 6.5(2b), and to the brain part of 6.5(2a). Two modi�ed Hausdor� dis-
tances are computed between edges of (1) Fig. 6.5(1b) and brain part of Fig. 6.5(2a), shown
jointly in Fig. 6.5(1c), and (2) Fig. 6.5(2b) and brain part of Fig. 6.5(2a), shown jointly
in Fig. 6.5(2c). The value of the modi�ed Hausdor� distance decreases from 2.17 mm to
1.78 mm between Figs. 6.5(1c) and 6.5(2c), which con�rms the improvement of the align-
ment.

The goal of modeling retraction in 2D is to illustrate but also to quantify the use of crack-tip
functions for modeling brain deformation. Figure 6.6 compares the deformed mesh, result-
ing of the XFEM computation when using, or not, the crack-tip functions. We observe that
the di�erences in the nodal position between the two deformed meshes are located in the
vicinity of the discontinuity tip, and that they do not exceed the element mesh size. We also
compare the value of the modi�ed Hausdor� distance that now decreases from 2.17 mm to
1.76 mm (in contrast with 2.17 mm to 1.78 mm), which shows that the alignment of the
two iMR images, after nonrigid registration, is slightly improved in comparison to the case
where crack-tip functions are used. Although it is not possible to draw general conclusions
from one patient case, one can however wonder if the crack-tip functions are well adapted
to model the cut in retraction deformation. Indeed, as explained in Sect. 3.4.5, the crack-
tip functions allows the XFEM solution to better capture the stress �eld in the vicinity of a
crack tip, and, thus, to better determine if the crack is going to propagate. In contrast, for
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Figure 6.5: Image warping for 2D retraction modeling. (1a) Original 1st iMR image.
(2a) Original 2nd iMR image. (1b) Whole-brain region extracted from (1a). (2b) Defor-
mation of (1b) using the surface displacement �eld of the biomechanical model, computed
via XFEM. (1c) Juxtaposition of edges of whole-brain region of 1st iMR image (1a) in
green, and of edges of whole-brain region of 2nd iMR image (2a) in red. (2c) Juxtaposition
of edges of whole-brain region of 1st iMR image deformed for modeling brain shift (2b) in
green, and of edges of whole-brain region of 2nd iMR image (2a) in red. (The red edges
in (1c) and (2c) are identical.)

retraction modeling, the cut is de�ned and created on purpose by surgeons. In addition,
the crack-tip function basis speci�cally spans the displacements �elds for the Mode I and
Mode II propagation of a crack in a domain under loading. For retraction modeling, the
loading is particular because it corresponds to displacements applied on the lips of the cut.
This unknown about the bene�t of crack-tip functions for retraction modeling explains
why only the Heaviside function is considered for our 3D retraction modeling.

6.3 3D Modeling of Retraction
In this section, we describe our 3D modeling of retraction. Compared to our 2D retraction
modeling, we include some improvements. First, the iMR images are initially rigidly regis-
tered. Second, once the whole-brain regions are segmented out from the two iMR images,
these segmentations are smoothed. Third, displacements are applied to all nodes of the
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(a)

(d)(c)

(b)

Figure 6.6: Comparison of �nal mesh resulting from the 2D modeling of the retraction
using, or not, the crack-tip functions. Final mesh resulting from the 2D modeling of the
retraction using XFEM (a) using the crack-tip functions. Identical to Fig. 6.4; (b) not us-
ing the crack-tip functions. (c) Nodal positions of (a) in black and of (b) in red. (d) Zoom
of (a) with nodal positions of (b) in red in the vicinity of the tip.

whole-brain region boundary. In 2D, we did not apply displacements to nodes describing
the whole-brain region boundary that were too close to the cut, in order to prevent them
from entering the hole created by the retraction. For that purpose, we changed of method
for evaluating surface displacement �elds, and we use, in 3D, an active surface algorithm
rather than a closest point technique.

In Sect. 2.3, we described our baseline system for modeling brain deformation, using two
successive iMR images. In this section, we particularize it to 3D modeling of retraction.
In particular, the block diagrams describing the processing steps to update the preopera-
tive images, shown in Fig. 2.2, are particularized to the case of 3D retraction modeling in
Fig. 6.7.

For the patient case used for 3D retraction modeling (note that this patient case is not
the same as the one used for 2D retraction modeling), we work as follows. First, we focus
on retraction deformation, which takes place between the 2nd and 3rd iMR images for the
patient case treated. Therefore, we do not consider brain shift deformation, which takes
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Figure 6.7: Detailed block diagram of our 3D retraction modeling. (a) Building of the
biomechanical model, and XFEM-based deformation of the biomechanical model from
displacement �elds of surface landmarks tracked between the 2nd and 3rd iMR images.
(b) Warping of the 2nd iMR image and validation of deformation modeling. For each
subsystem, inputs are in green, steps related to the de�nition and use of a discontinuity
are in blue, and outputs are in red.
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place between the 1st and 2nd iMR images. The reason is that the brain shift modeling
has been extensively detailed in Chap. 4, and modeling the brain shift for this patient
case would not bring additional information. However, the modeling of retraction is not
a�ected by this simpli�cation. Second, we use the 2nd iMR image, and not the 1st iMR
image as in Chap. 4 and 5, as a substitute for preoperative images. (Note that, in order to
show exactly what we do, we explicitly mention in Fig. 6.7 the use of the 2nd iMR image,
even though it is used as a substitute for preoperative images.) The biomechanical model
is thus built based on structures visible in the 2nd iMR image, and we deform the 2nd iMR
image in order to validate our results. For the patient case considered here, the iMR image
size is 256× 256× 60 voxels, and the voxel size is 0.859× 0.859× 2.5 mm

6.3.1 Rigid Registration of Intraoperative Images
As explained in Sect. 2.3.1, we choose to rigidly register the iMR images to the �rst iMR
images of the series that is used. We thus rigidly register the 3rd iMR image to the 2nd

iMR image.

6.3.2 Segmentation of Intraoperative Images
For modeling retraction, we segment out manually the whole-brain region from the two
iMR images (Figs. 6.8(1b)-6.8(2b)). (Note that, for this patient case, the tumor region is
very small, and, thus, in contrast to patient cases treated in Chaps. 4 and 5, the tumor
region is not used for retraction modeling.) Then, we smooth out this whole-brain region,
whose boundary are e�ectively used as surface landmark with the active surface algorithm
(Figs. 6.8(1c)-6.8(2c)), as explained in Sect. 2.3.2. By comparing Figs. 6.8(2b) and 6.8(2c),
we see that the smoothing causes the depth and the opening width of the path created
by retraction to decrease. However, as explained in Sect. 2.3.2, the smoothing of the
segmented regions is required to prevent the active surface algorithm from capturing surface
deformation that are only due to the roughness of the manual segmentation.

6.3.3 Building of the Biomechanical Model
As mentioned above, the biomechanical model is built from the 2nd iMR image rather than
from the preoperative images. For this patient case, the only structure that one needs to
include in the biomechanical model is the whole-brain region. To build the volume mesh,
we �rst use Isosurf to produce a triangle surface mesh of the boundary of the segmented
whole-brain region. We then use Gmsh to produce, based on the triangle surface mesh,
a tetrahedron volume mesh of the whole-brain region. For the patient case treated, the
minimum value of γK de�ned by (4.1) is 0.42. A linear elastic laws is assigned to the
whole-brain region, with Young modulus E = 3000 Pa and Poisson ratio ν = 0.45 [41].

6.3.4 De�nition of Tissue Discontinuity
For modeling retraction, we need a representation of the cut in the biomechanical model,
in order to enrich the appropriate nodes of the volume mesh with XFEM Heaviside DOFs.
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Figure 6.8: Segmentation of intraoperative images for 3D retraction modeling. (1a) Origi-
nal 2nd iMR image, acquired before retraction. (2a) Original 3rd iMR image, acquired after
retraction. (1b) Whole-brain region segmented out manually from (1a) with 3D Slicer.
(2b) Ditto for (2a). (1c) Smoothing of the segmented whole-brain region from (1b).
(2c) Ditto for (2b). (1c) and (2) are performed in order to minimize the dependance
of the active surface algorithm (Sect. 6.3.5) on segmentation roughness and surface mesh
resolution.

The cut is de�ned as a segmented region, and ultimately represented by the surface mesh
that is the intersection of the 3D volume mesh with this segmented region. For the patient
case of interest, the mesh representing the cut is obtained as follows. First, the cut is
assumed to be planar, and the cut plane, representing the location where the retractor was
inserted, is taken as the plane between the two brain hemispheres (Fig. 6.9(a)). Second, we
determine the 2D region that is the di�erence between the whole-brain regions segmented
out from the two iMR images in the plane of the cut (Figs. 6.9(b)-6.9(c)), where additional
image processing has beforehand been performed on Fig. 6.9(c) to remove small, isolated
islands. The result is a 2D cut region, shown in Fig. 6.9(d). Third, we compute the
intersection of the cut with the volume mesh. This is performed by �rst computing a
distance map of the cut region, and then, using the �lter VTKCutter, which allows one to
compute the intersections of a volume mesh with an implicit function, such as a distance
map. VTKCutter produces a triangle surface mesh, representing the cut mesh, composed
of the set of points intersecting the volume mesh (Fig. 6.9(e)). As explained in Sect. 6.2, we
only use XFEM Heaviside DOFs to model the cut. The cut mesh (Fig. 6.9(e)) is thus larger
(by a size equivalent to the mesh element size) than the cut region (Fig. 6.9(d)) because the
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cut mesh is extended to the boundary of elements inside which the cut ends (Sect. 3.4.7).
Finally, we enrich the nodes whose supports are intersected by the discontinuity, i.e. the
cut mesh, with XFEM Heaviside DOFs. The volume mesh consists of 2, 198 nodes which
corresponds to 6, 594 FEM DOFs. Enrichment adds 561 XFEM Heaviside DOFs, leading
to a total of 7, 155 DOFs.

Figure 6.9: Representation of the planar cut to be included in the 3D biomechanical
model. (a) Surface mesh of the biomechanical model with the location of the plane where
the retractor was inserted. (b)Whole-brain region segmented out from the 2nd iMR image,
acquired before retraction, in the selected plane shown in (a). (c) Ditto for the 3rd iMR
image, acquired after retraction. (d) Cut de�ned as the di�erence between (b) and (c),
where (c) has beforehand been processed to remove small, isolated islands. (e) Surface
mesh representing the intersections of the cut with the volume mesh of the whole-brain
region brain.

6.3.5 Evaluation of Surface Landmark Displacement Fields
In order to drive the deformation of the biomechanical model, we evaluate the displacement
�eld of several surface landmarks: the whole-brain region boundary and the two lips of
the cut. The lips of the cut are assumed to be superimposed before the deployment of the
retractor, and then spread out during the deployment of the retractor.
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Displacement Field of Whole-Brain Region Boundary
To evaluate the surface displacement �eld of the whole-brain region boundary between two
iMR images, we use an active surface algorithm, described in Sect. 2.3.5. An active surface
for the whole-brain region boundary built from the 2nd iMR image would deform on the
whole-brain region boundary of the 3rd iMR image by entering into the free path created
by the retraction. The resulting displacement �eld of the active surface algorithm would
thus model a deformation that does not occur in reality. We thus decouple the deformation
of the whole-brain region boundary into two independent applications of the active surface
algorithm, one for each of the two hemispheres. We can clearly see in Figs. 6.8(1a)-6.8(2a)
that the two hemispheres deform di�erently. Figures 6.10(a)-6.10(b) show the result of
the active surface displacement �elds of the two hemispheres. As expected, they deform
di�erently; in particular, the magnitude of the displacement is much larger for the right
hemisphere. (In accordance with radiological convention, the right side of the iMR images
corresponds to the left side of the brain. Consequently, what we refer to as the left (right)
brain hemisphere actually appears on the right (left) of the iMR images. The same remark
can be made for the left and right lips of the cut.)

(a) (b)
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Figure 6.10: Results of the active surface algorithm for the two hemispheres of the brain.
(a) Initial active surface for right hemisphere with color levels corresponding to the mag-
nitude of the displacement �eld. (b) Initial active surface for left hemisphere with same
color coding. (In accordance with radiological convention, the right side of the iMR images
corresponds to the left side of the brain, and conversely.)

Displacement Field of Cut Lips
We obtain the displacement �eld of the cut lips by evaluating the displacement of each
node of the cut mesh, shown in Fig. 6.9(e), which represents the intersections of the cut
with the volume mesh. In the following, these nodes are named cut intersections.

We �rst assume that the lips of the cut are moved by the retractor along a direction
that forms an angle, shown in Fig. 6.11(a), with the plane of the cut. We then build a
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surface mesh of the whole-brain region segmented out from the 3rd iMR image. Finally,
we de�ne, for each cut intersection, a vector that starts at this intersection, forms the
pre-de�ned angle (Fig. 6.11(a)) with the cut plane, and stops at its intersection with the
surface mesh of the whole-brain region just mentioned. The length and direction of the
vector represent the magnitude and direction of the displacement to apply to the cut in-
tersection of the lip. Figures 6.11(b)-6.11(c) show the displacement �eld for the set of cut
intersections for the right lip.

(a) (b) (c)
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Figure 6.11: Evaluation of the displacement �eld of the cut for 3D retraction modeling.
(a) Whole-brain region segmented out from the 3rd iMR image, with segment (in red)
de�ning the angle of the displacement �eld of the right lip. (b) Surface mesh built from
the segmented 3rd iMR image, cut mesh (Fig. 6.9(e)) (in red), and displacements of cut
intersections (in green). (Displacements go from right to left in �gure.) (c) Cut mesh
(Fig. 6.9(e)) with color levels corresponding to the magnitude of the displacement �eld of
the right lip.

Once the displacement �elds of both brain hemispheres and lips of the cut have been
estimated, they are applied to the biomechanical model to drive its deformation. These
displacement �elds come from independent computations, and are neither necessarily con-
sistent with each other, nor compatible with the volume mesh. Figures 6.12(1a)-6.12(1c)
jointly show the displacement �elds of the right brain hemisphere and of the right lip of
the cut. One clearly sees that, in the neighborhood of the external surface of the brain,
the two displacement �elds cross each other. The application of these two displacement
�elds to the biomechanical model would lead to element �ipping. Before applying these
displacement �elds, we thus have to smooth them. Figures 6.12(2a)-6.12(2c) show the two
displacements �elds that have been jointly smoothed based on a weighted-distance average
using ten neighbor nodes. The displacement �elds are now consistent with each other, and
compatible with the volume mesh. Furthermore, the direction of the displacement �eld of
the right hemisphere (Fig. 6.12(1c)) is clearly modi�ed by the smoothing (Fig. 6.12(2c)).
This modi�cation of direction allows one to capture in a better way the opening of the
path created by retraction. One thus concludes that the use of an active surface algorithm
for evaluating the displacement �elds of the brain hemispheres is not su�cient, and that
the evaluation of the displacement �elds of the cut lips is required for correctly modeling
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(1a) (1c)(1b)

(2a) (2c)(2b)

displacement field of 

brain hemisphere

displacement field of 

cut lip
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brain hemisphere

displacement field of 

cut lip

Figure 6.12: Comparison of unsmoothed (row 1) and jointly smoothed (row2) displace-
ment �elds of right hemisphere and right lip of the cut. (1a) Surface meshes of right
hemisphere and right lip of cut, and their surface displacement �elds in green. (1b) Same
as (1a) except that the surface meshes are left transparent. (1c) Zoom of (1b) around the
external surface of the brain. (2a), (2b), and (2c) are respectively the same as (1a), (1b),
and (1c), except that the displacement �elds are jointly smoothed. (In each sub�gure, the
direction of the displacement vectors is de�ned such that the vectors start at the surface
mesh nodes.)
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retraction. A similar procedure is used for the left part of the brain. Note that left and
right displacement �elds are smoothed separately because the deformation of both sides of
the brain are di�erent and relatively uncoupled.

6.3.6 XFEM-Based Biomechanical Model Deformation
In order to deform the biomechanical model, we must transpose the smoothed displacement
�elds of the brain hemispheres and lips of the cut into displacements to be applied to the
biomechanical model. The smoothed displacement �eld of the lips are directly applied to
cut intersections. The displacement of each cut intersection is applied by imposing, based
on (3.44), the conditions (6.1) and (6.2) with Lagrange multipliers. The displacement of
each node of the external surface of the biomechanical model is given by the displacement
of the closest node of both initial active surfaces, representing the brain hemispheres, or
of the surface mesh representing the intersections of the cut with the volume mesh. The
biomechanical model then deforms, based on XFEM. The resulting volume displacement
�eld of the biomechanical model is shown in Fig. 6.13.

(a) (b)
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Figure 6.13: Deformation of the biomechanical model based on XFEM for retraction model-
ing. (a) External surface mesh of the biomechanical model with color levels corresponding
to the magnitude of the displacement �eld. (b) Slice of the biomechanical model with
same color coding. (c) Final mesh resulting from the modeling of the retraction using
XFEM. The tetrahedra that were added to display the opening of the cut lips are there
only for visualization purposes. The edges of FEs cut by the discontinuity have actually
been made discontinuous and their nodes moved apart.

6.3.7 Warping of Images and Validation
The resulting volume displacement �eld of the biomechanical model (Figs. 6.13(a)-6.13(b))
is used to warp the part of the 2nd iMR image corresponding to the whole-brain region,
i.e. with the skull and external cerebrospinal �uid masked out. Figure 6.14(1a) shows
the 2nd iMR image, and Fig. 6.14(2a) shows the result of rigidly registering the 3rd iMR
image to the 2nd iMR image. Figure 6.14(1b) shows the whole-brain region extracted from
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Fig. 6.14(1a), while Fig. 6.14(2b) shows the result of the warping of Fig. 6.14(1b).

Figure 6.14(1c) shows the juxtaposition of edges extracted from the whole-brain region
of the two iMR images rigidly registered, while Fig. 6.14(2c) shows the juxtaposition of
the edges extracted from the result of the warping of the 2nd iMR image and the whole-
brain region of the 3rd iMR image. The visual comparison of Figs. 6.14(1c) and 6.14(2c)
shows that edges match much better in (2c) than in (1c), which qualitatively indicates the
bene�t of the nonrigid registration. The modi�ed Hausdor� distance distance decreases
from 1.36 mm for the set of edges extracted from the two iMR images rigidly registered
(Fig. 6.14(1c)), down to 1.10 mm for the iMR images nonrigidly registered (Fig. 6.14(2c)).
This indicates that the nonrigid registration improves the alignment of the two iMR im-
ages, although the opening width of the path created by retraction is not totally captured,
as shown in Fig. 6.14(2b) in comparison to Fig. 6.14(2a). We expect this is due to the
segmentation, as explained in Sect. 6.3.2. In addition, the need for jointly smoothing (re-
spectively on each side of the brain) the displacement �elds of the hemispheres and the lips
of the cut tends to globally decrease the magnitude of the displacement �elds, and, thus,
to decrease the opening width of the path.

6.4 Conclusions
In this chapter, we developed a method for evaluating the brain deformation due to retrac-
tion. The nonrigid registration technique used an homogeneous linear elastic biomechanical
model. The cut was de�ned directly based on the two iMR images, and was included in
the biomechanical model using XFEM.

We started by developing a 2D proof-of-concept for retraction using a XFEM-based biome-
chanical model, where the whole-brain region boundary and the cut were chosen as contour
(surface in 3D) landmarks. We computed the displacement of each node (of the mesh de-
scribing the whole-brain region boundary) located on the external boundary of the biome-
chanical model as the distance to the closest point of the whole-brain region segmented out
from the 2nd iMR image, except for the nodes that were located close to the cut and left
free. Indeed, we did not want to use the nodes whose displacements would bring them into
the free path created by the retraction. We de�ned the displacement of the intersections
of the left and right lips of the cut using the 2nd iMR image. The nodes of the element
containing the cut tip were enriched with XFEM crack-tip DOFs. We then compared this
retraction modeling to the case where only the Heaviside function was used to represent
the discontinuity. We showed that the di�erences in the nodal position between the two
cases were located in the vicinity of the discontinuity tip, and that they did not exceed
the element mesh size. We also showed that the alignment of the two iMR images, after
nonrigid registration, was slightly better in the case where only the Heaviside function
was used. The unknown about the bene�t of crack-tip functions for retraction modeling
explained why only the Heaviside function was considered for our 3D retraction modeling.

We then detailed and discussed our 3D retraction modeling, where the whole-brain re-
gion boundary and the cut were also chosen as surface landmarks. We computed the
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Figure 6.14: Image warping for 3D retraction modeling. (1a) Original 2nd iMR image.
(2a) 3rd iMR image, rigidly registered to (1a). (1b) Whole-brain region extracted from
(1a). (2b) Deformation of (1b) using the volume displacement �eld of the biomechanical
model, computed via XFEM. (1c) Juxtaposition of edges of whole-brain region of 2nd iMR
image (1a) in green, and of edges of whole-brain region of 3rd iMR image (2a) in red.
(2c) Juxtaposition of edges of whole-brain region of 2nd iMR image deformed for modeling
brain shift (2b) in green, and of edges of whole-brain region of 3rd iMR image (2a) in red.
(The red edges in (1c) and (2c) are identical.)

displacement �eld of the whole-brain region boundary using an active surface algorithm.
Rather than leaving free the nodes close to the cut to prevent them from entering the
free path created by the retraction, we decoupled the deformation of the whole-brain re-
gion boundary in two independent computations of the active surface algorithm for both
hemispheres, and showed that it was bene�cial since they deformed very di�erently. We
also showed the importance of evaluating the displacement �elds of the cut lips for cor-
rectly capturing the opening of the path created by retraction. While the opening width
of the path was not totally captured, we showed that the nonrigid registration improved
the alignment of the two iMR images.

To further improve our retraction modeling, future work could be considered in two main
areas. First, we could work on a way of preventing the opening width of the path from de-
creasing. The segmentation method, and the evaluation of the surface displacement �elds
should thus be improved to ensure that they do not imply this e�ect.
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Second, we explained that the crack-tip functions coming from fracture mechanics were
not probably adapted to retraction modeling. Besides, we showed in Chap. 3 how XFEM
allows one to introduce a priori knowledge about the solution in the problem. We could
thus take advantage of the fact that XFEM o�ers the possibility of de�ning new enrichment
functions to introduce realistic behavior, speci�c to brain tissue, in the vicinity of the cut
tip.



Chapter 7

Conclusions

In this chapter, we summarize the solutions and the corresponding methods developed for
improving the accuracy of current IGNS systems. We detail the lessons learned from the
di�erent brain deformation modelings and validation thereof. We list our publications, with
their key contributions. Finally, we describe future work that is called for improving the
current capabilities of our system as well as for developing new ones.

7.1 Summary
Image-guided neurosurgery (IGNS) systems allow surgeons to navigate simultaneously in
the set of preoperative images and in the patient's head in the operating room. However,
the major limitation of these systems is that they cannot adapt to the successive brain
deformations that take place as surgery progresses. The deformations render the preoper-
ative images progressively more obsolete. The capability that current IGNS systems still
lack is the updating of these preoperative images to align them, using a nonrigid regis-
tration technique, to current state of deformation of the brain. So far, there has been
no general framework presented capable of handling together any type of, and successive,
intraoperative brain deformations. The problem of updating preoperative images between
more than two critical points during surgery has been addressed in only a small number
of studies [39�41, 80]. Furthermore, these studies presented some important limitations
described in Sects. 5.1 and 6.1.

In this work, we proposed, developed, and validated for serial preoperative image update
a general framework that handles in an repetitive process, i.e. for each new intraoperative
image acquired, brain shift followed by successive resections, and brain shift followed by
retraction. We also proposed an integration of the various techniques, depicted in several
block diagrams, implemented to model the di�erent types of brain deformations into an
end-to-end system for use in the operating room. The nonrigid registration that we devel-
oped is based on a patient-speci�c brain biomechanical model used in combination with
series of 0.5 Tesla iMR images. The deformation of the biomechanical model is driven by
the displacement �elds of region boundaries segmented out from the successive iMR images.
For brain shift modeling, the deformation of the biomechanical model is typically based on
FEM. We proposed the original application of XFEM [91], which was initially developed
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in the �eld of fracture mechanics for studying crack propagation, to model brain deforma-
tions that imply tissue discontinuities, namely resection and retraction. XFEM [91], which
is an extension of FEM, allows to model discontinuities within FEs, in contrast to FEM,
and thus without any remeshing. We showed that XFEM is particularly well adapted
for retraction modeling. The FEM/XFEM framework for modeling intraoperative brain
deformations was developed in linear formulation.

Our framework was applied to respectively the modeling of brain shift, successive resections,
and retraction. For brain shift and retraction modelings, we showed both qualitatively and
quantitatively that our nonrigid registration technique improved the alignment of the iMR
images. For successive resection modelings, we showed that our technique improved the
alignment of the successive iMR images for most of the deformation modelings of the pa-
tient cases. When our nonrigid registration did not improve the alignment globally, it still
improved it locally, i.e. within the tumor region and its neighborhood, which is in fact the
location requiring the best modeling accuracy. We also showed that although the misreg-
istration error ampli�es through the successive deformation modelings, our technique still
enhances the current capabilities of commercial IGNS systems.

7.2 Lessons Learned From Deformation Modelings
In the following, we detail the lessons learned from the modeling of brain shift, successive
resections, and retraction.

7.2.1 Brain Shift Modeling
We used brain shift modeling to evaluate our methods (except XFEM), and to decide what
techniques and parameters were essential to include in the nonrigid registration technique.
The lessons learned are the following:

• We showed the need for smoothing the manually segmented regions in order to min-
imize the dependance of the active surface algorithm on segmentation roughness.

• We showed that the evaluation of the surface displacement �eld of the healthy-brain
region boundary improved by adding a local rigid registration of the internal tumor
region boundary, before applying the active surface algorithm.

• We showed the importance of representing the whole-brain and internal tumor region
boundaries as two connected surface meshes with common nodes at their intersec-
tions.

• We showed that the smoothing of the surface displacement �elds using a weighted-
distance average led to displacement �elds that were consistent with each other, to a
volume displacement �eld presenting isosurfaces similar to the ones computed based
on the unsmoothed displacements �elds, and to relatively small strains.

• We showed the limitation of the active surface algorithm that produced inconsistent
surface displacement �elds, although they should capture the same phenomenon.
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• We showed that the strain �eld was strongly dependant on the existence of a smooth-
ing. We showed that the strain values that went beyond the linearity assumption
were due to our method for evaluating the surface displacement �eld (applied to the
biomechanical model), and not due to the brain shift itself.

• Finally, we showed that the inclusion of lateral ventricles, modeled with a speci�c
linear elastic law, and the falx cerebri, modeled as a rigid plane, did not have a
signi�cative impact on the results.

7.2.2 Successive Resection Modelings
In contrast to brain shift and retraction modelings, resection modeling is characterized by
the removal of tissues. Since it is most likely accompanied by deformation, this has the
important consequence that one cannot determine exactly what tissues have been removed
based only on the pair of iMR images under consideration. In order to model successive
resections, we thus decided to rely on the displacement �elds of key surfaces that correspond
in the pair of iMR images, i.e. the healthy-brain region boundary. Consequently, for each
resection modeling, we did not model explicitly the removal of tissue that occurred between
the acquisition times of the pair of iMR images, but we modeled directly the deformation
resulting from this resection. For a particular resection step, we thus modeled a tissue
discontinuity, not as a way of taking into account that some tissue were resected for this
step, but to ensure that the piece of tissues removed during the preceding resection step(s)
would no longer in�uence the brain deformation of the current step. This explains why,
while the �rst resection was modeled using FEM without any tissue discontinuity, the
subsequent resections were modeled using XFEM with tissue discontinuity. The lessons
learned are the following:

• We showed the repetitive nature of our framework for successive resection modelings.
Indeed, the method for modeling the second resection can be applied for any number
of subsequent resection steps, each time a new iMR image is acquired.

• We showed the feasibility of using the initial con�guration of the biomechanical model
for each deformation modeling. We also showed that using the initial con�guration
of the biomechanical model made the use of XFEM easier.

• We took advantage of the fact that we modeled successive brain deformations to
show the signi�cance of evaluating the ampli�cation of misregistration through the
successive deformation modelings. This, indeed, gave a more realistic evaluation of
the improvement of our nonrigid registration as compared to the current capabilities
of commercial IGNS systems.

• We showed that, for small brain deformation due to resection, the use of FEM instead
of XFEM can be envisioned, which is equivalent to ignore the presence of resection
on intraoperative images. However, additional patient cases should be treated in
order to draw some �nal conclusions about the feasibility of using only FEM for each
resection modeling.



CHAPTER 7. CONCLUSIONS 118

• We showed that additional work is required to determine if the brain deformations
bene�t from being modeled with a pair of successive iMR images, or on the contrary,
between the 1st iMR image and the last iMR image acquired.

7.2.3 Retraction Modeling
Retraction modeling is characterized by the fact that tissues are not removed, but cut and
spread out. This means that the tissue discontinuity to model does not fully cross the
brain, but ends inside it. We �rst developed a 2D proof-of-concept for retraction modeling,
where the crack-tip functions were used to enrich the nodes whose supports contain the
tip of the discontinuity. We then compared this retraction modeling to the case where the
Heaviside function only was used to enrich the nodes. We �nally developed a 3D retraction
modeling where the Heaviside function was also only used to enrich the nodes. The lessons
learned are the following:

• We compared, for 2D retraction modeling, the two cases where the crack-tip functions
were used, or not. We showed that the di�erences in the nodal position were located in
the vicinity of the discontinuity tip, and that they did not exceed the element mesh
size. We showed that the alignment of the two iMR images under consideration,
after nonrigid registration, was improved for both cases. However, the alignment was
slightly better in the case where the Heaviside function only is used. We concluded
that the crack-tip functions might not be adapted to model the displacement �eld at
the tip of retraction cut.

• We showed the need for decoupling the evaluation of the surface displacement �eld of
the whole-brain region boundary between the two sides of the cut, i.e. the two brain
hemispheres for the patient case treated. This prevented the nodes describing the
whole-brain region boundary from entering the free path created by the retraction.
As a result, we showed that the two hemispheres deformed very di�erently.

• We showed the importance of using the cut lips, in addition to the whole-brain region
boundary, as surface landmarks whose displacement �elds drove the deformation of
the biomechanical model.

• Finally, we showed the need for jointly smoothing the displacement �elds of the
whole-brain region boundary and cut lips, on each side of the cut, in order to make
them consistent with each other, and compatible with the volume mesh.

7.3 Related Publications
Our work is the subject of several papers, listed below. For each paper, we summarize the
key contributions.

Journal Papers
• Vigneron et al., 2D XFEM-based modeling of retraction and successive resections for
preoperative image update. 2008. Accepted for publication, Computer Aided Surgery,
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2008 [132].
This paper gathers all of our results on 2D brain shift, retraction, and successive
resection modelings.

• Vigneron et al., Enhanced FEM-based modeling of brain shift deformation in image-
guided neurosurgery. 2008. Submitted to the Journal of Computational and Applied
Mathematics [131].
This paper presents part of our results obtained for 3D brain shift modeling described
in Chap. 4.

• Vigneron et al., Serial FEM/XFEM-based update of preoperative brain images using
intraoperative MRI. 2008. In preparation, to be submitted to the IEEE Transactions
on Medical Imaging, 2008 [133].
This paper presents all of our results obtained for 3D successive resection modelings
described in Chap. 5.

• Vigneron et al., 3D XFEM-based modeling of retraction for preoperative image update.
2008. In preparation, to be submitted to the Journal of Biomechanics [138].
This paper presents all of our results obtained for 3D retraction modeling described
in Chap. 6.

Conference Papers
• Vigneron et al., On extended �nite element method (XFEM) for modelling of organ
deformations associated with surgical cuts. In Proceedings of the International Sym-
posium on Medical Simulation, 2004 [137].
This paper proposes the use of XFEM to handle tissue discontinuity for cut, re-
traction, and reaction modelings. A 2D proof-of-concept that simulates retraction is
presented. This is the �rst proposal and account of the use of XFEM for preoperative
image update.

• Vigneron et al., Modelling surgical cuts, retractions, and resections via extended �nite
element method. In Proceedings of the International Conference on Medical Image
Computing and Computer-Assisted Intervention (MICCAI), 2004 [136].
This paper presents a 2D retraction simulation on a patient case, where displacements
used to create the opening of the path are arbitrarily de�ned.

• Vigneron et al., New approach for e�cient prediction of brain deformation and up-
dating of preoperative images based on the extended �nite element method. In 5th
Interventional MRI Symposium, 2004 [135].
This paper presents a 2D retraction modeling on a patient case, where displacements
used to create the opening of the path are computed based on a pair of iMR images.

• Vigneron et al., XFEM-based modeling of successive resections for preoperative im-
age updating. In Proceedings of the Medical Imaging: Visualization, Image-Guided
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Procedures and Display, SPIE, 2006 [134].
This paper presents successive 2D resection modelings on a patient case, based on
pairs of successive iMR images. In particular, this paper presents the solution of re-
connecting the two parts of a mesh already deformed with XFEM, in order to model
subsequent resections.

• Vigneron et al., 3D FEM/XFEM-based biomechanical brain modeling for preopera-
tive image update. In Workshop "Computational Biomechanics for Medicine II", at
the International Conference on Medical Image Computing and Computer-Assisted
Intervention (MICCAI), 2007 [129].
This paper is the equivalent of the previous paper, and thus presents 3D successive
3D resection modelings on a patient case. This paper also introduces the use of an
active surface algorithm for evaluating surface landmark displacements �elds.

• Vigneron et al., Issues in FEM-based modeling of brain shift in neurosurgery. In
Conference on Advanced Computational Methods in Engineering, 2008 [130].
This paper presents part of the results obtained for 3D brain shift modeling, and
described in Chap. 4.

7.4 Future Work
Several suggestions for future research are given below. They go from the improvement
of the current capabilities of our preoperative image update system to the development of
new functionalities.

Improving the Active Surface Algorithm
The use of a manual segmentation, and its subsequent smoothing required to minimize
the dependance of the active surface algorithm on segmentation roughness, and the active
surface algorithm itself has two consequences. It causes the misregistration to amplify
through the successive resection modelings, and it decreases the opening width of the path
for retraction modeling. An improvement of the current active surface algorithm, or an-
other type of method for evaluating the displacement �elds of surface landmarks should
thus be envisioned.

A possible way to improve the active surface algorithm would be to further constrain
the displacement �eld resulting from it. In this work, we implemented a physics-based
nonrigid registration, where the laws of physics mechanically constrained the way physical
points could move from one image to the next. However, it would be useful if the dis-
placement �elds that drive the deformation of the biomechanical model were, themselves,
physically constrained. While the boundaries of regions, e.g. whole-brain region, that are
used as surface landmarks are modeled as deformable membranes, they do not deform
as membranes (surface with no interior volume) in reality. It could thus be bene�cial to
constrain their displacement �elds with additional displacements of anatomical landmarks,
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e.g. vessel crossings, that could be extracted and matched between successive pairs of
intraoperative images.

Tracking Additional Landmarks From iMR Images
The fact that we use iMR images could be further exploited. Indeed, these images provide
volume information (rather than surface information), are of good quality in comparison to
other intraoperative modalities and, include the totality of the brain in the �eld of view of
the scanner (for the 0.5 Tesla GE Signa scanner). These images thus allow one to evaluate
what, and how, new structures of the brain could be used, to enhance the modeling of
brain deformation. Some regions, e.g. the lateral ventricles' region, could be extracted
from the two iMR images, and used as surface landmarks to drive the deformation of the
model.

Improving the FEM/XFEM-Based Biomechanical Model
Various anatomical structures, explicitly meshed and/or simply modeled by di�erent con-
stitutive laws, could be additionally included in the biomechanical model. In this latter
case, the interface function, as another XFEM enrichment function, could be implemented
to accurately model the boundary between domains characterized by di�erent material
behaviors, such as brain tissues and ventricles, or white and gray matters. We showed
how XFEM allows one to introduce a priori knowledge about the solution in the problem.
We could thus take advantage of the fact that XFEM o�ers the possibility of de�ning new
enrichment functions to introduce realistic behavior, speci�c to brain tissue, in the vicinity
of the cut. Finally, a nonlinear formulation of FEM and XFEM should be implemented
for the surgery cases involving large deformations of the brain.

Modeling of Retraction followed by Successive Resections
Our general framework handles brain shift followed by successive resections, and brain shift
followed by retraction. It does not provide the capability of handling retraction followed by
successive resections. As explained in Sect. 5.6, a reasonable approximation for modeling
successive resections is to use FEM, instead of XFEM, and to ignore the fact that some
tissues have been already resected, although this approximation calls itself for further
research. In the case this choice of using FEM would be con�rmed, retraction followed
by successive resections can be modeled with our current system. If the use of XFEM
turned out to be required, the junction function, as XFEM enrichment function, should be
implemented for taking into account the intersecting discontinuities due to retraction and
resection.

Using PoleStar Images
An important challenge will be to extend our current preoperative image update system,
which is based on 0.5 Tesla iMR images, to other intraoperative images, such as the 0.15
Tesla iMR images that are now available at the CHU of Liège. These images are of lesser
quality. In addition, the 0.15 Tesla Odin/Medtronic PoleStar scanner does not guarantee
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that the full volume of brain tissues is included in the image �eld of view, as shown in
Fig. 7.1. Our methods will have to be adapted to this property, which constitutes the
major challenge to use these images.

Our framework should then be tested online, in the operating room. The rigid registration
and segmentation methods, should be automated to a greater degree to be compatible with
the timing requirement of the operating room. The preoperative images themselves, rather
than an iMR image substitute, should be used for these new patient cases.

(a) (b)

Figure 7.1: Comparison of quality and image �eld of view of iMR images acquired with a
(a) 0.5 Tesla iMR scanner and (b) 0.15 Tesla iMR scanner.
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